A x * 
GEOMETRICAL TREAT ISE 
ä | SY * 
15 OF THE | 4 


- 


* 


CONIC SECTIONS. 


1 
/ 
* 9 * 
F * 
- K 1 
- 
* 
/ 0 ? 
— - 
, = 
. - 
- * 4 
= * 1 
, * 
; - 
= - * 
. * * 1 
= " - , * 
= N | 
. 
- : " © - 
= +» _ * 
8 , 
= - 4 \ 
. x by 
= _ 
Fl = 
_ X - 
— 2 % - = 4 - 
* io * : 1 
af 


* 


1 1 0 1 \ 8 T3 
p % bs 5 * LY - 
| _ IS 4 ** 1 \ : % -} Co 1 8 d , 
2X \ | N war " i "BAS > N 1 14 F F 2.3 Sad 
: * a h 1 © IH 4 l : 4 ” h \ - 1 * 
k an 1 4 * vw « " þ er k i a && * p y FA, * . * 88 , : , 4 N ay 2 1 >, 
s 4 | | Tan | Bo > RE <4 „ 4 
1 0 2 4 l 0 92 7 -© i Bhd 1 n 4 __ _ £ * \ C04 þ . \ 6 Fg 
| FP y + $ PY * A ad 1 2 8 1 1 * * 3 & 4 


ers a 
5 * © 4 
. "I > 


3. 
4 with) * 1 oy. a FRY "i 3 2. a 
* r i FE WET 6th: . HP c 1 Fecher \ ab * 3 
6 COM 2 Ss th Nes 4 5 . 92 0 
« WW COEUR. 88 


of | ” 4 4 A N 1 "4 iy 
3 11 4 * \ J dh 4 4 . 12 þ SY» AM Ls: . * * 5 
I 


3325 | "A 


A. 


GEOMETRICAL TREATISE 
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CONIC SECTIONS, 
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from the Nature of the CONE, 


In an Easy MANNER, and by a NEW METRHO PD. 
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TRANSLATOR* PREFACE. 
* F 7 | 


HE FA "oat hg Treatiſe, written in Latin, and pub- 
liſhed in the year 1758, has been ſo well received 
by the learned, that the profeſſors in the ſeveral 

univerſities have uſed and recommended it in preference to 

all others on the ſame ſubje& ; and therefore the tranſlator 
thought that an Engliſh edition would be an acceptable pre- 
ſent to the publick, in a country where ſo many, who had 
not much cultivated the learned languages, had yet diſtin- 
guiſhed themſelves n their great proficiency in mathemati- 


cal ſtudies. 


As the author in his preface has given an account of the 
method in which he has deduced the properties of the Conic 
Sections, the tranſlator means only to add ſome obſervations 
here, which may ſhew wherein this method is preferable to 

any other that has been hitherto uſed. | 


- 


-Apollonius, and the other writers who have deduced the 


Ine of the ſections from the cone, enquired but little 
further 
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further into the nature of. the cone than was neceſſary to 
ſhew that three different ſections, befides the triangle and 
circle, might be obtained by cutting its ſurface with a plane, 
and to demonſtrate in one particular- inſtance that leading 
property of each Section, which is uſually called its equation. 
This was much too narrow a foundation on which to raiſe, 
with eaſe and elegance, ſo large a ſuperſtructure as the 
doctrine of Conic Sections. Some of the modern writers 
have betaken themſelves to a very different method, and 
founded this doctrine entirely on thoſe properties in each 
ſection, by which they may be deſeribed mechanically on a 
plane. But as theſe properties have a very remote relation 
to any of the general and fundamental properties of the 
ſections, their method is ſtill more prolix, as well as leſs: 
natural, than the former one. 74 2697-9088 Lil” 


- ve 


De la Hire, the Fans French mathematician, Wha has 
written largely on this ſubject, deduces the properties of the 
ſections from the cone, and that he might have more extenſive 
principles to proceed on, he has premiſed one entire book of 
lemmas, containing the properties of lines cut in harmonic: 
proportion, particularly of ſuch as meet a circle, which is 
the baſe of a cone. Let this expedient has rather embar- 
raſſed the doctrine of Conic Sections, by making it depend 
ſo much on another that is really foreign to it. For there 
are but very few properties of theſe ſections that have . 
immediate connection with thoſe of lines cut harmonically; : 
and fuch the reader will find compriſed i in a row AA 
in our author's fifth book. - © - den 430 K 


Now in all their reſearches on this ſubject, none of theſe 
learned writers ſeem to have ſuſpected that any of the, ge- 


neral 
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neral properties of the ſections, which they do not treat of 
till: towards the concluſion of their works, might have been 
demonſtrated in the beginning, and would have, been an 
ample ſource from whence to derive all the other proper- 
ties. And yet nothing can appear more: eaſy and natural 
than the method of doing this, now that our. author has 
diſcovered it, and applied it ſo ſucceſsfully in the following 
Treatiſe. And, as we may collect from his preface, he 
ſeems to have been led to this diſcovery by an obſervation, 
very ingenious indeed, but ſuch as one would think might 
have been ſufficiently obvious, viz. that whatever property 
agrees to all the ſections in general, muſt be a property of 
the conic ſurface on which they are placed. Such a pro- 

perty as this he has demonſtrated of the cone in the ele- 
venth propoſition of his firſt book, and deduced from it 
three other propoſitions relative to the cone, which contain 
very material properties of the ſections. He then proceeds 
to define the three conic ſections, and the ſeveral lines be- 
longing to them ; and from the definitions he draws ſome 
corollaries, to ſhew that the properties before demonſtrated 
of the cone may be equally affirmed of its ſections. 

Having thus laid down the principal properties of the 
ſections in the beginning, he is enabled to deduce from 
thence the other properties with conciſeneſs and elegance, to 
arrange the ſeveral parts of his ſubje& in their moſt natu- 
ral order, and always to give general demonſtrations for 
every property that is in itſelf a general one : by which 
means his work is freed from the intricacy and prolixity 
that have been complained of in other writers. We may 


therefore venture to ſay that this work has juſtly merited 
0 


+ . \ 
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the applauſe it has met with ; and doubtleſs it will continue” « 
to be admired while ever any taſte prevails for geometrical 
learning. 


Nothing but an ardent deſire of promoting this uſeful 
branch of ſcience among his countrymen could have en- 
gaged the tranſlator in this undertaking ; and he flatters 
himſelf he has ſucceeded ſo far as to give the juſt ſenſe of 
the original, eſpecially as he has been aſſiſted in carefully 


reviſing the whole by ſome friends of acknowledged abi- 
lities. n 


London, March 21, 1773. 
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T is not neceſſary to ſay any thing here of the importance 
of that branch of geometry which treats of the properties 
of the Conic Sectiont. It has been very much cultivated 
by mathematicians both ancient and modern, and the learned 


well know its great uſe in aſtronomy, natural philoſophy, and 
ſome of the practical arts. | 


Among the ancients who wrote on this ſubject, Apollonius 
was the moſt eminent, and on account of his excellent diſcoveries, 
and the accuracy of his demonſtrations, obtained the name of 
the Great Geometrician. Yet the learned and ingenious Doc- 
tor Wallis complains, that the dottrine of Conic Settions, as de- 
livered by him, is perplexed and difficult, and that netther My- 
 dorgius, nor others, had then removed this difficulty. Nor in- 
deed do we find that any of the ſubſequent writers have treated 
this ſubject with ſufficient clearneſs. The reaſon of which I 
take to be; that thoſe among the moderns who defined the Conic 
Sections by their deſcriptions on a plane, were thereby obliged to 
deduce all their properties from a fingle one in each ſection, 
'which it very remote from any , their general or fundamental 
properties. So that in this OO many rope muſt be 


demon- 
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demonſtrated, and in a very operoſe manner, before thoſe funua- 


mental properties can be treated of. The ancients indeed, and 
they who followed their method, judged rightly that the proper- 
ties of the Sections were beſt derived from the Cone. And yet 
their works are difficult und prolix ; becauſe they ſet about de- 
monſtrating the properties of the Sections before they had ſujji- 
ciently confidered the nature of the Cone. From whence it came 
to paſs that they demonſtrated with much labour many proper - 
ties of each of the Sections ſeparately, which may, in a ſhort 
and clear manner, be proved to belong to the Cone itſelf, and 
may from thence be very eaſily eh to all its 5 8 


IWhat has been here ſaid twill, I believe, nat appear il une 
to thoſe who compare the methods I have mentioned with. that 
which is uſed in the following Treatiſe. "What that method. is, 
and the advantages ariſing from it, may te Jens in 4 few 
words. | 


In the elements of Geometry then properties of the triangle 
and circle (which are the two moſt ſimple of the Conic Sections 
are eaſily deduced from their deſcriptions on a. plane. But fince 
the properties of the three others, which are to be the ſubject of 
the following Treatiſe, cannot be eafily and conciſely deduced 
from ther deſeriptions on a plane; I propoſe ts retain their old 
definitions, and to explain the nature of the conic ſurface in 
uch a manner, that as ſoon as theſe curves are defined by the 
interſection of” a plane with this ſurface, it may appear what 
rbeir principal properties are. Accordin g0.5 before the Sections 
are defined, certain properties ef the conic ſurfaces are demon- 
trated, as in Prop. XI. XII. XIII. XIV. Book I. which con- 
rain in them moſt of the ſundamental properties of the Sections. 
And then ſincè it appears from their definitions, feat theſe Sec 

$4 | ; trons 
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tions are curves, all the points of which are placed on à conic 
ſurface, it is manifeſt that every right line which any way 
meets theſe Sections, muſt in the fame manner, and in the ſame 
points, meet the conic ſurface ; and therefore all the properties 
which are proved to agree to right lines meeting the conic ſur- 
face, are immediately transferred to thoſe which meet the Conic 
Sections. And thus the principal and moſt general properties 
of the Sections are laid down in the beginning, from whence we 


may reaſonably expett their particular properties will be more 
eaſily deduced. 


Several advantages ariſe from treating the ſubject in this me- 
thad. For thus every property which agrees to the three Sec- 
tions may be always demonſtrated of them all jointly. Then by 
deducing particular properties from general ones the demonſtra- 
tions will be rendered ſhorter. Beſides, we ſhall have na occa- 
fron to make uſe of Lemmas, or thoſe Propoſitions which are 
brought in only to demonſtrate others, with which works of this 
kind do too much abound ; fo that ſuch Propoſitions only will be 
inſerted as are of uſe in other ſciences, or ſeem to contain ſome- 
thing worthy of ſpeculation. By the help of this method, we 
ſhall be able to diſpoſe the Propoſitions in ſuch an order, that the 
properties, which are of the ſame kind, or relate to the ſame 
part of the ſubject, may be demonſtrated together. And laſtly, 
We ſhall percerve from hence the reaſon why theſe curves, which 
differ ſo much in ſome properties, agree entirely in others. 


The demonſtrations of the theorems, and ſolutions of the pro- 
blems, are moſily new ; as a new method and a new order of 
the Propoſitions neceſſarily require. And that the demonſtra- 
tions, like thoſe of the ancient geometricians, may be perfectly 
accurate, Evaneſcent quantities and points ſuppoſed to be re- 
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moved to an infinite diſtance, hieb are now mak uſe of by 
ſome aoriters, find no place here. 


In the following Treatiſe I have inſerted whatever I found 
in the works of others that ſeemed uſeful or proper for a work 
of this kind, and have introduced ſome Propofitions, which, as 
far as I know, have not been delivered by others. Among 
which may be reckoned thoſe before mentioned, which relate to 
the conic ſurfaces; as alſo Prop. LIV. Book I. Prop. XXIX. 
XXXVI. XXXVII. Book II. Prop. III. V. Book III. Prop. 
VI. IX. XI. XII. XIII. Book IV. Prop. XIV. Book V. Se- 
des fome new Corollaries in different places. | 


The reader will find, in ſome places, references to ſuch Pro- 
poſitions of Sir Iſaac Newton's Mathematical Principles of 
Natural Philoſophy, as are more fully demonſtrated in the fol- 
lowing Work ; which 1s chrefly defigned as an Introduction to 
the Newtonian Philoſophy, the mathematical part of which 15 
built on the doffrine of Come Sections. 


Trinity College, Dublin, 
March 20, 1758. 
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. E firſt nine Propoſitions contain ſuch properties of the conic Jur. 
faces as have been delivered by others. Then certain properties art 
proved to belong to theſe ſurfaces, which are alſo principal and funda- 
mental properties of the Sections, as appears afterwards from their de- 
finitions. The centers of the ellipſe and hyperbola are found, and tht 


properties which agree to all the diameters of the Come Sections in ge- 
neral are demonſtrated, and the proportion between the ſquares of their 


ordinates is eu. _ The generation and properties of thoſe lines that are 
called aſymptotes of the hyperbola are clearly ſet forth, and the nature 
of conjugate hyperbolas explained. Several methods are ſhewn of draws 
ing tangents to the Conic Sections. This Book alſo treats of the propor- 


tions between the ſquares and refangles contained under the ſegments of 


lines which meet each other, and either touch or cut the Conic Sections; 
and alſo of the rectangles contained under lines drawn from points in the 
Sections to the fides of an inſcribed trapezium, and which make given 
angles with thoſe ſides. Tis proved that tw (oe 6 5 cannot meet 
| each other i in more than four points. 


#8 07h 


HE parameters of the Seftions are defined, and thoſe properties 95 
the Sections demonſtrated, from whence they have their denomina- 
tions of ellipſe, parabola, and hyperbola. The axes of the Sections art 
Found, 


I 
found, and thoſe of the ellipſe and hyperbola are compared with their 
other diameters. Tyre foci ang direfirices of the ſeftions are defined, 
and the proportion is ſhewn between a line drawn from any point in a 
Section, and a perpendicular drawn from the ſame point to the direc- 
trix. Theſe lines are proved to be equal when the Section is a parabola, 
and when from a point in an hyperbola a line is drawn to the focus, and 
another to the direfirix, and parallel to the afymptote, theſe lines are 
alſo proved to be equal. It is proved, that if two lines be drawn from 
a point in the ellipſe or byperbola to the foci, their ſum in the former, 
and difference in the latter, will be equal to the tranſverſe axis of the 
Seftion : that a tangent to the parabola makes equal angles with two 
lines drawn from the point of contact, one to the focus, and the other a 
perpendicular to the directrix: and that a tangent to an ellipſe or hyper- 
bola makes equal angles with lines drawn from the point of contact to the 
foci. Various properties are demonſtrated of lines paſſing through the 
foci of the Seftions. A method is fhewn of deſcribing the Conic Sec- 
lions on a plane by means of inſtruments. At the end of this Book it is 
a demonſtrated, that when a Come Section is placed on the ſurface of a 
right Cone, if a plane paſſing through its direfrix forms a circle on the 
Conic ſurface, the fide of the Cone, intercepted between this circle, and 
any point in the Section, is equal 10 a line drawn from that point to 
the focus. | hes þ Lu en 


BO Gn 


THIS Book. treats of the proportion of the parameters of the ſeveral 
' diameters of a parabola, and of ſuch properties of the parabola as 
are leſs analogous to thoſe of the other ſeftions ; and alſo of the quadra- 


ture of the parabola, and the proportion of parabolic ſegments to each 
other. | — 


BOOK 


l 


B O O K TV. 


N this Book ſuch properties are treated of as belong only to the ellipſe 

and H perbola. The parallelograms circumſcribed about their conju- 
gate diameters, and about certain other diameters, are proved equal, I. 
is demonſtrated that in the ellipſe the ſum, and in tbe hyperbcla the dif- 
ference of the ſquares of any two conjugate diameters is equal to the ſum 
or the difference reſpeAively of the ſquares of their axes. The equal con- 
jugate diameters of the ellipſe are treated of. A new method is fhewn 
for finding two conjugate diameters of the ellipſe or hyperbola, which may 
contain given angles, by finding out the interſefions of thoſe curves with 
a circle, whoſe center lies in one of their axes. The interſeftion of an 
ellipſe or hyperbola with a right line given in py/ition is alſo found. The 
proportion of hyperbolic ſectors and trapezia to each other is ſhewn, and 
the ellipſe is compared with a circle deſcribed about its axis. 


. 


HIS Book treats of Conic Sections that are ſimilar to each other, and 

of ſuch properties of the Sections as relate to lines cut in harmonic 
proportion. It is proved that the concourſe of any two tangents of 4 
Conic Sell ion will lie in a right line given in poſition, when the line join- 
ing their points of contact paſſes through a given point. This Book like- 
wiſe treats of many other general properties of the Conic Sections, and 
of the ſeveral points in which they may cut or touch each other : of the 
greateſt and leaſt lines that can be drawn from a point in the axis to the 
ſeftion : of circles that have the ſame curvature with the Conic Sections: 
and of the manner of deſcribing Conic Sections, which may paſs through 
given points, and touch right lines given in poſition; 


— 


" < " . dad * 1 
1 : * r n - T7 # F a a , . 0 9 1 
& wo - : Q - 1 W's # V& I - 3 k - ' 1 
— 2 N 7 | ” a 
| 5 4 & ww . . * — N =- 4 S.£ 
. * . * 8 ” | | g O N 8 
— — 4 
( O N 1 + 8 E C _ | 1 oo” . 
wk : ＋ A >: # a © . 
* . 


BOOK rut FIRST. 
„eee 


n 
* — 


0 "i 520 Wy. ature Ti the Ce ane, * 7 its Section. 


— WM — 


— „ * 


DEFINITIONS. $405 l 


1 a right line AZ be extended indefinitely both ways, and if 
(while the point A remains fixt) this line be carried round 
the whole periphery of the circle ; each of the ſurfaces generated by 
this motion is called a conical falle and both aner & are called 


oppoſite. ſurfaces... | | 
II. The ſolid contained by the 8 furface oh the circle BDZ 


is called a Cone. 
ITI. The point A 1 is ; called * vertes of the cone. 
IV. The circle BDZ, the baſe of the Cone. | 
V. A right line AZ, paſſing through the vertex of the Tone * 

any point in the periphery of the baſe, is called a „de ef the Cone. 


f through the point A, without the plane of the * BDZC, Fid. 1. 


2 Conic Sections. Book I. 
VI. The right line AC, paſſing through the vertex and center C 
of the baſe and produced indefinitely, is called the axis. 

VII. A right Cone is that whoſe axis is perpendicular to the baſe. 

VIII. A Scalene Cone is that whoſe axis is inclined to the baſe. 

IX. A right line meeting a conical ſurface in one point and 
produced both ways falling without the ſurface, is called a Tan- 
gent; but a right line meeting the ſurface, or the oppoſite ſurfaces 
in two . is called a Secant. 

ATTATY Th 

Gon) A chat line paſſing through any chain Ahr Aurfsde 
and the vertex of the cone, is wholly in that ſurface; and being 
produced beyond the vertex, is in the oppoſite ſurface. 

X. The common interſection of a plane with a conical ſurface is 
called a Conic Section. 


TROPOSITION I 


Any plane paſſing through the vertex of a cone and \ eut- 
ting the periphery of the baſe, wilt cut the oppoſite ſur- 


faces in two . lines and i in them only. 


OR if from the points, in which this plane meets the peri- 
phery of the baſe, two right lines be drawn to the vertex; they 


will be in this interſecting plane, and (by Cor. preceding) in the 


ſurface of the cone, and being produced beyond the vertex, in the 
oppoſite ſurface; that is, the plane will cut the oppoſite ſurfaces in 
theſe two right lines; and as the interſection of this plane with 
the plane of the baſe, cannot cut the periphery of the baſe in three 
points, it is evident that the plane cannot cut the oppoſite ſurfaces 
in three right lines; therefore the plane will cut the furfaces in two: 
right lines only. 
N | \ | 
Con. The common interſection of any plane drawn through the 
vertex with the conical ſurface and baſe, will be a triangle. 


PROP. 


| 3 
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PROP. II. 


A right line ED joining any two points E, D, 10 a coni- 
cal ſurface, provided they be not in the ſame right line 
= paſſing through the vertex, falls wholly within the ſur- 
face, but produced both ways without it, and does not 
meet agalggBther of the ſurfaces. On the contrary, a 
right line ED joining two points E, D, in the oppoſite 
ſurfaces, provided they be not in the ſame right line 
paſſing through the vertex, falls without both ſurfaces, 


and produced both ways it falls within them, and meets 
neither of them again. | 


through the points E and D, a plane paſſing through theſe 
lines does not meet the ſurface or oppoſite ſurfaces, but in the 
lines AEC, ADB; therefore the line D does not meet them, but 
in the points D, E. 


In the firſt . eaſe the plane of che angle DAE. and conſequentiy 


the line DE, is within the conical ſurface; and therefore pro- 


duced both ways falls without it. 

In the ſecond caſe the plane of the angle DAE and conſe- 

quently. the line DE is without both the oppoſite ſurfaces ; and 

therefore DE produced both ways falls within the oppoſite ſurfaces. 
If the points D, E, be in the ſame right line paſfing through 


the vertex, the line joining theſe Points (Cor. to Definitions) will be 
Weh in the conical Jurtaces. ene Yin 


e m i 
If a right line DE touches the periphery of the baſe of 


Fer the fides AEC and aÞB of the cone being drawn 


Fis, 2. 


Fi6. 3. 


FIG. 2. 


Ft. 3. 


Fic. 4. | 


the cane in the point D, and from A the vertex of. the _ 
cone, the right line AD be drawn tothe point of con- 


tact the EPS, ADE paſſing through. both. theſe. lines 
HOUC ' A 2 touches 


4 Conic Seftions. Book I. 
| couches the conical ſurface in the line AD only. The 
| meeting of this plane with the ſurface is called the line 


of Contact. 


N 

| OR the line AD is in the conical 2 and in the TY! ADE, 

| and as every other point beſides D, as F in the periphery of 
the baſe, is without the line DE; it follows thai eytry other line 
befides AD, as FA in the conicaF ſurface, is Nb the plane 

ADE, ue hence the Wha Rea is manifelt AA ail 300 


Con, 1. Hence, and from Define I. it appears has the plane ADE 
produced touches the oppoſite ſurfaces in the line AD produced. 

Cor. 2. Hence appears a method of drawing a plane which ſhall 
touch a conical ſurface in a given right line, as AD; for the right 
line DE being drawn in the plane of the baſe, touching the periphery 
in D, the plane ADE drawn through AD, DE touches the ſurface 
in the line AD. 
Cox. 3. If any right line ED touches the conical ſurface in the 
point D, and AD be drawn from the vertex ; the plane paſfing 
through AD,. DE touches the ſurface. For through the vertex A 
in the plane ADE, draw AG parallel to ED, this right line meets 
all the ſides of the cone in the vertex; we if any other ſide of 
the cone beſides AD were in the plane ADE, tlie line ED parallel to 
AG would neceſſarily meet that fide, and then ED would meet the 
conical ſurface in two ſides, contrary to the hypotheſis ; wherefore 

b the plane ADE does not meet the conical ſurface, but in the line AD. 

Con. 4. No other plane beſides ADE couches the conical ſurface 
in the line AD; for its interſection with the plane of the baſe will 
cut its periphery. Hence it follows that this plane cuts the conical 

| | ſurface in two right lines (by FOR I.) and therefore does not touch it. 


— PROP. IV. PROBL. I. 


Fre, 5, 6. Through a right line AC, paſſing through the vertex of 
the cone, but not in its ſurface, tc to rb a we which 


thall touch the conical ſurface. * A Af 
| THROUGH 


' 
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HROUGH the line AC let any plane be drawn, cutting 


the baſe in GH, which interſection the line AC (being in the 
ſame: plane) will either meet, or be parallel to: firſt, let them meet 
in E; and from this point on either fide. of EHG let. a right line 
be drawn touching the periphery of the baſe; and Join, AD, and 
ADE will be ue plane required; for it paſſes through AC, and (by 
875 771 70 es the ſurface. Secondly, let AC be parallel to 

; and Be meter MD of the baſe be drawn perpendicular to 
GH and meeting the periphery in D, and through the point D 
draw DE touching the baſe; it will be parallel to GH and conſe- 
quently ta AC; then joining AD, ADE. will be the plane required ; 
for becauſe AC and DE, are parallel, AC will be in the plane ADE 
and this plane touches the conical ſurface (by the preced.) 


Con. It is evident that only two planes paſſing through AC can 
touch the conical ſurface, viz. one on each ide of the plane AH. 


| PROP. V. 


Any right line ED parallel to a ſide AB of the cone (pro- 
vided it be not in the plane touching the ſurface in AB) 


meets one of the oppoſite ſurfaces and that in one point 


E only ; that is, on one fide it is wholly without both 


ſurfaces, and on the other wholly within that where 
the point E is taken. 


| St a plane paſſing e the penallel AB, ED, cut t the ſur- 
faces in AC; this plane does not meet the ſurfaces but in 
the lines AB and AC; and the line ED in this plane does not 


Fis. 5 


Fi6. 6. 


FlG. 7. 


meet AB (for they are parallel) but neceſſarily meets AC ſome- 


where, as in the point E, and on one ſide of the point E is within 


beg . BAC, and on the other part within * 1 n n to 
Whence the propoſition i is evident. 


* it appears that the plane paſſing chrough DE WY” pe- 


rallel to the plane touching the conical ſurface in the line AB, 
docs not meet hb oppoſite ſurface. 


PR O p. 
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1 P. VI. | 1 45 & | 
Every right line EF parallel to a right b dns AD, Seng 
through the vertex A, and falling within the conical fur- 


faces, meets each ſurface once as in the points E, F; and 
every right line EF drawn through any rt P within 


either ſurface, and parallel to any right AD paſſing 
through the vertex and falling without the ſurfaces, 


meets the ſame ſurface ſomewhere, as in the points E, F. 


ET the plane paſſing through AD and EF cut the conical 
ſurfaces in the lines BAb, CAc, which it is manifeſt may be 
always done ; fince in the firſt caſe AD falls within the angle BAC, 
the line EF, which is parallel to AD, and in the ſame plane with the 
angle BAC, neceſſarily meets the ſides AC, AB, viz. AC in E, and AB 
produced in the point F of the oppoſite ſurface : and in the ſecond 
caſe, ſince AD falls without the angle BAC, the line EF parallel to 
it, drawn through the point P within this angle, neceſfatily' meets 
AC, AB ſomewhere as in E, F, that is, meets the ſurface in the 
points E, F, within which the point ON "IP 9 949 27950 


Cox. 1. Shen, and from Prop. II. it te * a Sent line 
does not meet a conical ſurface or oppoſite ſurfaces in three points. 


Co. 2. If a right line be drawn parallel to any right line EF 
meeting the oppoſite ſurfaces; this line will likewiſe meet the op- 
poſite ſurfaces. For if AD be drawn through the vertex A parallel 
to EF it is evident that it falls within the conical ſurfaces; there- 
fore any right line drawn parallel to EF will be parallel to a right 
line AD paſſing through che vettex and falling within the. Harſaces, 
and conſequently it meets the oppoſite furfaces | DAQG 

Cor. 3. Since the line EF joins two points in the a farface; 
the line AD drawn through the vertex parallel to it falls without 
the ſurface ; for it is manifeſt that it falls. without the gle BAC, 
the ſides of which EF meets. | * TR 


\ 


Con- 
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Cor. 4. Every plane. paſting through this line EF, in the firſt 
caſe, will cut, both ſurfaces ; and in the ſecond caſe, if a plane 
falling without the conical ſurfaces, paſſes through AD; the plane 
drawn through EPF. Parallel to it, wilt cut the conical ſurface 
within which the point P is taken chrduphour its whole circumfer- 
* ant will not meet On en e TEA 63 


C33 1 0 


n 1 | R 9 mat. 
if thus of the oppoßte (arfaces be. cut Va a plane GHF 
parallel to the baſe, the ſection EGFL will be the Cir- 


0 cumference of a circle whoſe center 18 in the axis of 


ET 0 0 be ike center of the baſe and AC the axis of the cone, 
and let the cone be cut in any manner through the axis by 


two planes making, the- triangles ABD, AIK, which (produced if 


neceſſary) may meet the plane GHF in the lines GHL, EHF; the 
planes being paralle}, the triangles AHF, ACK, and likewiſe AHL, 
ACD, are finular : wherefore HL is to CD as AH to AC, and 


likewiſe HF to CK will be in the ſame ratio; hence by permu- 


tation, HL is to HF as CD to CK : but CD and CK are equal ;. 
therefore HL and HF are equal. In like manner it may be de- 
monſtrated, that any other two lines, as HG, HE, drawn from 


the point H to the ſection EGFL, are equal ; Were that ſection 


is the circumference of a circle (by 9. 3) and its center H is in the 
axis of che cone as is evident. | 


Con. 1. Hence it appears that if a diameter of ſuch a ſection 
be drawn, it will cut the axis of the cone: and converſely, if a: 


right line drawn in the plane of this ſection cuts the axis of the 


cone, it will be a diameter of the ſection. 


Cox. 2. It likewiſe appears that any circle Parallel t to the baſe: 
may be taken for the eva of the cone. 


p R O P. 


&* 
* * 4 

4 . 
* 7 
wy my, 
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PROP. VIII. 


F16, 11. If a ſcalene cone ABCL be cut through the axis s by a plane 
perpendicular to the baſe making the triangle ABL, and 
from the vertical angle BAL another triangle ADI be cut 
ſimilar to ABL, but in a ſubcontrary ous. that is, 

ſo that the angle AT D be equal to the an rh and 
if the cone be cut again by a plane paſſing 2 DT 
and perpendicular to the plane of the triangle ABL : 
the ſection DKTF in the conical ſurface will be FINE eir- 
cumference of a circle. 


ET the right line MN be the common ber of the 5 
DKTF with the plane of the baſe : from any point K, in the 
ſection DK TF, draw K GF parallel to MN, and meeting DT in G, 
through G draw EH in the plane ABI. and parallel to BL; then the 
plane paſſing through KGF, EGH will be parallel to the baſe (15. 
11.) and therefore e to the plane ABL, and its interſec- 
tion with the ſurface of the cone will be a circle, 5 which EGH is 
a diameter (by the preced. and Cor. 1.) and becauſe both theſe 
planes are perpendicular to the plane of the triangle ABL, their com- 
mon interſection KGF will be perpendicular to the plane ABL (19 
11.) and therefore to both- theſe right lines EH, DT; 3 
hs ſquare of KG (by a property. of g's circle) is coat” to the rect- 
Kai's, EGH ; but the angles ATD and (ABL or) AEH are equal 
(by hypotheſis) and the vertical angles at G are equal; therefore the 
remaining angles EDG, GHT are equal, and therefore the trian gles 
EDG, GHT are ſimilar; wherefore DG is to EG as GH to ET: ki 
and therefore the rectangle DG is equal to the rectangle EGH, 
that is, to the ſquare of KG. Therefore the point K is in the circym- 
ference of the circle deſcribed about the diameter DT in the plane 
DGK: for if it were not, the rectangle DGT would be equal to the 
ſquare of a line greater or leſs than KG, contrary to what has been 
proved : in like manner the ſame may be ſhewn of any other point. 
in the ſection DK TF, which is therefore the circumference of a circle, 
'This ſection 1 is called a ſubcontrary ſefiton, > 
PROP. 


8 
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PR O' PF, K 


If in the conical ſurface the ſection DKTF made by a plane F16, 11, 


not parallel to the baſe be the e of a circle, it 
Fill be a ſubcontrary ſection. 


ET a conical ſurface be cut by two planes parallel to the baſe 
making the circles EKHF, OPQR and cutting the plane 
DRI F in the lines KF, PR, which will be parallel (by 16. 11.) 
let the diameters EH, OQ of theſe circles be drawn perpendicular 
to the lines KF, PR and meet them in the points G, S; the lines 
EH, OQ will be parallel (Converſ. 10. 11.) and will biſect the lines 
KF, PR in Gand 8 (g. 3.) and will paſs through the axis of the 
cone (by 1. Cor. 7. of this Book) therefore the plane AOEBLHQ _ 
paſſes through the axis of the cone; let the line DT be its inter- 
ſection with the plane of the circle DKTF ; fince DT . paſſes 
through the points G and S and conſequently biſects the lines KF, 
PR terminated by the circle DKTF, it is a diameter of that circle 
and is perpendicular to theſe lines as appears from the (3. 3.) Then 
becauſe the line KF is perpendicular to the lines DGT, EGH, it 
will be perpendicular to the plane ABL paſſing through theſe lines; 
therefore (by 18. 11.) the planes of the circles DETF, EKHF and 
conſequently the plane of the baſe will be perpendicular to the plane 
ABL paſſing through the axis of the cone; but (by a property of the 
circle) each of the rectangles EGH, DG is equal to the ſquare of 
KG and conſequently are equal to each other ; therefore DG will be 
to EG as GH to GT, and the vertical angles at G are equal ; 
therefore the triangles DGE, HGT (by 6. 6.) are fimilar, and 
therefore the angle ATD is equal to the angle AEH, that is to the 


angle ABL, wherefore by the preced. Pi the ſection DKTF is a 
ſubcontrary ſection. 


Cor. Hence a conic ſection, which is not a ſubcontrary ande : 
nor parallel to the baſe, will not be the cm of a _ : 


2 p R O P. 


Fi6, T2, 
13. 
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PROP. R. 


Let two right lines meet each other in the point P, and let 

one of them be parallel to the baſe of a cone, and the other, 
parallel to a right line given in poſition cutting the plane 
of the baſe : according as both touch or cut, or one of 
them touches, and the other cuts a conical ſurface, or op- 
poſite ſurfaces; the ſquares of the ſegments of the tan- 
gents, or the rectangles under the ſegments of the ſecants, 
between their point of concourſe, and the points where 
they meet the conical ſurface or ſurfaces, will be in a con- 
ſtant ratio to each other, whereſoever P the point of con- 
courſe of theſe two lines is taken. I call a right line pa- 
rallel to a plane, when in that plane a right line can be 
drawn parallel to it. 


ET the circle ASC be the baſe of the cone ABC, and BM the 
right line given in poſition drawn from the vertex B to any 
given point M in the plane of the baſe (but not in its periphery) and 


from the point M let any right line be drawn cutting the periphery 


of the baſe in the points K, L; let two right lines meet each other 
in any point P, and let one of them POG or PT be parallel to 


'the baſe of the cone and cut the ſurface in the points O, G, or 
touch it in T, and let the other line PEF be parallel to BM; firſt 


let this line PEF cut the ſame ſurface or oppoſite ſurfaces in E, F; 
the rectangle EPF will be to the rectangle OPG or to the ſquare of 


PT, as the ſquare of BM to the rectangle KML, whereſoever P 


the point of concourſe of the right lines may be taken. 
For through the line POG let a plane be drawn parallel to the 
baſe making the circle DOHG, and through the parallels BM and 


PEF let another plane paſs meeting the ſurfaces in the lines QEA, 


RFC, the plane of the baſe in the line MCA, and the plane of the 
circle DOH G in the line DPH; MCA, DPH are parallel (16. 11.) 
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angles FPH, BMC, and conſequently EP is to DP as ; BM to AM, 
and PF to PH as BM to MC; therefore (by taking the rectangles 


under the antecedents; of one order of proportionals and the antece- 


dents, of the other, and the rectangles — the conſequents of one, 
and the conſequents of the other) the rectangle EPF is to the rect- 
angle DPH as the ſquare of BM to the e AMC by (23. 6.) 


but becauſe DOHG and ASC are circles, the rectangle DPH is 


equal to the rectangle OPG or to the fquare of PT, 1 the rect- 
angle AMC is equal to the rectangle KML by (35 and 36. 3.) 
therefore the rectangle EP is to the rectangle OPC or the ſquare 
of PT, as the ſquare of BM to the rectangle KML, whereſoever 
P the point of concourſe of the lines EF, OG is taken. 

But if the line EF parallel to BM meets in P the line PB pa- 
rallel to the baſe of the cone and,gpaling through the vertex ; then 
in like manner it may. be dembnſtrated (from the fimilar triangles 


EPB, BMA; and FPB, BMC) that the, rectangle EPF is to the 


ſquare of PB as the ſquare of id the a AMC, n is, 


to KML. 
In the ſecond place, the reſt remaining as beface, let the right 


line PF touch the ſurface in F, and through the point of contact F 


let the fide of the cone be drawn meeting the baſe in N; the plane 


paſſing through the parallels PF, BM touches the ſurface in the 
line BEN (3. Cor. 3, of this Book) and its interſection MN with the 


which the point P is; this line touches the circle OT'G in the point 


T, viz. in the line BEN, and will be parallel to MN (16. 11.) 


therefore, from the fimilar triangles FPT, BMN, the ſquare of PF 
will be to the ſquare 


. E F * 
w * * 
4 . * 
8 4 0 5 „ 0 ” a * > £- 
* 
, * 
9 W - * * . 6 = R 1 7 
* - ' j . - 
— 4 49 * 
- 
* * . 0 a 
? * 17 N 4 E: » 5 1 Ss F J 
5 * * TX | G 4 p = - + I. &. 4 +. 
| | - 


plane of the baſe, 338 baſe in N; let the line PT be the 
interſection of the ſame plane with the plane of the circle OTG in 


of PT or to the rectangle OP, as the ſquare 
of BM to the ſquare of MN, or to the rectangle KML. Q. E. D. 


FiG, 14. 
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PRO P. XI. 


If two right lines meeting each other be parallel to two 1 
lines given in poſition; according as both touch or cut, or 
one of them touches, and the other cuts à conical ſurface 
or oppoſite ſurfaces; the ſquares of the tangents, or the 

rectangles under the ſegments of the ſecants between 
their point of concourſe and the points wherein they meet 
the ſurface or oppoſite ſurfaces, will be in the ſame ratio 
to each other whereſoever the concourſe. of the two ri icht 
lines falls. ei bo Felice It 


Caſe 1. HEN both the lines are ad to the baſe of the 
cone, a plane paſſing through them will be parallel 
to the baſe (15. 11.) and therefore will cut one of the ſurfaces in 
the circumference of a circle; and therefore both the lines will either 
touch or cut, or one of that will touch and the other cut the ſame 
circle ; and therefore the ſquares of the ſegments of the tangents, 
or the rectangles under the ſegments of the ſecants between the 
point of concourſe of the two lines, and the points wherein they 
meet the ſurface will be to each other in a ratio of equality 200 the 
35 and 36. 3. 

Caſe 2. When one of the lines meeting dah Aber is parallel to a 
line given in pofition cutting the plane of the baſe, and the other 
parallel to a line given in poſition drawn in the plane of the baſe; 
this line will be parallel to the plane of the baſe, and therefore this' 
caſe is manifeſt from the preceding Propoſition. 

Caſe 3. When neither of the lines meeting each other is ene MT 
the plane of the baſe ; through their point of concourſe let a right 
line be drawn parallel to the plane of the baſe, -and cutting either 
ſurface, or perhaps paſſing through the vertex of the cone ; then 
according as either of the lines not parallel to the baſe touch or cut 
the ſurface or oppoſite ſurfaces, the ſquare of the ſegment or the 
rectangle under the ſegments of the ſecant, will be in a conſtant ratio 
to the. ſquare of the ſegment, or to the rectangle under the ſegments 
of the line parallel to the plane of the baſe (by preceding Prop.) 
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and conſequently theſe ſquares or rectangles under the ſegments of 
the lines which are not parallel to the plane of the baſe, will be in 
a conſtant ratio to each other as appears from (22. f.) 

In this and the preceding propoſition when one of the right lines 
which meet each other paſſes through the vertex of the cone, the 
ſquare of the ſegment between the point of concourſe and the vertex, 
muſt be taken as if the right line was a tangent, although it may 
happen to fall within the conical ſurface. - 


PROP. XII, 


if two parallel right lines meet a right line parallel to a ſide 


of a cone; according as both touch or cut, or one of them 
touches, ack the other cuts a conical ſurface or oppoſite 


ſurfaces ; the ſquares of the ſegments of the tangents, or 


the rectangles under the ſegments of the ſecants between 


the ſurface or oppoſite ſurfaces, and the right line which 


they meet, will be to each other as the ſegments of that 
right line between the parallels, and the Jour wheroin it 
meets the conical ſurfacde. 


—_— 


each other, and let them cut in any manner the ſame ſurface 


or oppoſite ſurfaces in E, F and L, N, and in the points P, Qmeet the 


line ST parallel to cBC the fide of the cone, and meeting the ſurface in 
V; the rectangle EPF will be to the rectangle LQN as PV to QV. 
For let the plane paſſing through the parallels BC and ST meet 


again the ſurfaces in the line BM, and through the points P, O 


draw in this plane the lines MPC, DQH parallel to each other, and 
meeting the ſurface in M, C and D, H aff (by the preceding) the 
rectangle DPF is to the rectangle MPC as the rectangle. LN to 


» The 22d Propoſition of the fifth book of Euclid here referred to is that by-which 


the way of reaſoning in proportions called, ex" equo ordinatim is proved, and from 
thence the above concluſion will follow. It is alfo the Propoſition by. which Euclid 


proves the eighth of his Data, which is, that two quantities which, have a given ratio, to 
a third, have alſo a given ratio to each other ; therefore the eighth of * Data | 


ht have been more properly referred to on "this occaſion, , b 
* 4 | | | 1 the 


'ET MBC- be a cone, and the right lines EF, LN parallel to | 


Fic, 3 5. 


Fic. 16, 
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the rectangle DQH ; therefore by permutation the rectangle EPF 
is to LQN as the rectangle MPC to DQH, that is, becauſe PC and 
QH are equal (being oppoſite fides of a parallelogram) as MP is to 
D,, or from the ſimilarity of triangles as PV to QY ; the fame 
may be ſhewn concerning the ſquares of the ſegments of the pa- 
rallels hetween the line ST and the point of contact, if one or both 


be tangentz. 3 in, _. 
PROP. XIII. 


1& two parallel lines touch a ſurface, or oppoſite ſurfaces, | 
and two points be taken in them. equidiſtant from their 


points of contact; if the right line joining theſe polnts 


meet the ſurface or 0 ppoſite ſurfaces; its ſegments be- 
tween the tangents 4 ſurface or ſurfaces, will be equal. 


ET the right lines EP, RQ be p arallel, and wah the fame 

ſurface or oppoſite ſurfaces in E bo R, and let the points P, Q 
be equidiſtant from the points E, R, and let PQ be drawn cutting 
the ſurface or oppoſite ſurfaces in the pos F, G; the ſegments 
PF, QG will be equal. 

For becauſe the lines EP, RQ are parallel, and the ſame right 
line PQ meets them; the ſore of EP will be to the rectangle 
FPG as the ſquare of RQ to the rectangle GQF (by the 11. of 
this Book) bur the ſquares of EP, RQ are equal (by hypotheſis) 
therefore the rectangles FPG and GQF are equal; let FG be bi- 
ſected in O; and when the point F, G are in the ſame ſurface, let 
the equal ſquares of OF 3 OG be added to the equal rectangles 
FPG, GQF and the ſums that is the ſquares of OP, OQ (by 6. 2.) 
are equal; and when the points F, G are in oppoſite ſurfaces, let 
the equal rectangles FPG, GQF be taken from the equal ſquares 
of OF, OG and the remainders, that is (by 5+ 2+). the ſquares. of 
OP, o will be equal; thefefore the right lines PO, OO in both 
ea are equal; but FO, GO are . therefore the ſegments PF, 
QG will be equal. N 


But 
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ut if the line PQ touches the ſurface in the point V; then, as 
before, (by 11. of this Book) the ſquare of EP is to the ſquare of 
VP as the ſquare of R to the ſquare of VQ; therefore the 
ſquares of VP, 7 „ and anne the ſegments VP, VQ are 
equal. | E. . 


858 Let the parallel lines pr, QU touch the conical ſurface in 
the points E, R, draw ER, and through the point O taken in it 
draw a right line parallel to PF, QH meeting the ſurface in the 
points M, N : if through the points M, N two lines be drawn pa- 
rallel to ER and meeting PF, QH in the points F, H and P, Q; 
theſe lines either at the ſame time cut the ſurface again. in the points 
G, L, or at the ſame time touch it in the points M, N. By con- 


ſtruction and (34. 1.) the tangents EF, RH and likewiſe EP, RQ 


are equal; then if the ine FMH meets the ſurface in the points 


M, G, FM, GH will be equal (by this Prop.) and if the line PN 2 
be ſuppoſed to touch the ſurface in N, PN, NQ will be equal; 


therefore, becauſe PF, NM, QH, are parallel, FM, MH will be 
equal, which 1s blur + » therefore when the line FMH meets the 


ſurface in two points, PNQ. will not touch the ſurface in N; con- 


ſequently it meets it again; wherefore FMH, PNQ will either 
at the ſame time cut the conical ſurface, or at the ſame time 
touch it. 


PROP. XIV. 


The right line joining the two points of vin of parallel 
tangents biſects all right lines which it meets parallel to 


thoſe tangents, and nn both ways by gr of the 
ſurfaces. 


15 


ET the lines EP, RQ.be'p arallel and touch the * ſurface 
or oppoſite ſarſhces, and 25 ER; joining the points of con- 
tact; then let the right line MN be parallel to EP, RQ. and meet 


ER ( produced if —_— in the point O, and let it be termi- 


Fi6, 17. 
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nated by the conical ſurface in the points M, N; the ſegments MO, 
ON will be equal. For draw through M, N two right lines pa- 


rallel to ER, and firſt, both meeting (by Cor. preced.) the ſame or 
oppoſite ſurfaces again in G, L, and the parallel tangents in the 
points F, H and P, Q; then the lines MF, NP, being oppoſite 
| fides of a parallelogram, will be equal, and likewiſe FH, PQ and 
the tangents EP, RQ; therefore (by the preced.) the lines NP, 


QL will be equal : and in like manner it may be ſhewn that MF, 


HG are equal; therefore PL, FG will be equal and conſequently 


| the rectangles NPL, MFG are equal; but (by 11 of this Book) the 


ERS SIC 


FIG. 18, ; R 
4 through M, N parallel to ER neceſſarily meet the oppoſite ſurfaces 


rectangle NPL is to the ſquare of PE as the rectangle MFG to 
the ſquare of EF; therefore the ſquares of EP and EF are equal 
and conſequently the lines EP, EF, and therefore the ſegments MO, 
ON which are parallel to them, will be equal. 


When the points E, R are in oppoſite ſurfaces, the lines drawn 


(by 2. Cor. 6. of this Book) but when the points E, R are in the ſame 


| ſurface, if one of the lines which are drawn through M, N parallel 


to ER, touches this ſurface in the point M, the other line touches 
it in N (by Cor. preced.) let theſe lines meet the tangent EPF 
in the points X, V; then the tangents MX, NV, being oppoſite 


Fis, 19. ; 


ſides of a parallelogram, will be equal ; therefore (by the preced.) 


the tangents XE, EV will be equal, and therefore the ſegments 
MO, ON being parallel to them, will be equal. Q. E. D. 


DEFINITIONS. 


XI. If a plane ADE touches a conical ſurface in the right line 
AD, and the ſurface be cut by a plane 1 to . che ſec⸗ 


1 tion MVN is called a Parabola. 
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XII. If through the vertex and without the conical ſurfaces a 
plane DAE paſſes, which is neither paratlel to the plane of the 
baſe nor to the plane of ſubcontrary ſection, and if either ſurface 
be cut by a plane XVLT parallel to DAE; the ſection MVNL is 


called an Ellipſe. 
XIII. If 3 A the vertex of the cone BAG a plane paſſes 


cutting the ſurfaces in the right lines JAD; eAE, and the conical 


ſurface be cut by a plane XVM parallel to EAD; the ſection MV N 
is called an Hyperbola. And becauſe this interſecting plane neceſſa- 
rily meets the oppoſite ſurface, and there makes a ſection Ln of 
the ſame kind and denomination with the former, theſe two ſections 
together. are called oppoſite ſefions. _ 


FI. 20 


Fi. 21. 


XIV. The plane ADE paſſing through the vertex of the cone 5 


and parallel to the plane of any ſection, I call the vertical plane of 
that ſection. | 


XV. Any right line LV drawn in the plane of a parabola, and 
parallel to the right line AD in which the vertical plane touches the 
ſurface, is called a diameter of the parabola, and the point V where 
it meets the ſection is called its vertex. + 

XVI. The point within an ellipſe, or between the oppoſite ſec- 
tions, in which is biſected every right line drawn through it, and 
terminated both ways by the ellipſe or by the oppoſite ſections, I 


Fic, 19. 


call the center of the * or of the nne or of the N 8 | 


ſections. 


XVII. Any right: tine! vaing eng the center of an ellipſe or 


hyperbola and meeting the ellipſe or oppoſite ſections in two 
points, I call a diameter of the ellipſe, 'or a _— diameter of the 
hyperbola or of the oppoſite ſections; and the points in which the 


diameter meets the 10 or e ee are called its ver- 


| Hes. 0 


XVIII. Any right * paſſing through the center of an hyper- 


bola, and biſecting a right line not paſhng through the center and 


_ terminated by the oppolite ſeQions, | is called a ſecond diameter of the- 


hyperbolas. 


XIX. Two b Fs of which biſects all right 150 tro. 
minated "ne * 3 WER or Tp W and pa- 


rallel 


— 
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rallel to the other diameter, are called conjugate diameters of the el- 
lipſe or hyperbola, . 


XX. Any right line, not paſſing through the center, terminated 
both ways by a conic ſection or the oppoſite ſections, and biſected 
by a diameter, 1s called an ordinate applied to that diameter, or more 
fimply an ordinate : and more frequently the half of this right line 
is called an ordinate. 

XXI. The ſegments of a diameter between its ordinate and ver- 
tices are called abſciſſes, 

XXII. A diameter of a conic ſection, which cuts the ordinates 
at right angles, is called an axis. 

XXIII. A right line drawn in the plane of a conic, ſection, n 
meeting the ſection in one point, and produced both ways falling 
| without it, is ſaid to touch the ſection in this point, and this line is 
called a tangent ; but if a right line meets the ſection or e 
ſections in two Points, it is called a ſecant. 


Corollaries to the preceding Definitions. 


Cor. 1. As every point in a conic ſection is in the conical ſur- 
face, and any two points in the oppoſite ſections are in the oppoſite 
N ; ſurfaces, it is evident that every right line drawn in the plane of a 
conic ſection, and meeting in any manner the conical furface or op- 
poſite furfaces, will in the ſame manner and in the fame point or 
the ſame points, meet the conic ſection or oppoſite ſections: and 
converſely it is evident that every right line meeting in any manner 
a conic ſection or oppoſite ſections, will in the ſame manner and in 
the ſame point or the ſame Rand meet the conical ſurface or oppo- 
ſite ſurfaces. 


Cor. 2. A right line joining any two points i in a conic ſection falls 
wholly within the ſection, and produced both ways falls without it, and 
does not meet either it or the oppoſite ſection again; and converſely 
a right line joining two points in the oppoſite ſections falls without 
both ſections, but produced both ways falls within each ſection and 

meets 


£4 
* 4 
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meets neither of them again. This corollary is manifeſt from the 
preceding and (Prop. IL of this Book). Hence or from (Cor. 1. 
6. of this Book) it appears that a right line cannot meet a conic 
fection or oppoſite ſections in three points. 

Con. 3. Hence the fame right line cannot touch the oppoſite ſec- 
tions. 
Conz. 4. Hence likewiſe if in the plane of the oppoſite ſeftigns a 
right line be drawn parallel to the line joining two Points in the op- 
poſite ſections, it will neceſſarily meet the oppoſite ſections, as ap- 

pears from Cor. 2. Prop. VI. 2 

ol. 3. All the diameters of a parabola are parallel to each 
other, and any line drawn in the plane of a parabola and parallel to 
the diameters, will be a diameter as appears from Definition 15. and 
each diameter meets the parabola in one point only and is on one 
fide wholly without the parabola, and on the other within it ; as ap- 
pears from Prop. V. and Cor. x, to the Definitions. 4 

Cox, 6. It is manifeſt fince the planes of the parabola and hy- 
perbola cut the conical ſurface (though produced indefinitely) that 
theſe ſections may be extended ad infinitum, and never return again 
or include a ſpace ; but the ellipſe ſurrounds the eone, and return- 
ing into itſelf includes a ſpace. 

Cor. 7. Every conic ſection ſurrounding the cone is either a 
circle or an ellipſe ; for if the plane of the ſection be parallel to 


the baſe, or in ſubgontrary poſition, it will be a n but if not, 


it will be an ellipſe by FOIA 12s. ang Co Pe IX. of this 
Book. 
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PROP. XV. 


If through a point within a parabola a right. line be drawn 


meeting the diameters, it neceſſarily meets, the parabola, in 
two points. | 


* * 
£ 


ET BAD be a cone, 5 the Kerlen, MYN i in its dun ace 4 
parabola, and the plane ADE its vertical plane touching the 


ſurface in the line AD, and let LV be a diameter; and through the 


point P within the parabola dra the right line MN eig the * 
meters, it will meet the parabola in two points. 

For draw in the vertical plane, through the vertex A of the cone, 
the right line AF parallel to MN ; then becauſe the lines PN, FA, 
and PL, AD are parallel, the angles NPL, FAD will be equal 


(ic. 11.) therefore AF will cut the line AD in which line only the 


vertical plane meets 'the ſurface : therefore AF falls wholly without 
the ſurface : and therefore (by 6. of this Book) the line MN pa- 
rallel to AF meets the ſurface (within which the point P is taken) 
in two points, ſuppoſe in M, N; conſequently in theſe Points it 
meets the parabola by Cor. 1. to the Definitions, 


PROP. XVI 


Through any point of a conic ſection one right line only 
can be drawn, which will touch the ſection in that point. 


ET BAD be a cone, and MVN any conic ſection in its ſur- 
face; let any point V be taken in it, and through V draw the 
fide AVB of the cone, and through the point B where the fide 
AVB meets the circumference of the baſe draw BK touching the 
baſe ; then the plane ABK touches the ſurface (Cor. 2. 3. of this 
Book) and the common interſection VX of the plane ABK, with 
the plane of the ſection, touches the ſection in the point V. 
For the line VX is in the plane ABK touching the ſurface, and 


meets the line of contact in the point V; therefore in this point it 


touches 
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touches the ſurface; but VX is likewiſe in the plane of the ſection 
MVN which it therefore touches in the ſame point V (by Cor. 1. 
to Definitions). Then if another right line, in the plane of the 
ſection, beſides VX, be ſuppoſed to touch the ſection MVN in the 
point V, it would likewiſe touch the conical ſurface in this point : 

and fince this line is not in the plane ABK, the plane paſting through 
it and the line AB will not be the ſame with the plane ABK, and 
will touch the ſurface in the right line AB (by Cor. 3. 3. of this 
Book) and then two planes would touch the ſurface in the ſame 


right line (contrary to Cor. 4. 3. of this Book) wherefore. one right 
line only can touch a conic ſection in the ſame point. 


Cor. Hence any right line MN, drawn through a point P within 
A conic ſection, and W to any tangent VX, Meets. the ſection 
in two points. 

For let. AF be the common interſection of the tangent plane 
ABK, in which the tangent VX is drawn, with the vertical plane 
ADE, it will be parallel to the tangent VX (by 16. 11. ) and con- 
ſequently to the line MN drawn through P: but the line AF, be- 
cauſe it is in the tangent plane and not the ſame with AB the line 


of contact, falls wholly without the ſurfaces ; therefore the line 


drawn through P meets the ſurface (within which the point P is 
| taken) 1 in two points, ſuppoſe in M, N, (by the 6. of this Book) 


and therefore meets Sa een in the bunte points (by Cor. I. * 


the Definitions. EF. 


\ 


Nee PRO P. XVII. 
Let MN be a right line terminated by a conic ſection; one 
right line only parallel to this line can touch the ſection, 
if it be a parabola; and if it be an hyperbola, one right 
line only parallel to MN, can touch it, and likewiſe one 


FiG. 19. 
20, 
21. 


only the oppoſite hyperbola; and if the ſection be an el- 


lipſe, there are e but two right lines parallel to MN which 
can touch it. 


\OR let the 1 55 MVN. bs, a ee by which the right 


f ; cone, 


line MN is terminated; and through A the vertex of the 


Fi6, 19. F 


N 


Fi. 20, 
21. 
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cone, let the right line AF be drawn in the vertical plane and pa- 
rallel to MN, it will (by Cor. 3. 6. of this Book) fall without the 
conical ſurfaces, and becauſe the line AF is in the plane ADE 


touching the. ſurface, through AF another plane ABK may be 
drawn (by the 4. of this Book) which will touch the ſurface in a 


right line as AB: this plane will neceſſarily cut the plane of the pa- 


rabola, ſuppoſe in the line VX ; this line touches the parabola in V 
(by the preced.) and will be parallel (16. 11.) to the line AF, and 
conſequently to MN terminated by the parabola. | 
Bur if (the reſt remaining as above) any other right line YZ, 
parallel to MN, be ſuppoſed to touch the parabola ; through the 
vertex A and the point of contact V draw a fide of the cone: the 
tangent YZ (by hypotheſis) is parallel to AF, and (by Cor. 3. 3. 
of this Book) the plane paſſing through theſe parallels touches the 


| ſurface in the line AY ; but this plane will neceſſarily be different 
from the tangent planes ADE, ABK ; then three planes touching 
the ſurface would paſs through the line AF contrary to den 4+ of 


this Book). 

. Now let the ſection MVN be an ellipſe or hyperbola, ES! mL 
the oppoſite hyperbola, and let MN be the right line terminated by 
the ellipſe or hyperbola: through the vertex A of the cone let the 
line AF be drawn in the vertical plane, and parallel to MN, falling 
(by Cor. 4. 6. of this Book) without the ſurface, and through AF. 
let two planes ABK, AGH be drawn touching the ſurfaces in the 
lines AVB, ALG (by 4. of this Book). Since theſe planes cut the 
vertical plane ADE in the line AF, they will likewiſe cut the plane 
of the ellipſe, or of the oppoſite ſections, in two lines VX, LT pa- 
rallel to AF (16. 11.) but theſe lines VX, LT touch the ellipſe, or 
oppoſite hyperbolas (by the preeed,) and becauſe they are parallol to 
AF they will be parallel ro MN. . 

If then (the reſt remaining as before) any third, line parallel to 
MN be ſuppoſed to touch the ellipſe or hyperbola, in the ſame man- 
ner, as in the former caſe, it may be ſhewn that three planes touch 

2 the ſurface might be drawn tunen, wok 8 is e 
or. Prop. IV. of this Book). 


Cor. 
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Cor. 1. Hence it appears that if apy right line touches an el- 
lipſe or hyperbola, another right line may be drawn which ſhall 
touch the ſame ellipſe, or oppoſite hyperbola, and be parallel to the 
other tangent. 

Cor. 2. Hence it likewiſe appears, that if from a point in a pa- 
rabola a right line be drawn parallel to a tangent, it meets the para- 
bola again ; for it cannot touch it (by the firſt part of this Prop.) 
therefore it falls on one fide within the parabola, and therefore (by 
Cor. to preced. Prop.) it meets it again. In like manner it may be 
ſhewn that a right line drawn from a point in an ellipſe, or hyper- 
bola, and parallel to two tangents, meets the ellipſe, or hyperbola 


again. 


— — 


CY 


_ E nth is tired to obſerve that the circle i is reckoned among the 
Conic Sections, for whatſoever is proved univerſally i in what follows 


of the three ſections already defined, obtains alſo in the Girele, as gene- 
rally appears from the elements of plain Geometry, 


* 


* 
9 
—_— —— — a. 


* 


PROP. XVIII. 

If two right lines meeting each other, be always parallel to 
two right lines given in poſition; according as they both 
touch or cut, or one of them touches and the other cuts 
a conic ſection or oppoſite ſections; the ſquares of the ſeg- 
ments of the tangents, or the rectangles under the ſeg- 
ments of the ſecants between the point of concourſe of 


the two lines, and the ſection, or ſections, will be in a 


_ conſtant ratio to each other, whereſoever the point of 
h concourſe of the right lines be taken, 


1 * 


Core i I. to the Definitions. 


Con. 


HIS Propoſition i is evident from . XI. of this Book) and 


Fig. 22, 
23. 
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Cok. 1. Hence, if any right line LCV cutting a conic ſection, 


or oppoſite ſections, in the points L, V, meets two parallel lines in 


the points O, S cutting the ſame ſection, or oppoſite ſections, or 
both the oppoſite ſections, in the points A, B and H, G; the rect- 


angles BOA, HSG under the ſegments of the parallel lines between 


the ſection or ſections, and the line LCV, will be to each other as 


the rectangles VOL, VSL under the ſegments of the line LCV be- 


tween the parallel lines and ſection or ſections. 
For becauſe BA, LVO are parallel to the ſame lines to which 


HG, LVO are parallel; in whatſoever ratio the rectangle BOA is 


to the rectangle VOL, in the ſame ratio the rectangle HSG will 
be to the rectangle VSL, by this Propofition : therefore by permu- 
tation, BOA is to HSG as VOL to VSL. 

Co. 2. Or if any right line cutting a ſection, or oppoſite ſec- 
tions, meets two parallel lines touching the fame ſection, or oppoſite 
ſections, in the ſame manner it may be ſhewn that the ſquares of 
the ſegments of the parallel tangents between their points of con- 


tact and the ſecant which they meet, are to one another as the rect- 


angles under the ſegments of that ſecant between the paralle) lines 
and ſection, or ſections. : 

Cor. 3. Or if any right line cutting a ſection, or oppoſite ſec- 
tions, meets two parallel right lines, one of them a tangent, and the 
other a ſecant ; the ſquare of the ſegment of the tangent, and the 
rectangle under the ſegments of the ſecant between the ſection and 
the ſecant which they meet, will be to each other as the rectangles 
under the ſegments of that ſecant between the parallel lines and ſec- 
tion, or ſections. 

Con. 4. Or if any right line touching a conic ſection meets two 
parallel right lines cutting the ſection, or ſections; the rectangles 
under the ſegments of the ſecants between the ſection, or ſections, 
and the tangent which they meet, will be to each other as the 
ſquares of the ſegments of the tangent between the parallel lines, 
and the point of its contact. | 

Cor. 5. Or if any right line touching a conic ſection meets two 
parallel right lines touching the ſame ſection, or oppoſite ſections; 
the ſquares of the ſegments, of the parallel tangents between their 


points 
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points of contact and the tangent which they meet, will be to each 


other as the ſquares of the ſegments of that tangent between the 
parallels and its point of contact. 


Con. 6. Or if any right line touching a conic ſection, meets two 
lel.lines, , one of them a tangent and the other a ſecant ; the 
ſquare | of the ſegment of the tangent, and the rectangle under the 
ſegments of the ſecant between the ſection and tangent which they 
meet, will be to each other as the ſquares of the ſegments of that 
tangent between the parallels and its er of contact. 


PROP. XIX. 


If two fight lines bertel to each other meet a right line 


parallel to any ſide of a cone, and if both touch or cut, 


or if one of them touches, and the other cuts a conic 


ſection or oppoſite ſections; the ſquares of the ſegments 


of the tangents, or the rectangles under the ſegments of 
the ſecants between the right line, which they meet, and 

the ſection or ſections, will be to each other as the ſeg- 
ments of that line between the parallels, and the point 
in which it meets the conic ſection. 


\OR fince this line, which the parallels meet, is parallel to a 
ſide of the cone, it will meet with the ſurface of the cone, and 
conſequently with the conic ſection (in the plane of which it is) in 


one point only (by Prop. V. and Cor. x. Def.) and therefore this 


| Nen follows from Prop. XII. and Cor. 1. to 0 Definitions. 


Co. Hees if MVN be a ardtlath in the frkycs of a cone, 
and the parallel right lines MN and AB cut it, meeting its diameter 
LV in D, C; the rectangles MDN, ACB under the ſegmerits of 
the parallels between the diameter and; parabola, will be to each 


Flic. 24. 


other as the ſegments DV, CV of the diameter between the pa- 


rallels _ the vertex V: or if the right line XT Parallel to MN 
D -- touches 


26 Conic Hectiont. Bock 1. 
touches the parabola in T, and meets the diameter LV in X; the 
rectangle MD N will be to the ſquare of TX as DV to XV. 

For by Definition 13, every diameter of a parabola is parallel to 
a fide of the cone, viz. to that in which the vertical plane touches 
the ſurface of which the parabola is a ſection. Whence the Co- 
rollary is evident by this Propoſition. 


PROP. X. 


Let two right lines parallel to each other, touch an ellipſe, 
or oppolite hyperbolas, and in thoſe tangents let two 
points be taken equidiſtant from their points of contact. 
Tk the right line joining theſe points cuts the ellipſe, of 
oppoſite hyperbolas in two points; its ſegments between 
theſe points and the tangents will be equal: or if it 
touches an ellipſe, the ſegments between its point of © con- 
tact and the tangents, will be equal. 


HIS 2 is evident from Prop. XIII. and Cor. 1. 
Det. | 


RNA P; "IE 
Let two right lines, parallel to each other, touch an ellipſe, 
or oppoſite hyperbolas ; a right line joining their points 
of contact will biſect all right lines which are parallel to 


the tangents, and terminated 805 the ellipſe, or either of 
the hyperbolas. 


OR all right lines parallel to the tangents, neceſſarily meet the 
1“ line which joins their points of contact; therefore this Propo- 
fition follows from Prop. XIV. and Cor. 1. to Def. 


Cox. 1. Hence if two right lines AB, GH parallel to each other, 


* be terminated both ways by an ellipſe, hyperbola, or different and 


oppoſite hyperbolas ; the right line OS ANDY both theſe, meets 
the 
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the ellipſe, or hyperbolas in two points; through which points, if 
tangents be drawn, they will be parallel to the lines biſeed: 


For let two right lines VX, LT parallel to AB, GH be con- 
ceived to touch the ellipſe, or oppoſite hyperbolas (by Prop. XVII.) 


in the points V, L; then the right line LV joining their points of 


contact, will biſect the lines AB, GH and conſequently will coin- 
cide with OS: therefore the Corollary is evident. 

Cor. 2. Hence if the right lines AB, GH parallel to each other, 
and terminated by an ellipſe, hyperbola, or different and oppoſite 
hyperbolas, be biſected by the right line OS; and if through the 
points V and L in which the biſecting line meets the ellipſe or hy- 
perbolas, two right lines VX, LT be drawn parallel to the biſected 


lines, they will be tangents; for if not (by preced. Cor.) tangents 


drawn through theſe points will be likewiſe Da to the de AB, 
GH, which is abſurd. 


Cor. 3. Hence appears a method of rene two right lines, 


which ſhall touch an ellipſe or oppoſite hyperbolas, and be parallel 


to a right line given in poſition, cutting the ellipſe or hyperbola: 


for let another ſecant be drawn parallel to the given ſecant, and bi- 


fe theſe parallels, and through the points in which the biſecting 
right line meets the ellipſe or hyperbolas, draw two right lines pa- 


ale! to the line given in poſition ; ; theſe lines will be tangents (by 


Cor. . i 


uh PROP. XXII. PROBL. I. 


To find the center. of an ellipſe, or' oppoſite hyperbolas, 
given in poſition; and to demonſtrate that there can be 


but one center only of an ellipſe or hyperbola. 
E VAGHB be an ellipſe or hyperbola, and L its oppoſite 


other, cutting the ellipſe or hyperbola in the points A, B and G, H, 
and let the right line OS be drawn biſecting the parallels AB, GH, 


and meeting (by Cor, 1. preded.) the ellipſe or oppoſite hyperbolas 
2215 . D 2 | | = 


| hyperbola, and let two right lines be drawn parallel to 6ach 


FiG, 22, 


in 
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in two points, ſuppoſe in V, L, and biſect the line VL in C; that 
point will be the center. For through the points V, L draw two 
lines VX, LT parallel to AB, GH, they will be tangents (by Cor. 
2. preced.) therefore draw through the point C any line meeting the 
ellipſe or oppoſite hyperbolas in the points E, F and the tangents 
VX, LTinQ and P; then becauſe the triangles CVQ, CLP are 
fimilar, and the lines CV, CL .. the lines CQ, CP will be 
equal, and likewiſe the tangents VQ, LP; therefore QE, PF are 
equal (by 20. of this Book) and therefore CE, CF are equal. But 
if the line drawn through C, and meeting the ellipſe in two points 
M, N be parallel to the tangents VX, LT, it will be biſected in C 
(by the preced. Prop. ) therefore fince every right line drawn through 
the point C, and terminated by the ellipſe or oppoſite hyperbolas is 
biſected in C, this point C will be the center of the ellipſe or oppo- 
ſite hyperbolas by Definition XVI. 9, E. I. 

If (the above remaining as premiſed) another point D be ſup- 
poſed to be the center of the hyperbolas, draw through this point a 
line parallel to VL, it will meet the oppoſite hyperbolas in two 
points A, G (Cor. 4. Def.) let it meet the tangents VX, LT in 
Q, R; VQ,IR wil be equal (being oppoſite ſides of a parallelo- 
gram) and therefore QA, RG are equal (by Prop. XX. of this 
Book) but becquſe D is ſuppoſed to be the center, DA, DG are 
equal, therefore DQ, DR are equal: draw any other five through 
D, meeting the hyperbolas 1 in the points Y, Z, and the tangents in 
I, K; becauſe D is a center (by hypoth.) DV, DZ are equal, and 
becauſe the triangles DQI, DRK are ſimilar, and the lines DQ, 
DR equal, DI, DK will be equal, and conſequently (5. 2.) the 
rectangles YIZ, YKZ are equal: but theſe rectangles are as the 
ſquares of the tangents VI, LK (by Cor. 2. Prop. XVIII.) there- 
fore theſe ſquares, and conſequently the lines VI, LK are equal; 
therefore the line IK is parallel to VL (33. 1.) that is to AG, 
which is abſurd ; and therefore no point befide C can be the center 
of the hyperbolas ; which may in like manner be demonſtrated of 
the ellipſe ; but this is ſelf-evident, for if there were two centers in 


an ellipſe, a line terminated. by the ellipſe and paſhng through 


the 
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the centers, would be biſected in two different points; which is 
abſurd. 


| Con. I. All right lines; joining the points of contact of two pa- 
rallel right lines touching an ellipſe or oppoſite hyperbolas, biſect 
each other in one and the ſame point, viz. in the center. For if 
they could be biſected in different points, there would be ſeveral 
centers of the ellipſe or oppoſite hyperbolas, by the firſt part of the 
preceding demonſtration; the contrary to what is ſhewn in the ſe- 
cond part. 

Cor. 2. Any right line as LV joining the points of contact of 
two parallel tangents LT, VX paſſes through the center, and con- 
ſequently is a diameter of an ellipſe, or a trarſſverſe diameter of an 
hyperbola, by Def. XVII. 

Cor. 3. Hence two tangents LT, VX; drawn through the two 
vertices of the ſame diameter LV of an ellipſe or hyperbolas are 
parallel ; for if not, another tangent may be drawn parallel to one 
of them (Cor. 1. 17. of this Book) and the right line joining the 
points of contact of theſe parallels would alſo paſs through the cen- 
ter (Cor. 2. of this Prop.) which is abſurd. 

Cor. 4. No right line touching an hyperbola paſſes chrough the 
center; for if a right line touches an hyperbola, another right line 
parallel to 1t may be drawn to touch the oppoſite hyperbola (Cor. 1. 
17. of this Book) and the right line joining their points of contact 
paſſes through the center, and ny neither of the tangents 
can paſs through the center, 

Cox. 5. Hence any right line, drawn 98 the center of the hy- 
perbola to any point V in it, will be a tranſverſe femidiameter ; for 
it does not touch the hyperbola in V by the preceding Corollary ; 
therefore through the point V let VX be drawn touching the hyper- 
bola, and LT parallel to ĩt touching the oppofite hyperbola; it ap- 
pears that the line joining the points L, V is a tranſverſe diameter 
(by Cor. 2.) and conſequently coincides with the line CY, therefore 


this line is a tranſverſe ſemidiameter. 


PROP. 


FIG. 23. 
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PRO P. XXII. 


Every right line drawn through the center of an hyperbola, 
and parallel to a right line touching the hyperbola, or cut- 
ting it in two points, 1s a ſecond diameter. 


HROUGH C the center of the hyperbolas BVA, Lx let the 

right line MN be drawn parallel to any tangent VX, and 
draw through the point of contact the tranſverſe diameter VCL, and 
through the other vertex L draw LT, touching the oppoſite hyper- 
bola, and parallel to VX (by Cor. 3. preced. ) and let any right 
line be drawn parallel to VCL, and meeting the oppoſite hyperbo- 
las (by Cor. 3. Def.) in two points A, G, the tangents VX, LR 
in Q, R, and the line MN in D; then the tangents VQ, LR are 
equal, being oppoſite ſides of a parallelogram, and therefore the 
lines QA, RG are equal (Prop. XX.) and becauſe VC, CL are 
equal, and CD parallel to VX, LIT; the lines M, DR will be 
equal; therefore the line AG will be biſected in D by the line 
MN : and therefore this right line is a ſecond: diameter (by Def. 


18.) 2, E. D. 


PROP. XXIV. 


A diameter of any conic ſection biſects all right lines termi- 
nated by the ſection which are parallel to che N 
drawn through its vertex, 


IRST let BAD be a cone, and the ſection MVN in its 1 

a parabola, ADE its vertical plane, and LV a diameter, and 

let the line VX touch the parabola in the vertex V of the diameter 

LN, and let MN, be parallel to VX, and. terminated by the para · 

bola, and meet the pai LV in P; it will be biſected in this 
point. 

For draw the fide of the cone AV, and let the plane ABK paſs 

through AV and the tangent VX; this plane touches the conical 


ſurface in the fide AVB (Cor. 3. 3. of this Book) and becauſe AV 
| cuts 
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cuts the parallels LV, AD, it will be in the ſame plane with chem 
(5. 11.) therefore the line LV is in the plane of the triangle BAD: 
draw in this plane through the point P any line meeting AD in any 
point Q and AB in O; draw through theſe points in the tangent 
planes ADE, ABK, the tines QR, Os parallel to AF, the inter- 
ſection of the tangent plane ABK with the vertical plane ADE, 
theſe lines touch the ſurface in the points Q O, and becauſe they 
are parallel to AF they will be parallel to the tangent VX (by 16. 

11+) and likewiſe to MN (9. 11.) but the line MN is biſected in 
P by the line joining the points of contact Q, 0 (by Ong. XIV. ) 
and conſequently by the diameter LV. 


In the ſecond place, let the ſection be an ellipſe or -hyperbola, 


and becauſe the tangents drawn through the two vertices of any dia- 
meter are parallel to each other (Cor. 3. 22. of this Book) this dia- 
meter will biſect all right lines parallel to thoſe tangents, and ter- 
minated by the ri or either of the hyperbolas, as e jen from 
Prop. XXI. 


, PRO p. XXV. 5 

A ſecond diameter MN of an hyperbola biſects all right 
lines terminated by the hyperbolas, and parallel to the 
tranſverſe diameter LV joining the points of contact of 
the tangents VX, LT, which are parallel to that ſecond 
diameter MN: and on the contrary, if a right line AG 
be biſeQed by a ſecond diameter MN, it will be parallel 
to the tranſverſe diameter LV. joining the points of con- 
tact of the tangents VX, LT, which are paralle] to that 
ſecond Conran | 


Part 1. 1 ET the line AG be terminated by the hyperbolas 
BVA, mLn and be parallel to the diameter LV join- 


FIG. 23. 


ing ny points of contact of the tangents VX, LT which are pa- 


rallel to MN, and let AG meet the diameter MN in P. It will 


be biſected in this point. 
For 
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For let AG meet the tangents in the points R. then the 
tangents VQ, LR will be equal, being the oppoſite ſides of the 


parallelogram LVQR; therefore the lines AQ, RG are equal. (by 
Prop. XX.) and becauſe. VC, CL are equal, and the line CD is 


parallel to VQ, LR ; the lines QD, DR will be equal; therefore 
AD, DG are equal ; and therefore AG is biſected by tp ſecond 
diameter MN. 


Part 2. en if (the reſt remaining as 1 the line AG. be 
biſected by the diameter MN, it will be parallel to the diameter 


LV joining the points of contact of the tangents VX, LT which 
are parallel to MN; for becauſe VC, CL are equal, and the lines 
VQ, CD, LR parallel; QD, DR will be equal; but, by hypo- 


theſis, AD, DG are; equal; therefore AQ, RG are equal, and 


therefore the rectangles AQ, ARG are equal; but theſe rect- 


angles are to each other as the ſquares of the . tangents VQ, LR 
(by Cor. 2. Prop. XVIII.) therefore theſe ſquares and conſe- 


quently the lines VQ, LR are equal: wherefore (33. 1.) the lines 
AQRG and LV are parallel. Q: E. D. 


Corollaries to the two preceding Propoſitions. 


Cor. 1. Every right line terminated by a conic ſection, and bi- 
ſected by a diameter, is parallel to the tangent paſſing through the 
vertex of that diameter (provided when the ſection is an ellipſe, 
the biſected line be not a diameter) for if it be not parallel to this 
tangent, let it be parallel (by 17. of this Book) to a tangent drawn 


through the vertex. of another diameter; then by Prop. 24. it 


would be alſo biſected by this other diameter, which is abſurd. : 


Co. 2. All right lines ordinately applied to the ſame diameter 
of a-conic ſection are parallel to each other; for when they are ap- 
plied to a diameter of a parabola, ellipſe, or a tranſverſe diameter of 
an hyperbola, they will all be parallel to the tangent paſſing through 
the vertex of that diameter (by preced. Cor.) and when they are 
applied to a ſecond diameter of the hyperbola, they will be pa- 


rallel 
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rallel to one and the ſame tranſverſe diameter, by Caſe 2. of the pre- 
ceding n | 


Con. g. Hence any right line terminated by a conic ſection or 
by oppoſite hyperbolas, and parallel to the ordinates of any dia- 
meter, will be ordinately applied to the ſame diameter. 


right lines terminated by a conic ſec- 
tion or oppoſite ſections, cannot biſect each other unleſs they meet 
in the center of the ellipſe or of the oppoſite ſections; for if they 
could, a diameter of the ſection may be drawn biſecting both of 
them, and conſequently both would be ordinately applied to the 
ſame diameter, and therefore OF Cor. 2.) n to each 22 

3 is abſurd. | 


Con. 4. Hence alſo, two ri 


Con. 5. Hence alſo it appears that if two che 3 parallel to 
each other be terminated by a conic ſection or oppoſite ſections, 
the diameter which biſects one will biſect the other. 


Con. 6. A right 1 line biſcing two parallel |: lines terminated by 2 
conic ſection or oppoſite ſections is a diameter; for a diameter bi- 
ſecting one of them will biſect the other, 


- Cor. 7. Hence, if a ſegment of a conic ſection be given in po- 
ſition, the diameters and center of the ſection may be found: for 
let two parallel right lines be drawn terminated by the ſegment, 
the right line biſecting theſe will be a diameter; in like man- 
ner another diameter may be found, and if it be parallel to the 
former, the ſection will be a parabola; but if the diameters cut 
each other the point of interſection will be the center of an ellipſe, 
if the ſegment be concave towards the center, and if CONVEX, the 
ſection will be an rene. 12 


Con. 8. A right lies drawn 8 the vertex of a diaineter pa- 
calle to its ordinates, touches the ſection; for it not, let a tangent, 
* * E. 1 be 


/ 
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be drawn through its vertex, this likewiſe will be parallel to the ↄr- 
dinates of that diameter (by Cor. 1.) which is abſurd. 


Con. 9. Hence appears a method of drawing a right line which 
ſhall touch a conic ſection given in poſi tion, and be parallel to any 
right line cutting the ſection: in two points; for let a line be drawn 
parallel to this ſecant and terminated by the ſection, the right line 
biſecting theſe parallels will be a diameter, and the right line drawn 
through the vertex of this diameter and parallel to the n 
lines touches the ſection by the preced. Cor. 


PROP. XXVI. 


If two right lines touching a conic ſection or . oppoſite. ſec- 
tions meet each other; a right line paſſing through their 
point of concourſe and biſecting the right line joining 
their points of contact, will be a diameter of the ſection. 


OR let the right lines PM, PN touch the conic ſection or 

oppoſite ſections in M, N, and join the points M, N, and 
draw PO biſecting MN in O; PO will be a diameter: for if not, 
through the point O let a diameter of the ſection be drawn m 
the tangent PM in Q, and let NQ be drawn meeting the ection 
again in A; through the point A draw the right line AD parallel 
to MN, this meets the oppoſite ſection, ſuppoſe in B (Cor. 4. Def.) 
when the points M, N are in oppoſite ſections; and when theſe 
points are in the ſame ſection, becauſe A is not che vertex of the 
diameter OQ, the line AD parallel to MN does not touch the 
ſection (by Cor. 1. preced. and Cor. 2. 17. of this Book) let it then 
meet the ſection again in B and OQ in X and PM in D; ſince 
the line AB is parallel to MN, which is biſected by the diameter 
OQ, it will be biſected by the fame diameter (by Cor. g. preced.) 
therefore the ſegment AX will be equal to BX; and becauſe in the 
triangle MN the line OQ drawn from the vertex, biſects the 
baſe in O, the ſame line will biſect 5 5 to the baſe in X; 


9 
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therefore the ſegment DX is equal to the ſegment AX, that is to 


BX, which is impoſſible; and therefore no line drawn through O 
befide PO will be a diameter of the ſection. - & E. D. 


Conz. I. On che contrary, if two right lines touching a conic 
ſection or oppoſite ſections meet each other; the diameter biſecting 
the right line joining the points of contact, will paſs through the 
point where the tangents meet; for one diameter only can biſect 
the line joining the points of contact, and a right line biſecting this 


line joining the contacts and paſſing through the concourſe of the 


Ao is a diameter; therefore the Corollary 1 is manifeſt. 


1 Cox. 2. Hence it appears that if two right lines ching e a conic 
ſection or oppoſite ſections meet each other, their point of con- 


courſe will be in the diameter which biſects the line that _ their 
points of contact. | 


Cor. 3. Hence, three right lines touching a {e&ion or oppoſite 
ſections cannot meet in one point. For if it were poſſible, draw 
two right lines joining one of the points of contact with the other 
two; then (by Cor. 1.) two diameters biſecting theſe lines would 
meet each other in the point of concourſe of the tangents, which is 
impoſſible ; for if the ſection be a parabola, the diametery are pa- 
rallel, and the diameters of an ellipſe or hyperbola meet only in the 
center, through which no tangent 1 (Cor. 4: 22. of this 
Book.) 


PROP. XXVIL 


Two diameters of an ellipſe or hyperbola, of which each is 


parallel to the ordinates of the other, are conjugate dia- 
meters, 


ET MN be a diameter of an ellipſe or a ſecond diameter of 
an hyperbola, to which let the right lines AG be ordinately 


| applind meeting it in the point D, and let LV be the diameter pa- 
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rallel to AG ; thefe two menen * LV will be conjugate di- 
ameters. | 

For let the tangents. VX, LT be drawn through the two. vertices 
of the diameter LV ; they will be parallel (by Cor. 3. Prop. XXII.) 
and let them meet AG (if neceſſary produced) in the points Q R; 
then the tangents VQ, LR will be equal, being oppoſite ſides of a 
parallelogram, and therefore (by Prop. XX.) the right lines AQ, 
RG will be equal; but AD, DG (by hypothefis) are equal; there- 
fore the lines QD, DR are equal, and hkewife VC, CL are equal; 
therefore CD, or MN is parallel to VQ, LT; but the diameter 
LV biſects (by 24. of this Book) all right lines which are parallel 
to VQ, LT, that is to the diameter MN ; therefore the clameters 
MN, LV are conjugate diameters (by Def. XIX.) | 

Now let the right line AB be ordinately applied to the tranſverſe 
diameter LV of. an hyperbola, and draw the ſecond diameter 
MN parallel to AB; LV, MN will be conjugate diameters. For 
through the two vertices of the diameter LV let the lines VX, LT 
be drawn parallel to AB, that is to the diameter, MN ; they. will 
be tangents (Cor. 8. 25+ of this Book) therefore by Prop. XXV. 
the diameter MN biſects all right lines terminated by the oppoſite 
hyperbolas and parallel to the diameters LV; and therefore LY, MN: 


are conjugate diameters. . Q, E. D. 


Con. It appears from hence that an ordinate to any diameter is. 
parallel to its conjugate diameter, and that two diameters are con- 
jugate, if one of them be paralle] to the tangent drawn through the: 
vertex of the other, | 

And on the contrary a tangent * through the vertex of a 


diameter is parallel to its conjugate. 


8 | P R O P. 
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PRO P. XXVII. PR O B. II. 


A conic ſection and its diameter being given in poſition ; 
through a given point in the ſection to draw a right line 
which ſhall be ordinately applied to that diameter. 


IRST let the ſection be a parabola or an hyperbola. and MN 
the diameter given in poſition (which in the hyperbola muſt 
be a tranſverſe diameter) and let A be the point given in the ſec- 
tion, to the diameter MN let any right line AN be drawn and 
produced to H, ſo that AN, NH be equal; through H let a right 
line be drawn parallel to MN which (by Cor. 4, 5. to Def.) will 
meet the ſection in ſome point as G; the right line joining the 
points, A, G will be ordinately applied to the diameter MN. 
For becauſe AN, NH are equal and DN, GH parallel; AD, 
DG will be equal. 


- Secondly, let the ſection be an ellipſe or - hyperbola, and MN any 


dimneter of the ellipſe.or a conjugate diameter of the hyperbola, to 


Fis, 27s ] 


Fis, 22, 


which, from the point A in the ſection, an ordinate is to be ap- 


plied: find the center of the ſection (22. of this Book) and draw 

through the point A the diameter ACH; if the right line drawn 
through its vertex H or A parallel to MN touches the ſection, then 
the diameter ACH will be conjugate to MN, and theſe diameters 
are ſaid. to be ordinately applied to each other: but if the line drawn 


through H and parallel to MN meets the ſection again in any point 
G; the line joining the points A, G will be an ordinate to the dia- 


meter MN ; for let it meet it in D; becauſe AC, CH are equal and 
HG, CD parallel; AD, DG will be equal; therefore the line AG 
1s ordinately applied to the diameter MN. 2, E. F. 


Cor. Hence, a line may be drawn through a given point in a 


conic ſection given in poſition to touch the ſection: for (by Cor. 7 


Prop. XXV.) let two. diameters of the ſection be found; 2 | 


through the given point draw a diameter to which an ordinate may 
be applied (by this Prop. ) the line parallel to this ordinate drawn 


through the given point will touch the ſection (by Cor. 8. Prop. XXV.) 


PROP. 


— 9 
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P RIO NM. J 
The ſquares of right lines which are ordinately applied to 
the ſame diameter of a parabola, are as the abſciſſes of 
that diameter between the ordinates and vertex. 


ET LV be a diameter of a parabola and L its vertex, and let 


it meet the lines BA, HG ordinately 8 N to it in the 
points C, D. 


Becauſe theſe lines are 1 to each ocher (by Cor. 2. Prop. 
XXV. ) the rectangles BCA, HDG, that is the ſquares of the or- 
dinates BC, HD are (by Cor. Prop. XIX.) to each other as CL, 
DL, viz. the abſciſſes of the diameter between the ordinates and | 
the vertex L (Def. XXI.) Q: E. D. 


PRO P. XXX. 


The ſquares of right lines, ordinately applied to any meter 
of an ellipſe or to a tranſverſe diameter of an hyperbola, 
are to each other as the rectangles under the abſciſſes of 
the diameter between the two vertices and ordinates. 


ET LV be a diameter of an ellipſe or a tranſverſe diameter of 
an hyperbola and the points L, V its two vertices, and let it 
meet in the points O, S two ordinates BA, HG terminated by the 
ellipſe, hyperbola or oppoſite hyperbolas. 

Becauſe theſe right lines are parallel (Cor. 2. Prop. XXV.) _- 
rectangles BOA, HSG (by Cor, 1. Prop. XVIII.) that is the 
ſquares of the ordinates BO, HS, will be to each other as the 
rectangles LOV, LSV under the abſciſſes of the diameter LV be- 
tween the ordinates and the two vertices. Q: E. D. 


Cor. 1. As it is manifeſt by this Propofition, that in the ellipſe or 
oppoſite hyperbolas the ordinates applied to the ſame diameter and 
at equal diſtances from the center, are equal; it is likewiſe evident, 
that if the oppoſite ſections be ſo placed that the line VO may coin- 


cide with LS, and the angle VOB with its alternate angle LSG, the 
whole 
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while feckion will be. congruous : and alſo the two ſegments of an 
ellipſe into which it is divided by its diameter, may be ſo placed as 
wholly to coincide. 

Cor. 2. Hence, if a circle be deſcribed upon a diameter of an 
ellipſe and from two points in this diameter ordinates applied to this 
diameter be drawn to the ellipſe, and at the ſame points two per- 
pendiculars be erected meeting the circumference. of the circle : 
the ordinates will be to each other as theſe perpendiculars : for by 
this Prop. the fquares of the ordinates are to each other as the 
rectangles under the abſciſſes of the diameter between [theſe ordi- 
nates and its two vertices, that is (from a property of the circle) as 


the ſquares of theſe peryendiculars; therefore 9 ordinates are as 
the F 3 | x | 


'PROP. XXXL 
If two right Ii fines meeting each other touch or cut, or one 
of them touches and the other cuts an ellipſe; the ſquares 
of the ſegments of the tangents, or the rectangles under 
the ſegments of the ſecants between the point where the 


right lines meet and the ellipſe, will be to each other as the 
ſquares of the ſemidiameters to which they are parallel. 


OR the diameters of an ellipſe are ſecants which meet each 

other in the center, and the rectangles under their ſegments 
between the center and the ellipſe are the ſquares of the ſemidiame- 
ters; therefore (by 18. of this Book) the ſquares of the tangents, 7 . 
or the rectangles under the ſegments of the ſecants, are to each 
other as the ſquares of the ſemidiameters to which they are parallel, 


Con. 1. Hence, if in an ellipſe a right line AD be ordinately ap- pi. 23. 
plied to the diameter MN; the rectangle MDN under the abſciſſes 
of the diameter MN will be to the 55 5 of the ordinate AD as 
the ſquare of the diameter MN to the ſquare of its conjugate LV: 
for let AD produced meet the Aae in G, the ſquare of AD is 


equal 


FIG. 23. 


40 Conic Seftions. Book I. 


equal to the rectangle ADG, and (by Cor. 27: of this Book) the 
diameter LV and right line AG are parallel; wherefore the Corol- 
lary appears from this Propoſition. 

Co. 2. If two conjugate diameters MN, LV of an ellipſe are 
perpendicular to each other, they will be unequal ; for if they were 
equal, from any point A of the ellipſe, let the right line AD be 
ordinately applied to the diameter MN, it will be parallel to LV 
(Cor. 27. of this Book) and from hence, MDA is a right angle (by 
hypotheſis) let C be the center and join C, A; the ſquare of 
CA (by 47. 1.) is equal to the ſquares of CD, DA, that is to the 
ſquare of CD, together with the rectangle MDN (fc (for the rectangle 
MDN and the ſquare of DA are 8161 by the preced. Cor. be- 
cauſe the diameters MN, LV are equal by hypotheſis) or to the 
ſquare of the ſemidiameter CN (5. 2.); therefore the ſemidiame- 
ters CA, CN are equal; and in like manner it may be ſhewn that 
all the other ſemidiameters would- be equal to each other and then 
the ellipſe would be a circle, which 18 abſurd; and therefore this 
Corollary is manifeſt. 

Cor. 3. Hence, it appears, that if two right lines couching: an 
ellipſe meet each other; the ſegments of the tangents between their 
point of concourſe and the points of contact, will be to each other 
as the ſemidiameters to which they are parallel. 


1 


— 


DEFINITION XXI. 


F in a ſecond diameter of an hyperbola, a ſegment MN biſected 

in the center be taken ſo that the ſquare of the ſegment MN, 
be to the ſquare of the diameter LV conjugate to this ſecond di- 
ameter, as the ſquares of the ordinates applied to the diameter LV, 
to the rectangles under the abſcifſes ; the points M, N the ex- 
tremities of this ſegment are called the wo vertices of that ſecond 
diameter: and the magnitude of any ſecond diameter is determined 
by theſe points, as the magnitude of a tranſverſe diameter is deter- 
mined by its two vertices. 


or. 


/ 
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If from a point in an hyperbola a right line be rtl 
applied to a ſecond diameter; the ſquare of this ſecond 
diameter is to the ſquare of the e Gameter con- 
jugate to it, as the ſum of the ſquares of the ſecond ſemi- 


diameter and of its ſegment, between the center and ordi- 


nate, will be to the ſquare of the ordinate. 


ROM the point A in an hyperbola, | let AD be ordinately ap- 
plied to the ſecond diameter MN, and let the diameter LV be 


Fic, 23, 


conjugate to MN ; the ſquare of CN is to the ſquare of CV, as 


the ſquares of CN, CD together to the ſquare of AD. 


For let AO be an ordinate to LV, COAD will be a parallelogram 


(by Cor. Prop. XXVII.) and conſequently AD, OC and likewiſe 
AO, DC are equal. 

| By the preceding Definition, the ſquare of CN is to the 33 
of CV as the ſquare of AO or CD to the rectangle VOL; there- 
fore (by 12. 5.) the ſquare of CN. is to the ſquare of CV as the 
ſum of the ſquares of CN, CD to the ſquare of CV and the rect- 
angle VOL together, that i is (6. 2 to the ſquare of CO or AD. 
E. D. 

Cor, Hence, if from two points in an byperbola. or oppoſite hy- 
perbolas, two right lines be drawn ordinately applied to a ſecond 
diameter; the ſquare of the firſt line drawn will be to the ſquare of 
the other as the ſum of the ſquares of the ſecond ſemidiameter and 
of the diſtance of the firſt line from the center to the ſum. of the 
ſquares of the ſame ſecond ſemidiameter and of the diſtance of the 
other line from the center. 
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equal to the rectangle ADG, and (by Cor. 27: of this Book) the 


diameter LV and right line AG are parallel; wherefore the Corol- 


lary appears from this Propoſition. 

Cor. 2. If two conjugate diameters MN, LV of an ellipſe are 
perpendicular to each other, they will be unequal; for if they were 
equal, from any point A of the ellipſe, let the right line AD be 
ordinately applied to the diameter MN, it will be parallel to LV 
(Cor. 27. of this Book) and from hence, MDA is a right angle (by 
hypotheſis) let C be the center and join C, A; the ſquare of 
CA (by 47. 1.) is equal to the ſquares of CD, DA, that is to the 
ſquare of CD, together with the rectangle MDN (for the rectangle 
MDN and the ſquare of DA are equal, by the preced. Cor. be- 
cauſe the diameters MN, LV are equal by hypotheſis) or to the 
ſquare of the ſemidiameter CN (5g. 2.); therefore the ſemidiame- 
ters CA, CN are equal; and in like manner it may be ſhewn that 
all the other ſemidiameters would- be equal to each other and then 
the ellipſe would be a circle, which is abſurd; and therefore this 
Corollary is manifeſt. | 

Cor. 3. Hence, it appears, that if two right lines touching an 
ellipſe meet each other; the ſegments of the tangents between their 
point of concourſe and the points of contact, will be to each other 
as the ſemidiameters to which they are parallel. 


l/ 


DEFINITION XXIV. 


F in a ſecond diameter of an hyperbola, a ſegment MN biſected 

in the center be taken ſo that the ſquare of the ſegment MN, 
be to the ſquare of the diameter LV conjugate to this ſecond di- 
ameter, as the ſquares of the ordinates applied to the diameter LV, 
to the rectangles under the abſciſſes; the points M, N the ex- 
tremities of this ſegment are called the wo vertices of that ſecond 
diameter: and the magnitude of any ſecond diameter is determined 


by theſe points, as the magnitude of a tranſverſe diameter is deter- 
mined by its two vertices. 


PROP. 


/ 
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If from a point in an hyperbola a right line” 5 orindtely 
applied to a ſecond diameter; the ſquare of this ſecond 
diameter is to the ſquare, of the tranſverſe diameter con- 
jugate to it, as the ſum of the ſquares of the ſecond ſemi- 


diameter and of its ſegment, e the center and ordi- 


nate, will be to the ſquare of the ordinate. 


ROM che point A in an byperbola, let AD be ordinately ap- 
plied to the ſecond diameter MN, and let the diameter LV be 


FIG. 23. 
| 


conjugate to MN; the ſquare of CN is to the ſquare of CV, as 


the ſquares of CN, CD together to the ſquare of AD. 


For let AO be an ordinate to LV, COAD will be a parallelogram 


(by Cor. Prop. XXVII.) and conſequently AD, OC and likewiſe 
AO, DC are equal. 

| By the preceding Definition, the ſquare of CN is to the "ISA 
of CV as the ſquare of AO or CD to the rectangle VOL ; there- 
fore (by 12. 5.) the ſquare of CN. is to the ſquare of CV as the 
ſum of the ſquares of CN, CD to the ſquare of CV and the rect- 
angle VOL together, that 1 is 2.) to the ſquare of CO or AD, 
N E. D. 

Cor. Hence, if from two. points in an hyperbola or oppoſite hy- 
perbolas, two right lines be drawn ordinately applied to a ſecond 
diameter; the ſquare of the firſt line drawn will be to the ſquare of 
the other as the ſum of the ſquares of the ſecond ſemidiameter and 
of the diſtance of the firſt line from the center to the ſum. of the 
ſquares. of the ſame ſecond ſemidiameter and of the diſtance of the 
other line from the center. 
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PROP. XXXII. 


Any indefinite right line VL being given in poſition, and a 
point V given in it ; and likewiſe the right line MN given, 
biſected by VL in the point P; a parabola may be de- 
ſcribed, of which the line VL ſhall be a diameter, V its 

| vertex, and to which MN ſhall be ordinately applied. 


OR let any plane different from the plane MV paſs through 
the line MN, and in this plane deſcribe a circle about the dia- 


meter MN and draw the diameter BPD perpendicular to MN, 


meeting the circle in the points B, D; let B, V be joined, and 
through the point D in the plane VBD draw the right line DA Pa- 
rallel to VL which may meet ſomewhere BV, ſuppoſe in the point 
A; whilſt this point remains fixt, let the line AD be moved round 


the periphery of the circle BNDM ; the interſection of the conical 


ſurface, generated by this motion, with the plane MPV, will be a 

parabola. . 
For through the point D let DE be drawn parallel to MN, it 

will be perpendicular to the diameter BD (by conſtruction) and 


therefore touches the circle in D, and hente the plane ADE touches 


the ſurface (3. of this Book) and will be parallel to the plane of the 
ſection MVN (15. 11+) this ſection is therefore a parabola and the 
line VL parallel to AD a diameter whoſe vertex is the point V, 

and the line MN an ordinate applied to thisdiameter ; all which are 


evident from the 11th and 15th Definitions, 2 E. D.. 


Con. If two parallel right lines NP, YZ meet any right line VL, 
and à point V be taken in it (but not between P and Z) ſo that the 


ſquare of NP be to the ſquare of YZ as PV to ZV; the points 


N, Y will be in a parabola to which LV is a diameter, and V its 
vertex, and to which NP, YZ, are ordinately applied ; for if (by 
this Prop. ) a parabola be deſcribed about the diameter VL whoſe 
vertex is V, and the line NPM be ordinately applied to that di- 


ameter; then becauſe the line YZ cuts the diameter below the ver- 
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tex, produced both ways, it will cut the parabola (15. of this Book) 
in two points, and will be ordinately applied to the diameter ILV 
(Cor. 3. Prop. XXV.) and therefore the point T will be in this pa- 
rabola for if the parabola meets the line ZV produced, or between 
the points Z and X (by Prop. XXIX. ) the ſquare of NP: would be 
to the ſquare of a line either greater or les than X Z, as P to ZV, 

which is mers {ho to the nn | 


H 1207-77. % 2917 
Orme 10% dalle L. E * A 1 
F in two le welken each other two right lines be parallel; 
they will be parallel to the common interſection of the planes. 
For, if not, they will meet the interſection of the planes ſome- 
where, and then the interſection of the planes would be in the ſame 
plane with the two parallel right, uy (by 7. 110 e to the 


Nd ACT 21 99 « 3, 
P R O P. XXXIV. 


Two right lines | bileding, ach other Oe given; an ellipſe 
r may be deſcribed in which the g given lines ſhall be conju- 
gate diameters; but the lines wandt not be bal, if T ; 
_ be at right angles to each other. EONS 


"ET VL, MN be the two given 1 and E the point t of in- Fic, 30, 

terſection, and let any plane different from the Plane MCV 

paſs through the line MN, and through the point C, i in this plane: 
draw the right line BD perpendiculas to MN, and in this line let 
any other point P, beſide C, be taken as. a center, and a circle de- 
ſeribed paſſing through the points M, N, meeting BD ſomewhere 
as in the points B, D. Let the lines. Joining the points B, V and 

L, D meet each other 1 in A (for they are. in the ſame plane with the, 
lines BD, VI. (2. 1 1.) and will not be; parallel, for, if they were, 
the triangles VCB, LCD would. be ſimilar, and therefore becauſe 
CV, CL are equal, BC, CD would be equal contrary to the hypo- 
theſis.) Let the line AD, whilſt the point A remains fixt, be carried 
round the periphery of the circle BNDM : the interſection of the 
cohieal ſurface, generated by this motion, with the plane MVNL, 
| F 2 will 
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will be an cWpE, of which. he 188 VL, Ern are conjugate dia | 
meters. it 
Through the 2b D, che Sr * the, 32 BD raid) 
DE a tangent to the circle, it will be parallel to MN (by conſtruc- 
tion, and 16. 3.) and the plane ADE touches the furface in the line 
ADL, and the line LT — interſection of this 1 0 plane with 
the plane of the ſection VN LM, touches the ſection in L; and 
ſince the lines MN, DE in theſe interſe&ting planes are parallel to 
each other, they will (by Lemma 14). be. parallel to the common 
intersection I. T.; but ce. che lings VL, NN aze terminated by th 
ſection MVNL and biſect each other in the; point C ; they will b 
diameters of this ſection, whether it be. an ellipſe, (Cor. 4. 23. of 
this Book) or, a circle. If the diameters VL MN. be not perpen- 
dicular to each other, the tangent ET parallel to MN will not be 
perpendicular to the diameter LV drawn through the point of con- 
tact; therefore the ſection with not be a, cifcle (16. 3.) and if the 
diameters VL, MN be perpendicular | to ea other, by. hypotheſis, 
they are unequal; therefore in this caſe the ſection MVNL will not 
be a circle, and therefore the ſection furrounding the cone is an el- 
lipſe (by Cor. 5. to the Defin.)- and the diameters VL, MN are” 
conjugate (Cor. 27. of this Book becauſe MN is Parabel to the tan- 
A. LT votre through the Fertex of the diameter r VL. 2, E, 3 Oh 


Ot. Lev the! given right lines VL, MN viſe each other in E, , 
as in the roſes if YZ be drawn from an y point Y'to the line. 
VL, and parallel to M „and if the cane EZV be to the 
ſquare of V as the ſure? of to the ſquare of MC; the point 
! Y will be ih the ellipſe deſcribed about the conjugate | dee 
| Vl, MN. Fot if not, the re&ingle L. ZV would de to the ſalare. 
1 of a line greater or leſs than VZ, as the ſquare of LC to the ae 
Mc (Cor. 1. Prop. N . contrary to dnp 0 « ee 
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PROP. XXXV. 


Oppoſite hyperbolas may be deſcribed about two given right 
lines biſecting each other, one of which lines ſhall be a 


tranſverſe diameter, and the other a ſecond diameter con- 


ate to it. 


fy By 


"EF VL, MN be che given nes i interſetting each other in C; 


the rectangle VOL, as the ſquare of MN to the ſquare of LV; 
let any plane, different from the plaue ROV, paſs. through the line 
RQ, and in this plane draw through the point O the right line BD 
perpendicular to RQ, and take in this line any point. P for a center, 
and deſcribe a circle paſſing through the points R, Q which may 
meet the line BD ſomewhere as in the points B, D, and join BV 
and DL: theſe lines BV, DL meet ſomewhere, fappoſe:i in A (for 
they are in the ſame plane with BD, VL and are not parallel) let a 
line drawn through the point A and produced both ways, revolve 
about the periphery of the circle BQDR ; the interſections of the 


oppoſite ſurfaces, which are generated by the motion of this line, 
with the plane MVNL, will be oppoſite hyperbolas by Def. XIII. 


Through the points B, D, let BK, PE be drawn touching the 


circle, they will be parallel to RO which is perpendicular to the 


diameter BD; then VX the interſection of the tangent plane ABK 
with the plane of the hyperbolas touches the hyperbola RVO in V, 


and (by Lemma 1.) it will be parallel to OR; BK ; and ET che 


interſeckion of the tangent plane ADE with the plane of the hyper- 


bolas, touches the oppoſite hyperbola in L, and will be parallel to 
OR, DE (by 1 1.) therefore the tangents VX, LF are pa- 


rallel to each other and to the line MN, and therefore the line VI. 
18 tranfyerſe diameter of the e (by Cor.” 2. Prop. e 


4 | _ 


— 


let any point O be taken in the line LV produced, and chrougl 
this point draw RO parallel to MN, and take on ach fide” of it 
RO equal to OO ſo that the ſquare of RO or O may be to 
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and MN a ſecond diameter conjugate to VL (Cor. Prop. XXVII.) 


and the points M, N, are its two vertices, by Conſtruction and De- 
finition XXIV. In the ſame manner, two other oppoſite 1 


. 


and VL A ſecond diameter conjugate to it. E. D. 


Cor. Let the given lines VL, MN biſe&t each hes; 1200 to if 
line VL produced draw RO parallel to MN, fo that the ſquare of 
MN will be to the ſquare of VL as the ſquare of RO to the rect 
angle VOL; the point R will be in the hyperbola of which WI. is 


a tranſverſe diameter to which RO is Ne | Applied, and MN 


will be its conjugate, as 18 evident. 81 0,00 on Iknps "OM : 


DEFINITIO . e ini 


ET BAF be a cone, and the ſections aVt, Ln oppoſite Woe: 
bolas, and ADE the vertical plane meeting the oppoſite! fur- 
faces in the right lines DAd, EAe: draw the planes ADGC, AEHC - 
touching the conical ſurfaces in the right lines DAd, -EAe,- and; „. 
GCg, HCb be the interſections of theſe planes with the plane of 
the hyperbolas; theſe lines are called the 1 7 of the hyper: 
bolas. 


C 


Cor. 1. The 1 GCp,. HCb of the 3 are pa- 


| rallel to the ſides of the cone AD, AE, in which lines the vertical 


plane meets the ſurface; for the vertical plane is. parallel to the 
plane of the hyperbolas; therefore the e is evident. SA. 
this Definition and (16. 11.) | 
Cor. 2. The aſymptotes GCg, HC do not meet the . 
for the aſymptotes are in the planes touching the conical ſurface, | 
and (by Cor. preced.) are parallel to the lines DAd, EAe in which 
lines only theſe planes meet the ſurface; therefore the aſymptotes 
do not meet the conical ſurfaces and therefore do not meet the hy- 
perbolas which are in thoſe ſurfaces. 8 
OR. 
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Cor. 3. Every right fine as NV drawn in the plane of the hy- 
perbolas parallel to either of the aſymptotes HC meets one of the 
hyperbolas in one point only, and will be wholly on one fide within 
, this hyperbola, and on the other part wholly without both of them. 
For (by Cor. 1.) the line NV is parallel to the fide AE of the 
cone; therefore (by Prop. V.) it meets one of the oppoſite ſurfaces 
in one point only, and on one part falls wholly within this ſurface, 
and on the other part wholly without both ſurfaces; therefore be- 
cauſe the line NV I is in the plane of the hyperbolas, this Corollary 
appears from Cor. 1. to the Definitions of the Sections. | 
Con. 4. If a right line PQ cuts both the ſides which contain 
the angle GCh adjacent to the angle GCH, containing the hyper- 
bola, it will meet both the hyperbolas. For if CV be drawn from 
the point of interſection C of the aſymptotes parallel to PQ, it falls | 
within. the angle GCH, and therefore becauſe, the angles GCH, | 
DAE are equal (10. 11.) if a line be drawn from the vertex A of 
| 
| 


the cone parallel to CV or PQ, it falls within the angle DAE, and 

' conſequently within the conical ſurfaces ; therefore the right line 
PQ meets the oppoſite ſurfaces (by Cor. 2. Prop. VI.) and there- 
fore meets both the byperbolzs, becauſe it is in the ſame plane with 
them. 

Cos. 5. If a right line touches an hyperbola in any point V, it 
meets both the aſymptotes HC, GC which contain that hyperbola ; 
for if it were parallel to either of the aſymptotes it would be on one 
fide of the point V within the hyperbola (by Cor. 3- ) contrary to 
the hypotheſis ; or if it could meet the fides containing the angle 
adjacent to HCG, it would meet both the hyperbolas (by Cor. 4.) 
and therefore would not be a tangent (by Cor. 2. to the Def. of 
the Sections) therefore it meets the fides of the angles HCG con- 
taining the hyperbola. ; a 
Cox. 6. It is evident that a right line RS cutting the Wanne . | 
or oppokite rewe meets the nder. | | 


FiG. 32, 
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PR OP. XXV. 


If a right line cutting an hyperbola or oppoſite hyperbolas : 


meets the aſymptotes in two points ; the ſegments be- 
tween the hyperbola or hyperbolas and aſymptotes will 
be equal: Or if a right line touches an hyperbola ; 


the ſegments between the point of contact and the aſymp- 


totes, will be equal: Or if a right line meets the aſymp- 
totes and the ſegments between the aſymptotes and a 


point in the hyperbola be equal; it will touch the e 


bola in that point. 


Part 1. . 75 the line RS cut the hyperbola or oppoſite hyperbo- 
las in the points R, S and meet the e in 

P, Q; the ſegments PR, QS will be equal. 
For let AC be the common interſection of the tangent ths 


AD GC, AEHC, and draw through the points P, Q, in theſe planes, 


the lines PK, QI parallel to AC, meeting the fides of the cone dA, 
eAE in the points K, I, it is manifeſt that theſe lines touch the 
ſame or oppoſite conical ſurfaces in the points K, L, and being op- 
poſite ſides of parallelograms are equal to AC, and conſequently to 


each other; and therefore ſince the right line joining the points 


P, Q cuts the ſame or oppoſite ſurfaces in R, 8; the eons RP, 


_ SQ will be equal (by Prop. XIII.) 


Part 2. Let any right line as TX touch an hyperbola i in V and 


meet the aſymptotes in the points X and T; the ſegments VX, VT 


will be equal; for from the points X, T, draw in the tangent planes 
two lines XY, TZ, parallel to AC, meeting the fides of the cone 
dAD, eAE in the points V, Z. It is evident that theſe lines touch 
the conical ſurface BAF in thoſe points and are equal to AC, being 

oppoſite fides of parallelograms, and conſequently are equal to each 
other; therefore ſince the line joining the points X, T touches the 
conical ſurface in V, the ſegments VX, VT will be equal by Prop. 


XIII. 
Part 


Book J. Conic Sections. N 49 

Part 3. Or if the cake line XT meeting the aſymptotes in X, T 
meets the hyperbola i in V, and the ſegments VX, VT be equal ; 
this line, touches the hyperbola ; in the point V. 

For if it could meet the ſection in any other point, N in 2, 
the ſegment Tp. would be equal to the ſegment VX, by the firſt. 
part, that is to VT, which is abſurd: therefore it does not meet the 
hyperbola but in the point V and therefore it touches it in this» 


point; for it does not fall on one part wholly within the hyperbola, 
becauſe by hypotheſis i it meets both the aſymptotes. Q E. D. 


7 Cor. 1. The aſymptotes meet in hers center of the hyperbolas : 
for draw two parallel right lines N. HG cutting the hyperbola | in 
the points 8, R and a, f and meeting the aſymptotes in the points 
QP and H, G, and through C the interſection of the aſymptotes 1 
draw CV biſecting the line i in O; this will likewiſe biſect the 1 
line HG (4. 6.) in the point 9g; but as the ſegments RP, SQ, | 
and likewiſe /G, 4H are equal, the line CV will biſect che lines 
SR, a t, terminated by the hyperbola; therefore this line is a tranſ- 
verſe diameter of the hyperbola: and in like manner it may be 
hewn that any other; line drawn through the interſection of the 
aſymptotes 1 is a tranſverſe diameter; and therefore the aſymptotes 
meet in the center of the hyperbolas. 

Cor. 2. Every right line LCV drawn through the center and 
within the angle HCG containing the hyperbola is a tranſverſe dia- 
meter. For any line drawn parallel to LCY, and in the plane of the 
hyperbolas, neceſſarily meets the ſides containing the angle adjacent 
to HCG, and therefore meets the oppoſite hyperbolas (Cor. 4. to 

Def, XXV.) therefore L CV parallel to this line meets (Cor. 3. to 
Def. of the Sections) the oppoſite hyperbolas ; but! it paſſes 3 


— — 


Cox, 3. Every right line drawn through the center as ; MN, an 
withiqgthe angle adjacent to the angle HCG containing the byper- 
bola is a ſecond diameter. For through any point O within the Hy- 
perbola draw a line parallel to MN ; it is evident that it meets. the 
hides an the angle HCG, and Ws eg the hyperbola 

| 6 | in 


Fig. 32. 
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in two points; therefore the line MN Is a | ſeeond | dlameter, by | 
Prop. XXIII. 
Cox. 4. Hence, the affridbrates beg given in pofition, a fine 


may be drawn which ſhall touch an hyperbola in a given point; for 


let the aſymptotes HC, GC be given in poſition, and the point V 
given in the hyperbola; through. V let the right line Ve be drawn 


Parallel to HC, one of the aſymptotes, and meeting the other CG 


in the point 7, and let 7X be taken in the aſymptote CG equal to 


Crx, and j Join VR, this line will be a tangent ; for Tet it, produced, 


meet HC in T; then becauſe CT, V are parallel and Cr, X equal, 
TV, VX will be equal; therefore the line TX touches the hyper- 


bola in V, by Caſe 3. of this Prop. 


Cox. 5. Hence, Ar hyperbolas and their alymptotes being 
given in poſition; a line may be drawn from a given point X i in the 
aſymptote CG, which ſhall touch the adjacent hyperbola : for let 
CX be biſected in 7, and through the point y draw a right line pa- 
rallel to the other aſymptote CH, meeting the adjacent hy petbble 
in V, the right line joining the points X, V will be a tangent ; for 
let it, produced, meet the aſymptote CH in T, then becauſe X, 
C are equal, and Vr, TC are parallel, XV, VT will be 0 
(2. 6.) therefore the line XVT 1 is a tungent. | 


PR OP. XXXVIL 
If a right line cutting an hyperbola meets an aſymptote ; 
the rectangle under the ſegments of the ſecant between 
the aſymptote #nd hyperbola will be equal to the ſquare 
of the ſegment of the tangent parallel to this fecant, in- 
tercepted between the point of contact, and the aſymptote. 


ET a right line cut the hyperbola in the points 8, R and meet 

the aſymptote CG in P, and let the right line XT parallel to- 

SR touch the hyperbola in V, and meet the aſymptote CG i in X; | 
the rectangle RPS will be : equal to the ſquare of VX. 


J 1 „ vie 
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Through the points P, X let two parallel right lines be drawn in 
, he tangent plane ADGC, and meet __ fide dAD of the cone in 
® the points K, Y; they will touch the conical ſurface. in| thoſe 
points and will be equal, becauſe XP, XK are parallel (Cor. 1. 
| Def. XXV.) chen becauſe the line PRS cuts and PK touches the 
conical ſurface, and theſe lines are parallel to the two lines XV, XV 
touching the ſame ſurface; the rectangle RPS (by Prop. XI.) will 
be to the ſquare of PK as the ſquare of XV to the ſquare of XY : 
but the ſquares of PK, XX are equal; therefore the rectangle RPS 


rn VX (14+ 5˙0 _ D. 


| Cor, Hence, if through a point R in an . a right line 
W meeting the aſymptotes in the points P, Q and the ſame 
hyperbola again in S; the rectangle PRQ will be equal to the 
ſquare of the ſegment of the tangent VX, parallel to PQ, inter- 
cepted between the point of contact and aſymptote. For becauſe 
RP, SQ are equal, PS, RQ will be equal; therefore the rectangle 
PRO. wil be be equal to the ——_ RPS, mi is to the 1 of 


- 
" ** 
rr — ro oe rn nero tt on ono. Oo — EN 
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Fg XXXVn. 


Any Nie line e by the aſymptotes and tollthiite 
an hyperbola, is equal. to. * aaf, diameter which 
is parallel to it. { * | a 


ET. a. line 3 Wedel in oy point V, and meet its Nd. 33. 
L aſymptotes in the points T, X; the line TX will be equal to 
e conjugate diameter MN parallel to TX. 

For through the point of contact draw the tranſverſe diameter 
LVO, and through a point O taken in it, draw the right line SR 
ordinately applied to this diameter this line will be parallel to the 
tangent VX; let SR be produced both ways that it may meet the 
aſymptotes-in the points Q, P; the ſegments OQ, OP will be 
equal : and becauſe (by preced. Cori) the rectangle PRQ. is von) EI 

a G 2 8 to TR , 


— - 
= * = A 
— — -—. — — — 2 8 * 2 
- 


— — 6 - 
— te * — — — ——— —ů — — — 


5 2 | Conic Sections. Book T. 


to the ſquare of VX, the ſquare of OR is the difference of the 
ſquares of OP and VX (5. 2.) and the rectangle VOL (6. 2.) 9 
the difference of the ſquares of CO, CV; then becauſe the trian- 
gles CVX, COP are ſimilar, the ſquare of OP will be to the 


| ſquare of VX as the ſquare of CO to the ſquare of CV; therefore, 


by diviſion, the ſquare of OR will be to the ſquare of VX as the 
rectangle VOL to the ſquare of CV, and therefore, by permutation, 
the ſquare of OR is to the rectangle VOL as the ſquare of VX to 
the ſquare of CV, that is as the ſquare of TX to the ſquare of 
LV : therefore TX is equal to the ſecond diameter conjugate to 
LV (by Def. XXIV.) and conſequently Is parallel to TX. 


Cor. 1. The right line VN j joining the vertices of the conjugate 
diameters LV, MN, is parallel to one of the aſymptotes and bi- 


ſected by the other. Let the aſymptote CG meet VN in r, and let 
CA be * other aſymptote ; through the vertex V of the diameter 


VL draw a right line touching the hyperbola. and meeting the 
aſymptotes in the points T, X: (by Cor. 24. of this Book) VT will 
be parallel to CN and will be equal to it (by this Prop.) therefore 
(33˙ 1.) the lines VN, TC are parallel and equal; but becauſe XV 
18 alf of XT, Vr will be (2. 6.) half of TC or VN ; therefore 
VN is biſected in the * r, and from hence the Carollary is 


manifeſt, 


Cor. 2. Hence an hyperbola SALE given in 5 the * 
totes are eaſily found; for let any tranſverſe diameter LV and the 
center C be found (by Cor. 7. Prop. XXV.) and (by Prop. 
XXVIII.) draw RO ordinately applied to the diameter LV, and 
(by Def. XXIV.) let the ſecond diameter MN conjugate to LV be 
found, and join the vertices V, N of the conjugate diameters, and 


from che center draw the right lines CG biſecting VN, and CH pa- 


rallet to VN; the lines CG, CH will be the Ayinptötes, as is 


evident. 
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PROP. XXXIX. 


11 through a point a right line be drawn taken in an 252 
tote cutting an hyperbola or oppoſite hyperbolas; the 
rectangle under the ſegments of the ſecant between the 


aſymptote and hyperbola or oppoſite hyperbolas, will be 
equal to the Ware of the ſemidiameter parallel to chat 
einn, 


IRST draw from the point P in the aſymptote CG a right 
line cutting the hyperbola in the points R, 8, and let CN be 
the ſecond ſemidiameter parallel to PRS; the rectangle RPS will 
be equal to the ſquare of the ſegment VX of the tangent (by 37. 
of this Book) that is to the ſquare of CN by the preced. Prop. 
Secondly : draw a right line through the ſame point P cutting 
the oppoſite hyperbolas in the points R, S, and let LCV be the 
tranſverſe diameter parallel to RPS, and draw in the tangent plane 
ADG the line PK, parallel to the interſection CA of the tangent 
planes ADG, AEH and meeting the fide AD of the cone in K; 
it is manifeſt that PK touches the conical furface BAF in K, and 
is equal to CA; then becauſe the line PK touches the conical ſur- 
face and the line PRS cuts both ſurfaces and theſe lines are pa- 
rallel to the two lines CA, LV meeting in the point C and one of 


them CA paſles through the vertex of the cone and conſequently 


F1G, 32. 


touches the ſurface in A, and the other cuts both the furfaces ; the 


rectangle (by x1. of this Book) RPS will be to the ſquare of PK 
as the Sh VCL to the ſquare of CA : but the ſquares of PK, 
and CA are equal ; alen the rectangle RPS (14. 5.) is equal to 


the rectangle VCL, that is to the ſquare of CV or CL the tranſ- 


verſe ſemidiameter parallel to RPS. &. E. D. 


Cor. 1. Or if through the point R in an hyperbola a * 
be drawn meeting the aſymptotes in two points P, Q; the rect- 


angle PRQ_ under the 2 between the . and aſymp- 


totes, 
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totes, is equal to the ſquare of the ſemidiameter which is parallel 
to PQ: for let the line PQ be parallel to the ſecond ſemidiameter 
CN ; then the rectangle PRQ will be equal to the rectangle RPS (by 
Cor. 37. of this Book) that is to the ſquare of CN, by the firſt 
caſe of this Prop. 

Now let the line PQ be parallel to the n epieeer 
cv, and being produced meet the oppoſite hyperbola in S; then 
becauſe the ſegments PR, Qs are equal, the rectangle. PRQ, is 
equal to the rectangle RPS, that is to the ſquare of CV, by the 
ſecond caſe of this Prop. 

Cor. 2. Hence, if a right line as RS terminated by the oppoſite 
hyperbolas be cut in the points P, Q, ſo that each of the rect- 
angles RPS, RQS be equal to the ſquare of the ſemidiameter CV 
which is parallel to RS; the points P, Q_will be in the aſymptotes, 
as is evident. | 15 
Con. 3. Hence, likewiſe, a tranſverſe diameter, is leſs than apy 
line parallel to it, and terminated by the oppoſite hyperbolas. 

Cor. 4. Since any right line touching an ' hyperbola SVR meets 
both its aſymptotes CG, CH, any two lines touching the ſame hy- 
perbola, meet each other within the angle GH; and if two lines 
not parallel to each other touch the oppoſite hyperbolas, they ne+ 
ceflarily meet within the angle adjacent to the angle GCH; For 
two tangents cannot meet each other in an aſymptote; for if they 
could, the diameter, viz. the line drawn from. the point of concaurſe: 
of the tangents, and biſecting the line joining their points of con- 
tact (26. of this Book) would meet the eee in _ 1 
beſide the center, meh! 18 abſurd. | 
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R OP. XI. 


Ie t two right lines meet each other; and according as both 
touch or cut, or one of them touches and the other cuts 


aan hyperbola or oppolite hyperbolas; the ſquares of the 


ſegments of the tangents, ot the rectangles contained by 
the ſegments of the ſecants between the point of concourſe 


of the right lines and hyperbola or | oppoſite Kyperbolas, 
will be to each other as the ſquares of the Ts 
to which the right lines are parallel. 9590 


\OR if the lines RS, VT meet each ocher i in aks 1 point Q of the 
aſymptote CY, and the hyperbola or oppoſite hyperbolas in 
the points R, S and V, T, and if they be parallel to the two ſemi- 
diameters CA, CB; by Prop. XXXVIII. XXXIX. the rectangle 
RQS will be equal to the ſquare of the ſemidiameter CA, and the 
rectangle VQT, or the ſquare of the tangent QV'T will be equal to 
the ſquare of the ſemidiameter CB : thetefore the rectangle RQS is 
to the rectangle VQT or to the ſquare of the tangent QM as the 


ſquare of CA to the ſquare of CB. Then if two lines parallel to 


RS, VT meet each other in a point net in the aſymptote; the ſquares 
of theſe lines, or the rectangles under their ſegments, will be to 
each ather as the ſquares, or fectangles under the ſegments of RS, 
VT (by 18. of this Book) atid therefore are as the ſquares of the 
ns pom ayes Cn, on to be e E are 47008 n 


Con. 1. ang, if from any 143 p two r tines PO, PX be 
drawn touching the fame hyperbola: or oppoſite hyperbolas; the 
lines PO, PX will be to cach other as the ſemidiameters to which 
they are parallel ; for their ſquares are as the 1 er of theſe ſemi- 


diameters. *. 


Cor. 2. If cootight lines MN, T& rooetllaiby an hyperbola or 
oppoſite hyperbolas in the points O, X meet the aſymptotes in M, N 
and T., R; the right lines oy TN which join the points of con- 


courſe 


Oui. Nr 5 


Fig. 33. 


Fra. 34» 


FIG, 35. 
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courſe will be parallel to each other, and to the line OX joining the 
points of contact. For (by Prop. XXXVIII. and preced. Cor.) 
PO will be to PX as OM to XR; therefore OX is parallel to MR 
(2. 6.) and in like manner becauſe PO is to PX as NO is to TX, 
by permutation, PO is to NO as PX is to TX, and, by conver- 


ſion, PO is to PN as PX to PT; therefore the triangles OPX, 


NPT, having the ſides about equal angles proportional, are equi- 
angular (6. 6.) conſequently the angle TNP is equal to the alter- 
nate angle XOP, and therefore the line XO is parallel to TN. 

Cox. 3. Hence (the reſt remaining as premiſed) the ſegment NR 
of the aſymptote CZ intercepted by two right lines touching the 
hyperbola or oppoſite hyperbolas, will be biſected by the right line 


: OX (produced if neceſſary) joining the points of contact; for OX 


is parallel to MR (by preced. Cor.) let it meet then (if neceſſary 
produced) the aſymptote CZ in B, and becauſe MO, ON are ww 
; 36. of this e the lines RB, , BN will be equal. 


PROP. XII. 


If a right line cutting an Nyperbole or oppoſite Wrede 


in the points E, F, or touching the hyperbola in O, meets 
a ſecond diameter MN in the point P; the rectangle EPE 
under the ſegments of the ſecant, or the ſquare of the 
tangent PO, will be to the ſquare of the ſegment PC be- 
tween the right line and center, together with the ſquare 
of the ſemidiameter MC, as the ſquare ef the ſemidia- 
meter CA, to which the ſecant or tangent is parallel, to 
the ſquare of the ſemidiameter MC which the m or 


tangent meets. 93 q od K 


Ten the point p let the right line QR be 8 or- 
dinately applied to MN, and let LV be the conjugate dia- 
meter to MN and therefore parallel to the line QR; by the pre- 


ceding Prop. the , FPE vill be to the rectangle (ER or) 
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to the ſquare of Q as the ſquare of CA to the ſquare of CL; and 


by Prop. XXXII. the ſquare of Q is to che ſquares'of PC, MC 


together, as the ſquare of CL to -the ſquare of CM: chetefore, ex 
quo; the rectangle FP E will be to the ſquafes of PC, CM toge- 
ther, as the ſquare Of CA to the ſcjuare of CM. In like maimer 
the ſquare of the tangent PO will be to the ſquares. of PC, CM to- 
gether, An ſure of CA to the dquare of CN." 2. E. D. o 


+. 'S, 
2855 «144 . 4 3. 7 153 : 


1198 132914 * 18 PP R O0 E. XIII. dls * Hy 
If two right lines be parallel to each other, and if both 
touch or cut, or one of them touches and the other cuts 


an hyperbola or oppoſite hyperbolas, and meet a right line 


| Parallel to one of the aſymptotes ; the ſquares of their 


4 ſegments between the line parallel to the aſymptote and 


the points of contact, or the rectangles under their ſeg- 
ments between this line and the hyperbola or oppoſite hy- 
perbolas, will be to each other as the ſegments of that 


line parallel to the alymptote, intercepted between the pa- 
* rallels, and the Point in Wen that * Gees one of the 


e 14 11 49 IO COTE DIE . Ni 0133403 (5:33 
OR by Cor. 1. and 3. Def. XXV. YF a WH. panallcito to an =>" 2 
tote is parallel to a fide of the conical ſurfaces in which the 

hyperbolas are, and meets one of the hyperbolas in one point only; 

therefore this Prop. is evident, from Prop. XIX. and Cor. 1. to 
oy of the Sections. | 


N EN, 
o - 4 => £3 * 
. 14 * 1108 


. 1. Hence T wy tranſverſe! Marketer Lv of an + bjyperbch 
meets a line KH in O, parallel to the aſymptote CV, meeting the 
other aſymptote CZ in P, and the hyperbola in E; the rectangle 
VOL under the ſegments of the diameter between its two vertices 
and the line KH will be to the ſquate of the ſemidianieter CV as 


| the ſegment; OE of the line KH between the diameter and hyper- | 


bola to the ſegment EP of the fainie line between the hyperbola ahd 
I" CZ. * through. P dra a ne- Parallel to the diameter 
i'r H 20 ILV, 
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LV, meeting the hyperbolaz in the points Be S then hy this Rr. 
the rectangle VOL will he ta the rect angle R RN FOI 
to the ſquare of CV as OE D EB. 

Cox 3. Or (che reſt, remaining the: ame) if e and Kea 
MN meets KH in B; the ſquare; of .ybe ſegment: CB ef the dia- 


meter between the center, and the line KH, together with the 


ſquare of the ſemidiameter CN, ill be to the ſquare of the ſemt- 
diameter CN as the ſegment BE of the line KH between the dia- 


meter and hyperbola, to the ſegment PE of the e line between 
the aſymptote CZ and hyperbola., 1211 n 11 
For through the points RB, 54 draw the. right jines, AD, RS, ordi- 
nates to the diameter MN, "and let LY. be the diameter 7 5 
to MN, and conſequently Parallel to its oreinates ; then (by P Prop 
XXXII.) the ſquare of BC together with the fe * of CN, Fill 
be to the ſquare of CN as the ſquare of AB to . ſquare of Cv; 


that is as the rectangle ABD to T mein Rr 0 39. ef this s Book) 
that i ls n this _ as NE to Pf. i 


my | 
OO T2T 


b R O Bur XIII. eg ami 

11 any two tr Unes be drawn from a Polit i in an hyper- 
bola to the aſymptotes, and two other right tines be drawn 
from any other point in the ſame or oppoſite hyperbola 
to the aſymptotes and parallel to the two firſt drawn lines; 


the rectangle under the two firſt lines will be equal to \the 
rectangle under the other two lines. 


ET A, B be the points in the a or 3 bei | 
las, and through A draw the right lines AD, AE to the aſymp- 

totes, and through B the lines BG, BF parallel to thets; the — 
under AD, AE will be equal to the rectangle vader BG, F. 
For 2 the right line AB meeting the afymptotes in the points 
M, N, and (by Prop. XXXVI.) the ſegments AM, BN are equal, 
and therefore. AN, BM will be equal; and beam the triangles 
ADM, BGM are equiangular, AD is to BO as AM to BM, or as 


BN to AN, that! is, becaulp the ray * ANE are equian- 


angular 


2 Book l. 1 Cynic Section W 539 
: angular a8 BF to AE; 8 AD is to BG as BF to AF, and 
thikeſthe” the redtanges DAE; Gn be e VN E. D. 


Cen 1% Mende! if eG Ache mes AD, BG be Aras ben two 
points A, B in an hyperbola or oppoſite hyperbolas, to the ſame or 
different aſymptote ane parallel to the other aſymptote ; the tectan- 
gle under the line AD thd the abſeiſs DC between this line and-the 
center C, will be equal to the rectangle under the line BG and ab- 
ſeils GC ; for complete the parallelograms CDAE, CBF, the 
reftanglell DAE; 7509 n is, the * * and 900 will 
be equal. 

"Com: 2. And (che ſons ding being quppoſed) becauſt * rect 
angles DAE; FBG are equal; DA i to BG as BF to AE; but the 
parallelograms DAEC, FBGC are * equiatgular, _ therefore = 
will be equal (14. 6. 

Cor. 3. If a line AD be drawn roch any IR FR an hyper. 
bola AVB to one of the aſymptotes and parallel to the other, and 
if a point P in either aſymptote be taken, from which a line PO is 
drawn towardy the adjacent hyperbota and” parallel to the other 
aſymptote, and if the rectangle CPO be equal to the rectangle 
CDA 3 the point O will be in the byperbola towards which the line 
PO was drawn: for PO meets ſotmewhere the adjacent hyperbola 
(Cor. 3. to Def. XXV.) and if it does not meet it in O, a rectangle 
DA, 1.) greater or leſs than CPO would be equal o the e 

A, N to the 1 * 8 
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ET LV be a tranſverſe diameter of two oppoſite TRY FiG, 14 | 


and MN the ſecond diameter conjugate) to LV; and by Prop. 
XXXV. let KMS, HN be two oppoſite hyperbolas, of which let 
MN be a tranſverſe diameter and LV the ſecond diameter 23 
to —_ d theſe four Dread hyPerbolai. . 
1 E H 2 > | Fg "Hon, 


= i 7 _ 
0 2 4 2 a : 1 — — _ WI 
1 
ͤ—6———— — —— — — — .* - — 


Fic, 38, 
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Con, 1. It is evident that the point 0. "i interſe@tion of the. 
diameters LV and MN, is the common center of the conjugate hy- 
perbolas, and that the aſymptotes are the ſame” (for the things re- 
maining which were aſſumed in the Definition) let VM be joined, 
and draw C biſecting VM in D, and CZ parallel to VM; becauſe 
LV, MN are conjugate diameters of both hyperbolas TVO, KMS, - 
the lines CY, CZ are aſymptotes of the hyperbola TVO its oppo- 
ſite hyperbola, and likewiſe of the hyperbola KMS conjugate: to 
TVO, and its oppoſite HNX (by Cor. 2. 38. of this Book.) 

Cor. 2. Becauſe conjugate hyperbolas have the ſame 8 
it is evident from Prop. XXXVI. that if a right line terminated by 
oppoſite hy perbolas, touches an hyperbola conjugate to them; it 
will be biſected in the point of contact; or if it meets a conjugate 
hyperbola in two points; the ſegments between this hyperbola and 
the oppoſite, hyperbolas will be equal / | 


PROP. XIV. 


IH a ſecond diameter of any hyperbola be chan; its two 


vertices will be i in the hyperbolas conjugate to nt by- 
IN. 205 


ET LV, MN be the cn conjugate diameters of 1 con- 
jugate hyperbolas, as in the preceding Definition, and CY, CZ 
their common aſymptotes, and join VM meeting the aſymptote 
CY in D, and draw a ſecond diameter BCb of the hyperbola TVO; 
and the two vertices in B, 3, will be in the hyperbolas conjugate 
to TVO. | 
For draw the ſecond diameter CA conjugate to CB, and join AB 
meeting the aſymptote CY in E; it will be biſected in E, and be 
parallel to the other aſymptote CZ (Cor. 1. Prop. XXXVIII.) and 
conſequently parallel to MV; becauſe BE, EA are equal, the rect 
angle BEC will be equal to the rectangle AEC, that is to VDC 


(by 
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(by Cor. 1. Prop. cond, or to the rectangle MDC, becauſe 
vp, DM are equal; therefore. fince the point M is in the hyper- 
bola KMS and the lines MD, BE-are parallel to the aſymptote CZ, 
and the rectangles MDC, BEC are 'equal ; the. Point B will be in the 
ſame hyperbola KMS (Cor. 3. Prop. = _— its other vertex 
Zan the hyperbola HNX oppoſite to KMS. ar 


Cor. 1. Hence, if night lines be drawn through the vertices of 
two conjugate diameters CA, CB and touch conjugate hyperbolas, 
they will meet each other in the aſymptote CV, which the right line 

joining the 'vertices A, B meets ; for through the point A draw a 
right line touching the hyperbola ＋T VO, and meeting the aſymp- 
tote CZ in R, and CY in P, and join PB meeting the aſymptote 
CZ in Q; then becauſe PAR touches the hyperbola,” the lines 
PA, AR are equal (36. of this Book) therefore becauſe RQ, AB 
(Cor. 1. Prop. XXXVIII.) are parallel, PR, BOL will be equal; 
therefore the line PBQ_ touches the hyperbola in B (by Prop. 
XXXVI.) and conſequently the tangents drawn tiwoagh A, B, meet 
in the point P in the aſymptote CV. f 

Cor. 2. Hence likewiſe, any ſecond diameter of an Beben is 
the tranſverſe Grameter of its conjugate roi and the contrarys 


1 PROP. MIV. e 
If two right i be drawn from two points in conjugate 
hyperbolas to the ſame, or different aſymptotes, and pa- 
rallel to the aſymptotes ; the rectangles contained by theſe 
Mc. and the I, between theſe nes and the cen- 


ter, will be equal. oh 


ET CZ, CY be this aſymptotes to 0 cap bbc Fro. 36. 


and draw, from a point A in one of them, AE to the aſymp- 
tote CY, and parallel to CZ, and let FG be drawn from a point F 


in a conjugate hyperbola to one aſymptote and parallel to the other ; 
the eg AEC, FGC will be G 25 $3 


o = 
Let - 
S 
| - 
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Lot the vertices V, Mof the conjugate diameters be joined, the 
right line joitüng theſs: Pdints will be Parallel to one of the alytnp- 


| rotes and will de biſe@e@ "by" the other in P, ad (by Obr. x 
Prop. XLIII.) the rectangles AEC, VDC-will be equal, and likes 


wiſe the reckangles FGC, MDC ; but the tectangles VDC, MD 


are 8 and therefore the rectangles AEC, MoS: are equal 
V E. D. ak ie | TY 


* PA 
1 . 


in Cor. a. Prop. XLIII. eit Laws: 


Con. 2. Hence alſo if any two right fines PR; pr touch: — 
fame hyperbola, or oppoſite, or adjacent hyperbolas, and mett the 
aſymptotes in the points P, R and p, r ; the triangles PCR Cr 


contained between the tangents and the ſegments of. the aſymptdtes 
will be equal. For from the points A, F of contact, dra AE, 


Ae and FG, Eg parallel to the aſymptotes; then becauſe! PA, AR 


are equal, PE, EC, and Ce, R will be equal: therefore tlie tri 
angle PCR is double the parallelogram AECe : in the fame man- 
ner it may be ſhewn that the triangle pCr is double the parallele- 


gram FGCp : but theſe: parallelograms are equal (Cor. n 


therefore the triangles are equal. | 

Cor. 3. Hence alſo, if a right line nb by adjacent "EY 
bolas be parallel to one of the aſymptotes, it will be biſected by the 
other aſymptote. For let the line AB be terminated by the adja- 


cent hyperbolas and be parallel to the aſymprate'CZ, ant let ir meet 


CY: in E;, becauſe: by: this Prop. the refangler AEC, BEC are 
equal, the lines: AE, EB will be equal, as. is evident. 
Cx. 4. And ont the contrary, if. AB, terminated by the conju- 
gate t be biſected by the aſymptote CY ; ; it will be pa- 
rallel to the other aſymptote CZ; tor, if not, a right line may be 
drawn from the point A to aber point K in the adjacent hyper- 
bola, parallel. to CZ: this line AK will alſo be biſected by the 
aſymptote CY (by preced. Cor.) therefore the alymptote CY, will 


be parallel to the line joining, the two points B, K in the W 


0 2. 6. ww which 1 is impoſkible (Cor. 3. to Def. XXV. Yr. 


$ g | , CoR. 


. 


Sa 
Con. 1. Fon the „ AECe, roch will be equal, * 


os of { the e i Nos theſe lines and the center; 
oo cg 


yperbola "of a ymptotes, produced indefi- 


nitely el e each oth * and arrive at an interval ef 
than any given diſtance. - -. 


Cor. 6. If through the point A in "the lypabola TAO a | Haſte 


line be drawn meeting the conjugate hyperbolas BMS, HNX in the 
points K and H ; the rectangle KAH will be double the ſquare of 


the ſemidiameter "EM which is parallel to KH] for through the 
point A draw the ſemidiameter CA, it will be a ſecond ſemidiameter 
of the hypetbolas BMS, HNX (Cor. al 44. of this Book) there- 
fore by Prop. XLI. the rectangle K AH will be to twice the ſquare 
of CA as the ſquare of CM to the ſquare: of CA; therefore the 
— KAI i * wet e che a ach CM. PH 


2 PRO P. XI VI. K S nd es. 
10 DE a point in an hyperbola two indefinite oh lines 


E529 4 


be drawn parallel to the aſymptotes and meeting any dia- 


meter; the ſemidiameter will be a mean proportional be- 
tween the ſegments: of this diameter intercepted. between 
borer 50a and dee liges which it. meets... 


* «a 4 © .4 


RAW through the point A of the hyperbola Tv O, the right 
nes DE, FG parallel to the aſymptote CV, CZ, and firſt let 
them meet the tranſyerſe diameter LV in the points P,Q; CP, 
CV, CQ will be proportional. 

For let FG meet the aſymptote EY in 8 and from the points 
V, P draw to CY the lines Vr, PS parallel to FG or CZ; PS will 


Fis, 39 


be equal to AX; and becauſe Vr, PS are parallel, CS will be to 


Cr, as (SP or) XA to V, that is (by Cor. 5. preced.) as Cr to 


Cx; therefore becauſe CS, Cr, CX are proportional, CP, CV, C 


will be proportional, for the lines SP, V, XQ are parallel, 


Now | 


— —— 


- 


TT —— an — —— 


— — — — Z — ——— — — ES 


Fi6, 39. 


* 
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Now let the lines DE, FG meet the ſecond catneter MCN' in 
the points K, H, and let its vertex M be in the hyperbola conjugate 
to TVO, which let the line FG meet in the point B, through whith | 
Point draw BR parallel to DE or CY, meeting the diameter MN 
in R; by the firſt caſe, CR, CM, CH are proportional; but be- 
cauſe "BR, XC, DE are parallel, and the lines AX, XB are equal 
(by Cor. 3. preced.) the lines KC, CR will be equal; NI 
. CM, 0 are proportional 2, E. D. o | 


8 0 1 0 L 10 M. 


. * + * 
—— . 


| 7 F two indefinite right lines DE, FG cut each aber 4 in the * 5 = 
another indefinite line revolves. about any given paint C.taken without 
the line DE, F, and in this revolving line, "whilſt it meets (as in the 
points P, Q) the ſides. of the angle EAF (without! which! is aſſumes 
the point C) or the fides of ts vertical angle GAD, let 4 point V be 
taken on the ſame ſide of. the point C with ibe points P, Q; ſo that the 


Segments | CP, CV, C be _ proportional; the Locus of all, tbe 


Points 7 of wil be the byperbola TVO' paſſing through | the point A, "whoſe | 
center is the given point C, and its aſymptotes will te parallel % DE, 
FG, and the revolving line will at length coineide with the uhmplotes; 
and if on the contrary fide of ' the point C, the point L'be- ſo taken that 
CL be always equal to CV; the hyperbola oppofite to' TO will he the 
Locus of the points L. But if_in the revolving line, whilſt it meets 
(as in the'points K, H) the fides of the angle EAG within whj >< the 
point C is placed, two points M, N be fo taken, that the ſe ep ments CK, 
CMor CN, and CH be proportional, the Loti of all the points 25 N 
will be the Te e Wer to the . mop ey - 
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ld "PROP. XLVI. 
If from a point F in an hyperbola a right line FE be n Fig. 40. 
ordinately applied to a diameter BA, and through the 
ſame point F a tangent be drawn meeting this diameter in 


D; the ſegment of the diameter between the ordinate and 
_ tangent * will be biſected in its vertex B. 


\OR let the ordinate FE produced meet the n again in 
L, and draw through the point F the diameter FG, and the 
lines LG, EC, BH parallel to the tangent FD; LG, BH. will be 
ordinates to the diameter FG (Cor. 27. of this Book) and EC will 
be equal to BH; then becauſe LF is double EF, GF will be double 
CF and LG double EC or BH (2. 6.) and therefore the ſquare of 
LG is quadruple the ſquare of BH (4. 2.) and therefore the ab- 
ſciſs GF is quadruple the abſciſs HF (29. of this Book) and there- 
fore CF is double HF, and conſequently ED double BD; and 


therefore the ſegment ED of the diameter is biſected at the ver- 
tex B. | EY | 


PROP. XI VII. 


If from a point F in an ellipſe an ordinate FE. be drawn to Pic. 4r. 
the diameter AB, and alſo a right line touching the el- 
| lipſe and meeting the ſame diameter in D; the ſemidia- 
meter CB will be a mean proportional between the ſeg- 
ments CE, CD of. the diameter between the center and 
ordinate, and between the center 4 n 

OR draw through the two vertices "of the Satneret: AB right' 
lines touching the ellipſe, and meeting the tangent drawn 
through F in the points H, G; theſe; tangents. will be parallel. to 

9 ordinate FE (Cor. 1. 25. of this Book); take CT in the dia- 

meter AB equal to CE; AT, EB will be alſo equal: but (by Cor. 

5. 5 AV of this Book, and 22. 6.) AHL; is to BG as HF 

$ to 


Fig. 42. 
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to FG or (becauſe HA, FE, GB are parallel lipes) as AE to EB; 
therefore AE is to EB as AD to BD; and therefore by diviſion, 
TE will be to EB as AB to BD, and by taking the halves of the 
antecedents CE will be to EB as CB to BD, and therefore by com- 
poſition and conyerfion, CE is to CB as CB to CD. Q, E. D. 


PR O P. XILIX. 


If from a point in an hyperbola an ordinate be drawn to a 

diameter, and alſo a right line touching the hyperbola 

and meeting the ſame diameter; the ſemidiameter will be 

a mean proportional between the ſegments of the diame- 

ter between the center and ordinate and between the 
center and tangent. 


Caſe 1. HEN. an ordinate is drawn to a tranſyerſe diameter: 

let AB be the tranſverſe diameter of the hyperbola, 
C the center, and from the point F in it draw an ordinate FE ap-- 
plied to the diameter. AB, and a tangent meeting the fame diameter 
in D; CE will be to CB as CB to CD. 

Draw through the two vertices of the diameter AB two tangents 
meeting the tangent drawn through F in the points H, G, which 
will be parallel to the ordinate FE (Cor. 1. Prop. XXV. of this 
Book) and take CT. equal to CE, and AT, BE will be alſo equal: 
but (by Cor. 5. Prop. XVIII. of this Book, and 2. 6.) AH is to 
BG as HF to GF, that is (becauſe AH, GB, FE are parallel) as 
AE to BE, and as AH is to BG fo is AD to BD; therefore AE 
will be to BE as: AD to DB, and by compoſition TE will be to BE 
as AB to DB, and by taking the halves of the antecedents, CE is 
to BE as CB to DB, and therefore by converſion CE is to on a8 
CB to CD. | 

Caſe 2. When an ordinate is drawn to a ſecond diameter. bm 
the point F in an hyperbola draw FO an ordinate to the ſecond dia- 
meter MN, which the tangent drawn through F meets in P, and let 
AB be the tranſverſe diameter conjugate to MN, meeting the tan-- 

gent” 
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gent FP in P, and draw FE ordinately applied to AB; it will be 
parallel and W. to CO. 

Becauſe, by the firſt caſe, EC, BC, DC are proportional, the 
fquare of EC will be to the ſquare of BC as EC to DC (Cor. 20. 6.) 
therefore by divifion the rectangle BEA is to the fquare of BC as 
ED to DC; but the ſquare of the ordinate FE is to the ſquare of 
the ſecond ſemidiameter CM as the rectangle BEA to the ſquare of 
BC, as appears from Def. XXIV. therefore the ſquare of FE is to 
the ſquare of CM (as ED to DC) that is as FE to CP; therefore 
FE, CM, CP are proportional (by the converſe of Cor. 20. 6. ) and 
therefore CO, CM, CP are proportional. & E. D. 


Corollaries to als tuo precedings Propofitions. 


Co. 1. If a right line touches an ellipſe or hyperbola in any 
point F, and meets the diameter AB (which in the hyperbola ſhould 
be a tranſverſe diameter) in the point D, and if an ordinate FE be 
drawn from the point of contact to the diameter; the rectangle 
CED under the fegmenits of the diameter, between the ordinate and 
center, and between the ſame and the tangent, wilt Be equal to the 
rectangle AEB under the ſegments between the ordinate and the two 
vertices of the diameter. | 

For becauſe (by the preced. Propoſitions, and 17. 6.) the rect- 
angle ECD is equal to the ſquare of CB, if in the ellipſe the ſquare 
of CE be taken from each of them; the remainders, viz. the rect- 
angles CED, and AEB (by the 3 and 5. 2.) will be equal, and in 
the hyperbola theſe equals, viz. "he rectangle ECD and the ſquare 
of BC being taken from the ſquare of EC, the remainders viz. 
the rectangles CED and AEB (by 2. and 6. 2.) will be equal. 

Cok. 2. Let the tangent and ordinate drawn from the point F, 
meet the ſecond diameter CM in P and O, and becauſe the rea. 


angle PCO is equal to the ſquare of CM; let the ſquate of CO 


FiG. 47, 


Fig. 42. 


be added to each, and the rectangle OC (3.5. ) will be uk to 


the ſquares'of CM, CO together. 
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Cox. 3. And the rectangle ADB, under the ſegments between 
the tangent and the two vertices of the diameter (which in the hy- 
perbola ſhould be the tranſverſe) will be equal to the rectangle CDE 
under the ſegments between the tangent and center and between 


the ſame tangent and ordinate : for in the ellipſe, equals being ſub- 
ducted, viz. the ſquare of CB and the rectargle ECD from the 
ſquare of CD, the remainders, viz. ADB and CDE (by 6. and 
2. 2.) will be equal, and in the hyperbola, if from equals viz. 
from the ſquare of CB and from the rectangle ECD, the ſquare of 
CD be taken, the remainders ADB and CDE will be equal (5. 
and 3. 2.) 


P Rk OF, Ca 


If two parallel right lines touching an ellipſe or oppoſite 
hyperbolas, meet any other tangent ; the rectangle under 
the ſegments of the parallel lines between the points of 
contact and the tangent which they meet, will be equal to 
the ſquare of the ſemidiameter, to which the tangents are 
parallel: and the rectangle under the ſegments of the 
tangent which the parallels meet, viz. between its point 
of contact and the parallel lines, will be equal to the 
ſquare of the ſemidiameter parallel to this tangent. 


ET the parallel lines AH, BG touch an ellipſe or oppoſite hy- 
perbolas in the points A, B, and let them meet a tangent 
drawn through any point F in H and G; the rectangle under AH, 
BG will be equal to the ſquare of the ſemidiameter CM parallel to 
AH, BG, and the rectangle HFG will be equal to the ſquare of 
the ſemidiameter CK parallel to HG. 

For the line joining the points A, B will be a diameter (Cor. 2. 
22. of this Book) and is conjugate to CM (Cor. 27. of this Book) if 
the tangent HG in the ellipſe be parallel to AB, the propoſition is 
manifeſt ; but if it be not parallel to AB, let it meet it in Dand CM 
produced i in P, and from the point F draw FE, FO ordinately ap- 
plied to the diameters AB, CM. 

Part 
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Part 1. Becauſe by Cor. 3. preced. the rectangles ADB and CDE 
are equal; AD will be to CD as ED to BD (16. 6.) therefore 
(being parallel lines) AH is to CP as EF to BG (2. 6.) and there- 
fore the rectangle under AH, BG is equal to the rectangle under 
CP, EF or CO, that is, to the ſquare of the ſemidiameter CM : 
for by the two preceding Propoſitions, CO, CM, CP are propor- 
tional, 


Part 2. Becauſe AH is to BG as HF to FG (Cor. 5. 18. of 


this Book, and 22. 6.) the rectangle HFG is fimilar to the rectangle 
under AH, BG and therefore 1s to the ſame rectangle: AH, BG as 
the ſquare of HF to the ſquare of AH, that is, as the ſquare of 
CK to the ſquare of CM (by 31. and 4o. of this Book) therefore 
by permutation, the rectangle HFG is to the ſquare of CK as the 
rectangle AH, BG to the ſquare of CM, that 2 in a ratio of 
equality by the firſt * 9. E. D. 


PRO P. II. a 


If a right line touching an ellipſe or hyperbola in any point Fia. 2 


F, meets two conjugate diameters AB, CM in the points 
D, P; the rectangle PFD under the ſegments of the tan- 
gent between the point of contact and the diameters will 


be equal to the ſquare of the ſemidiameter CK parallel to 
the tangent. 


OR draw from the point of contact F a right line FE ordi- 
dinately applied to the diameter AB (which in the hyperbola 
ſhould be the tranſverſe diameter) and draw through the two ver- 
tices of this diameter two tangents, and let them meet the tangent 
drawn through F in the points H, G; they will be parallel to the 
ordinate FE and to the diameter CM; then becauſe (by Cor. 1. 49, 
of this Book) the rectangle CED is equal to the rectangle AEB, 
CE is to EB as AE to ED ; therefore (becauſe of the parallel lines) 
PF is to FG as HF to FD, and therefore the rectangle PFD is 


equal 


FIG. 40, 
41, 
42, 
43. 
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equal to the rectangle HFG, that is, to the ſquare of the ſemidia- 
meter CK, by the ſecond part of the preced. Prop. Q: E. D. 


Con. 1. It is manifeſt, if the right line PFD touching the el- 
lipſe or hyperbola, meets two diameters CB, CM, and if the rect- 
angle PFD be equal to the ſquare of the ſemidiameter CK conju- 
gate to that which paſſes through the point of contact F, chat CB, 
CM are conjugate diameters. 


PROP. IE. PRO BL. IV. 


A conic ſection being given in poſition, and a point given 
without the ſection; to draw two right lines which ſhall 
touch the ſection or oppoſite ſections, provided the given 
point be not in an aſymptote of an hyperbola. 


ET FL be the given ſection, and D the point giren; draw 
through the point D a diameter meeting the ſection in B, or 


if it be a ſecond diameter of an hyperbola let its vertex; or extre- 


mity be B: or if the ſection be a parabola take BE equal to BD, 
and through E draw FEL parallel to the ordinates applied to. the 


diameter BE, meeting the parabola in the points L, F; the lines 


Joining the points, DL, DF toueh the ſection; for if either of them, 
ſuppoſe DL, does not touch the ſection, let LR be a tangent meet- 
ing the diameter BE in R, (by the 47. of this Book) BR is equal 
to BE, that is to BD, which is abſurd. 

But if the ſection be an ellipſe or an hyperbola; let C be its 
center, and let CE be a third proportional to CD, and CB (Which 
muſt be taken on the fide of the center, oppoſite to that on which 
CD is placed, if CD be a ſecond, diameter of the hyperbola) but 
if not, take it on the ſame fide, and, through the point E draw FEEL 
parallel ta the ordinates applied: to the diameter CD, meeting the 
ſection in the points L, F; the lines Joining theſe pom DL, DF 
touch the ſection or eppoſite ſections. 

For if either af them, ſuppoſe DL does not touch the ſection, 

let 
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Bock L. 
let LR be a tangerit meeting the diameter CD in R; the lines CE, 
CB CR will be e (by we 48. 49- of _ 11 8 n 
is a ; 

If the dein poim D be in one of the a ben kyper: 
bola, two tangents canbot meet in this point (Cr. A. 25: of this 
Book) but a method of drawing a fight line which ſiall touch 
an en Wend was due in Cor. '5o 1805 . 


[4 * 1441 ] 154; - . 
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% ate 22. e Mo: on dg 2? 
18 tee Holt odd Ds a cofile een of PTY 15 


tions meet each other, and through a point in one tan- 


2 gent a right line be drawn parallel to the. other, and meet- 


ing che right line joining their points of contact and alſo 


the conic ſection in two: points; the ſquare of its ſegment 

between the tangent and the line joining th points of 
contact will be equal to the rectangle under che ſegments 
—_— between the! e ard ſection. K 


* 


5 y IE is e\ +, 


ET the liges AB, AC touch i beton or oppeſite ſections 


in the points B, C, and join theſe points and draw a right 


line through the point D in the tangent AC parallel to the other 
tangent AB, meeting BC i in G and the ſection in the points E, F; 
the ſquare of DG will be equal to the rectangle EDF. 

For becauſe the tangent AC meets the parallels. FD, BA, the 
rectangle EDF under the ſegments of the ſecant is to the ſquare of 


the tangent BA as the ſquare of DC to: the ſquare of AC (by Cor. 
6. 18. of this Book) that is (from ſimilar triangles). as the ſquare 


of DG to the ſquare of BA; therefore the rectangle EDF is 1 
to the ſquare of DG. YE. an en 3 4 


* 
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Con. Let two right lines ll a conle ei of Abe 


ſections meet each other in the point A, if through a point Pf in 


the tangent AC a vight line be drawn parallel to the other tangent, 

and meeting the right line joining their points of contact in L., and 

if any other line be draifi front che ſame” — en the (hee 
tion 
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the tangents hich are parallel to -PRQ, PL, intercepted between 


midiameters of the ellipſe or 1 WHICH 3 are parallel to 2 


tion or oppoſite ſections in the points R, Q the rectangle RA 
and the ſquare of PL will be to each other as the ſquares of the 


ſegments 15 the tangents, which are parallel to PRQ, and PL, in- 


tercepted between their points of concourſe and contact; or as the 
ſquares of the ſemidiameters parallel to PR and PL. fo 


For through the point D in the tangent AC draw two right lines 
parallel to PRO, PL, cutting the ſection or oppoſite ſections in the 
points O, N and E, F, and let the right line DEF parallel to PL 
meet the right line joining the points of contact in G: then be- 
cauſe the tangent AC meets two parallel ſecants (Cor. 4. 18. of this 
Book) the rectangle RPQ will be to the rectangle ODN. as the 
ſquare of PC to the ſquare of DC, that is from fimilar triangles as 
the ſquare of PL to the ſquare of DG or. to the rectangle EDF 
(by this Prop.) therefore by permutation the rectangle RPQ- is to 
the ſquare of PL as the rectangle ODN to the rectangle EDF, 
that is (by the 18. of this Book) as the ſquares of the es wette of 


their points of concourſe and contact: or as the ſquares of the ſe- 


PL, by (31 pos 40. of this _— 


293 AL 


LEMMA *. 


1 


AROM a point E in any indefinite right nue take me lines FA, 
ED on the ſame fide of the point E, and from the ſame point 

E take the lines EB, that its extremity B be either between the 
points A, D, or on the contrary fide of the point E; if the ſquare 
of AB be to the ſquare of DB as AE to DE, EB will be a mean 
Fan between the lines AE and DE. 
For if not, take from the point E towards B a line EF 1 
or leſs than EB) a mean proportional between AE and DE; then 
becauſe AE, FE, DE are proportional, by converſion and permu- 
tation, as AE the firſt is to FE the ſecond term, ſo will AF the 
ſum or difference of the firſt and ſecond terms be to DF the ſum or 
| differ- 


Book: I. Conic 02d] ions. 73 
difference of the ſecond and third; therefore the ſquare of AF will 
be to the ſquare of DF as the ſquare of AE to the ſquare of FE, 
that ĩs as AE to the third DE, or, by conſtruction, as the ſquare of 
Ag to the ſquare of DB; therèfore AF is to DF, as AB to DB, 
which ; is abſurd; as is ſelf· manifeſt when the points E, B are between 
A, D, and if the points F and B be on contrary ſides of the 
point E, it is evident alſo that the ratio of the unequal lines AP, 
DP will not remain the ſame, if to theſe unequal lines, the ſame 
line F B be added or taken, from them; therefore no line either. 
greater or leſs, than EB is a mean proportional between AD, DE; 
and a e EB is 5 n eee between "theſe Ne lines. , 

4 err 118 nt mach 


: alle 3020 fi a} 29 Pu R 0 p. Uv. An HAD 367 51 1 
if a ae ag 4 parabola, or A right line palate” to one 


' of the aſymptotes of an hyperbola, meets two. tangents 
; and the right line] joining the points of contact; the ſquare 
| of; its ſegment between the ſection and the line joining the 
. points of contact, will be equal to the rectangle under * 
_ other eee viz. between 4 ſection and n 


Pay 


40 3 


51001 H 1 451 912 9 7 10 
ET = lines MN, MO touch a 3 an hyperbola or op- FG. 47, 
L poſite hyperbolas in the points N, O; draw the line TX, which . 
may either be a diameter of the parabola or be parallel ta one of 
the aſymptotes of the hyperbola, meeting the parabola or either of 
the, hyperbolas i in E, the tangents in A, D and the line joining the 
points of 8 B; the e 91 EB wall be © Aqua to on . 

Caſe, 1 1. If the * e - "the parabola 0 or e meet ns. 47 
each other in M, through 8 point B, in which the line TX meets 
one of the tangents, let a line be drawn parallel to the other tan- 
gept, cutting the ſection in the points P, L and the line joining the 
points of contact in K, Which may be always done; then by the 
A Prop. the Erhare of DK is equal to the rectangle PDL, 
and b ecaule AQ is parallel to DR. zen of AB will: be to the 


1 * e e ſquare 


, 
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ſquare of DB as the ſquare of AO to the ſquare of DR, or 
to the rectangle PDL, that is (Prop. XIX.) as AE to DE; 


but the lines AE, BE, DE are taken from the point E as in 


the preceding Lemma; therefore they are proportional by the ſame 
Lemma, and Kaen the 3 of BE is ho gent to the rect- 
angle AED. n been e 

Caſe 2. If the right lines Wüchig the oppaiit hyperbolas meet 


each other in M; through either of the points A or P, ſuppoſe D, 


draw a right line parallel to the other tangent AO and meeting the 
line joining the points of contact in K, and let two right lines be 
drawn through the points A, D parallel to each other, cutting the 
oppoſite hyperbolas in the points G, H and P, L: by Prop. XL. 
the rectangle GAH and the ſquare of A will be to each other as the 
ſquares of the ſemidiameters parallel to the lines GH, AO, and by Cor. 
preced. the rectangle PDL will be to the ſquare of DK as the ſquares 
of the ſame ſemidiameters ; thetefore, by permutation, the tectangle 
GAH will be to the rectangle PDL as the ſquare of AO to the 
ſquare of DK or (becauſe AO; DK are parallel) as the ſquare of 
AB to the ſquare of DB; but (Prop. XIX.) the rectangle GAH 
is to the rectangle PDL, as AE to DE and conſequently the ſquare 
of AB is to the ſquare of DB as AE to DE; therefore the lines 
AE, BE, DE (by Lemma preced.) are propottional, and therefore : 
the ſquare of BE is equal to the rectangle AED. © 2 
Caſe 3. But if the lines A0, DN touching the oppoſite hyper- 
bolas ſhould be parallel to each "other, then their ſquares' would be 
to each other as the ſquares of AB, DB, becauſe the triangles ABO, 
DBN are fimilar, and they would be likewiſe as AE, DE by Prop. | 
XIX. therefore the ſquare of AB would be to the ſquare of _— 
as AE to DE, and therefore the lines AE, BE, DE would be p 
portional and the ſquare of BE equal to the rectangle AED, is as 


before. V E. 2 


mY * 


Cor. 1. If hike right l. line TX be a diameter of a 9 0 or pa- 
rallel to one of the aſymptotes of an hyperbola; and meets the ſee- 
tion in E, and in the point A the line touching the ſection in O, 
and in Ba line cutting the ſection or oppoſite ſections in the * 
O, N; 


-” 


S. 


Bock 1 Conic Sections. 2 75 
O, N; and if from the point E in TX without the ſection DE 


be taken a third proportional to AE, BE; the line joining the points 
D, N will be a tangent, For if not, a line touching the ſection in 
N would meet TX without the ſection in ſome point C different 


from the point D, and therefore by this Prop. CE would be a third 


Pars a to AE, BE, contrary to the hypotheſis; therefore the 
line DN touches the ſection in N. 


Con. 2. Hence, if, from M the hoint of de of two right. 
lines touching a parabola; an. hyperbola,' or oppoſite hyperbolas in 


the points N, O, a line M be drawn to the line joining the points 
of contact, which may be a diameter of the parabola, or be pa- 
rallel to an aſymptote of the hyperbola; it will be biſected by the 
ſection in 8; for if MS, FS be not equal, let SR in the line MF 


be taken without the fection from the point 8, a third proportional 


to MS, FS and (by Cor. preced.) the line RN, or RO joining the | 


points'touches the fection in N or DICE to 16. We _ 1 75 0 
therefore MS, FS: are equal. 


Prop. XXXV. Book I. and Prop. XXX. XXXT, Book III, of 


AN are contained i in _ ref | 


* 
rent e 1 N 
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L E ＋ the fades of a ha, MNO'K indefinitely produced both ways, 
and let the right lint TX culimę all the Jas that triangle be 
0% hd ms b l c bal 7 ef and bet a point 
E-be fo takin in it, thut the /enore of the ſerment EB e the Point 
Z and tht gives di VO if "the triangle be always equal. to the rectungle 
AED under the: ſegments of the line TX bitween the point E and the 
other fides of the triangle. If the line TA, when it bifefts in its mation 
the given fide NO of the triangle, paſſes through the oppoſite angle M; 


the Locus of all abe poimt E will be a parabola and its diameters will | 


be parallel to TX, and the lim MN, MO will touch this parabola. in 
the paints N, O. But if the line TX in its motion biſefing the fide NO, 
does nat at the ſame time paſs through the. angle at M; the Locus of 
all the points will” be the oppoſite bypirbolas ard one of "its  aſymptotes 


Fi6. 47, 
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will be parallel to TA; and that aſymptott is eaſily fuund, vix. by drow-» 

| ing parallel to TA a- right. line whaſe ſegment; intercepted ly the. fides' 
MN and MO: of. the triangle would be biſeted by the other fide NO; as. 
is evident (from Cor. 3. Prop. XL.) when ibis ahimptote paſſes betweew 
the points NM, O, ibe lines MN, MO will touch inthe points N, O op- 
poſite hyperbolas generated by the motion of. the paint E. If it does not. 
paſs between theſe points they will touch in thoſe points one of. the oppa- 
ite hyperbolas, generated by the: motion of this point E; the right. tine 
drawn through M biſecting NO will (by Prop. XVI.) be a diameter, 
and its interſefion with the aſymptote will he the center of tbe, lyper- 
bolas ; and from hence the other ahimptote is found. Or if the.moving. 
line TX meets two parallel lines MO, MN, and any other line ON cut. 
ting them; and 4 point E be taken in TX, ſo that the. ſquare g the. 
ſegment EB of the line TX between the point E and the line ON. be: 
equal to the reBangle AED, under the ſegments between the ſame point 

E and the parallels ;, the point E in its mation will FR the halle 
byperbolas, which the parallels touch in the points O, N. 


PRO P, LV. 


If from two given points in a parabola, an 5 or op- 
Poſite hyperbolas two right lines be inflected to any third 
point, in the ſame parabola, or in either of the hyperbolas, | 

and meet a right line given in poſition, which may be 
either a diameter of the parabola, or be parallel to an 

aſymptote of the hyperbola; the ſegments of this line 

between the infſected lines and the point in which it meets 

the ſection, will be to each other always, 1 in the ſame ratio 
whereſoever in the beton the tea be Aaken, 0 8 


the lines are ene | © rn da \a 
o. 65 ET N, M be the two > points en 4 in ads 4 or in am 
50, 5. bynabelk or oppoſite hy perbolas, and let TX be a diameter of. 


the parabola, or let it be parallel to one of the aſymptotes of the 
hyperbola meeting the ſection in the given point E, and from the 
points N, M to any dent O in the l or in either of the hy- 


. 
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perbolas, inflect two right lines NO, MO meeting TX in the points 


B, C; the abſciſſes EB, EC will | be to each, other in the fame ratio 
whereſoever the point O be taken in the ſection. 


For draw through the three points M, N, O, S et whichr 
may meet IX in three points F, D. A, and let MN be joined meet- 


ing IX in G; it appears SPOT ON ME as ED, EG, EF 


are proportional. EY" 
"Becauſe the, line IX. meets the two- tangen 6 DN, Ab in "the 


points D, AY and "the tine j joining t the points 5 > DRY in B: the 
ſquare' of EB wil be Equal to dhe beagle AEB (by preced. Pied. ) 
and in like mantier becauſe the fame line meets the ratigents MF, 
40 in the points F, A; end the Hue joining the points of contact 
in C; the ſquare of EC will be equal to the rectangle AEF; 
| therefore the ſquare of EB is to the ſquare of EC as the rectangle 
AED to the rectangle AEF, that is, as ED to EF, or as the ſquare: 
of ED to the ſquare of EG (a mean proportional between ED, 
EF) therefore EB is to EC as ED to EG; but becauſe the points 
M, N are given, and the line TX given in poſition; the ſegments; 
ED, EG remain always the ſame; therefore the point O moving 
through the whole parabola, hyperbola, or the oppoſite hyperbola, 
the ſegments EB, EC of TX between therinfledted lines and ſection 
will be always in yoo FOO gt ba as the urn ae EG or EG, 
wet 3 21 4© 1 8 * { IT rent: 
r 069) eie bee r ing edt 4 
M 7 115 > tn 2 * as it relates 10 the Keen ts yl 2” be 
which, Format propoſed in his letter to Sir Kenelm- Digby 'to be demon- 
frated by Dr. Willis C ae page 858. Tum. 2. Oper. Math. Wallifi) 
but by the demonſtratian here 8 oh phe: tha er Oy property 
n 10 * Hper bolas * * 
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if a rapeajant be inſcribed in a conic” edtion: or  oppatite 
ſections, and all its ſides be indefinitely produced, and if 
from any point E in the ſection two right lines be drawn 
parallel to two adjacent ſides of the . the rect 
angles under the ſegments of theſe ſines between the 
point in the ſection and the oppoſite ſides of the trape- 
zium will be to each other, ag the ſquares of the tan 
gents or of the neren, to ee Do Gaſs wr] are 
Parallel. 4 0 | 4 ni 


JI k * " Cv . ve) nh he AK 
* 


Caſe 1. ET ABdC be a trapeziuin infckibed i in- the ſe@tion © | 

oppoſite ſections, and firſt let the two fides' AC, BA be 
nargliel, and draw from any point E in the ſection two right lines 
parallel to the adjacent ſides AB, AC meeting the oppoſite ſides of 
the trapezium in the points Q, » and , R; the rectangles Qn, 


YER will be to each other as the ſquares of the tangents or of the . - 
ſemidiameters to which Ex, Eh are parallel. For let ER meet the 


ſection again in T, and draw the right line MK biſecting the pa- 

rallels AC, Ba, it will be a diameter of the ſection and will biſect 
in the point V the line TE terminated by the ſection (Cor. 6. and 
3. Prop. XXV.) and likewiſe: che line R, terminated by the'lines 
Cd, AB, and parallel to the biſected lines AC, BA; therefore BE, 

TR are equal, and therefore the rectangles BER, T RE are equal, 
and (becauſe of the parallelograms) thę rectangles QE, ARB are 


equal; therefore the rectangles BER, Qu are to each other us the 
rectangles TRE, ARB, that is, as the ſquares of the tangents or 


of the ſemidiameters to which the lines Eb, Eu are parallel, by 
Prop. XVIII. or XXXI. and XL. | 


Caſe 2. Let ABDC be a trapezium inſcribed; none of whoſe ũdes 
are parallel to each other, and through the point E in the ſection 
draw two lines parallel te AB, AC meeting the oppoſite fides of 
the trapezium i in the points 2 N and H, R; the rectangles HER, 


QEN 
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QEN will be to each other as the ſquares of the tangents or of 
the ſemidiameters to which HE, EN are parallel. 

For draw through, the point; B a right line parallel to he ade 
40. and meeting the ſection again in d and the line EN in z, let 
the right line Joining the points, 4, C meet EH i in , and draw 
through the point D a right line parallel to the ſide AC, meeting 
the ſection again in F, and the ſide AB in G, and the line joining 
the points d, C, in 8; draw the right line KM biſecking the pa- 
rallels AC, Bd; it will be a diameter of the ſection, and will biſect 


in the point O the line DF terminated, by the ſection (as in the 


former caſe) and likewiſe SG parallel to AC, Bd; therefore SD and 
FG axe equal: and becauſe the triangles HC, DCs, are fimilar ; 


Hb will be to (8 or) FG ag (Ch to CS, that is 33 RA or) Ft 8 


to AG; and becauſe the triangles N By, GDB are ſimilar (u 

ER will be to DG as Nu to BG : therefore by taking the — 8 
under the correſponding antecedents of the firſt and fecond order of 
the proportionals, and the rectangles under the conſequents of the 
ſame orders, the rectangle Hb, ER is to the rectang le DGF, as 
the rectangle EQ, Nn to the rectangle AGB; N by permu- 
tation, the rectangles under Hh, ER. and EO, N are to each 
"i as.DGF and AGB, that is as, the ſquares, of the tangents. or 
of the ſemidiameters.to which the lines FG. and AG, or HE. and 


EN are parallel (by Prop. XVIII. XXXL and XL.) and by the 


preceding caſe, the rectangles. BE, ER, and uE, EQ are to each 
other in this ſame ratio; therefore the ſums or differences of theſe 
rectangles, that is, the rectangles en will be to each 
other. in this ſame ratio. LE. D. er 


"This Propoſition holds good, FOOT in the Pr caſe the kine 
bER drawn parallel to AC, Bd, touches the ſection in E; for then 


the points E, T coinciding, the point E will be at the vertex of 
the diameter MK of the ſection, and the reckangle BER or TRE 


becomes the ſquare of E or ER; and in like manner in the ſe- 
cond caſe, the points D, F coltiehding; the rd A reer 
the ſquare of the rangene DG or DB. — 5 
” R. 


| 
| 
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con. I. * * point A, B, D, C, {aA fixt ; and che 
point E moving through the ſection or oppoſite ſection, and the 


lines drawn through it being always parallel to AB, AC, the > dl 
of the rectangles HER, GEN wilt be conſtantly the ſame. 


Cor. 2. Or the points A, B, C, E, and the lines drawn wrong ;h 
E remaining fixt as before; the point D (that is the interſection 5 


the lines CD, BD) moving throug h the ſection or oppoſite ſection, 


the ratio of the rectangles HER, QEN will continue the ſame; 
and therefore (becauſe their fides FR; QE are given) : the ratio & 
the lines HE, NE will always remain the ſame. ot 


Cor. 3. A conic ſection does not meet another "A Sab * 


„ 


oppoſite ſections in more chan four points. For if it be poſf ible, let 


two ſections paſs through five points as A, B, „D, E, and (every 
thing remaining as aſſumed above) draw through the point Ba right 
line cutting both ſections in the points 4, P, Join "Cd meeting HE 
in h, and join CP mecting the ſame line HE in L; then Welt 
the points 4, D are in the ſame ſection paſſing” through the points 

A, B, C, E, the lines BE, E are to each other as HE, NE (by 
Cor. proces. ) and in like manner when the points P, D are in the 
fame ſection paſting through che points A, B, C, E; the lines LE, 
AE will be to each other as HE, N E; theteſons 2E, LE are equa! 
which is abſurd ; for the points h and L are'on the farne fide * the 
point E; from hence the Corollary is manifeſt; 20! „ 60 nib gang 


Cox. 4. If a trapezium ABCD, whole ſides are given in Petr 
be inſcribed in a conic ſection given in poſition, and if from any 
point E in the ſection the right lines EF, EG, EH, EK be "drawn 
in given angles to the four fides of the trapezium, the . rectangles 
FEH, GEK vnder the lines drawn to the bc 85 will be 4 in 
a given ratio to each cher. oe ee 


For draw from the point! E the "right lines EL; Eo. Fares fe to 
two adjacent ſides of the trapezium, viz. to BC, BA; and let them 
meet the oppoſite fides in the points L, M, and N, O: then be- 
cauſe in the triangle ELF, the angle LFE 3 is given by hypotheſis, 


and 


0 
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and the angle ELF is equal to the given angle CBA, the triangle 
ELF (by 40. of Euclid's Data) is given in ſpecies ; and therefore 
the ratio of FE to EL is given. In like manner in the triangle 
EMH the ratio of EH to EM will be given, and therefore the 
ratio compounded of theſe ratios is given; that is (by 23. 6.) the 
ratio of the rectangle FEH to the rectangle LEM. 

It may be demonſtrated in the ſame manner that the ratio of the 
rectangle OEN to the rectangle GEK is given. But the ratio of 
the rectangle LEM tò the reQtangle OEN is given (by Cor. 1.) 
therefore becauſe it has been ſhewn that the ratio of the rectangle 
FEH to LEM is given, and alſo the ratio of LEM to OEN, and 
of OEN to the rectangle GEK; the ratio of the rectangle FEH - 
to the rectangle GEK will be given (by 8. Euclid. Dat.) 

All the caſes of the 17. "0a Book I. of Newton's Math. 
Principles of Nat. Philoſophy, are fully demonſtrated in the Pro- 
PO and this laſt Corollary. 


END OF THE FIRST BOOK. 
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DEFINITIONS I. and II. 


I. T. from a point in a parabola a right line be drawn ordinately 
applied to a diameter; a right line which is a third propor- 
tional to the abſciſs * this ordinate, is called the Laus 

Rellum, or Parameter of that diameter. 

II. A right line, which is a third proportional to two conjugate 
diameters of an ellipſe'or hyperbola, 1 is called the Latus RetFuns of 

Parameter of that diameter, Which is the firſt of the three pro- 


portionals, 


a” 


L 2 1 | WY 


- 
—— — — — — — 


—— — 4 2 


— 
i, od Noe — a ce -« ——————————————————— — 


| 


FliG. 1. 


84 Conic Sections. Book II. 


Cor. 1. If an ordinate be drawn from a point in an ellipſe or 
hyperbola to a diameter (which in the hyperbola is a tranſverſe dia- 
meter) the rectangle under the abſciſſes of the diameter between its 
two vertices and the ordinate will be to the ſquare of the ordinate 
as the diameter to its parameter. For, by Cor. 1. 31. and Def. 
XXIV. Book I. this rectangle is to the ſquare of the ordinate as 
the ſquare of the diameter to the ſquare of its conjugate, that is as 
the diameter to its parameter (by Def. preced. and Cor. 20. 6.) 

Cor. 2. If an ordinate be drawn from a point in an hyperbola to 
a ſecond diameter; the ſum of the ſquares of the ſecond ſemidia- 
meter and of its ſegment between the center and ordinate will be to 
the ſquare of the ordinate as (the ſquare of that ſecond diameter 
to the ſquare of its conjugate, by Prop. XXXII. Book I. that is 


as) the ſecond diameter to its parameter, by Def. preced. and 
Cor. 20. 6. 


PROF. 1 


The ſquares of right lines ordinately applied to a diameter 


of a parabola are equal to the NG: under the ab- 
ſcifles and its parameter. 


ROM a point B in a parabola let the right line BG be ordi-. 
nately applied to the diameter FL whoſe vertex is F, and let 

the right line P be a third proportional to the abſciſs GF. and ordi- 
nate BG ; it will be the parameter of the diameter FE, by Def. I. 
of this Book, and the ſquare of BG will be equal to the rectangle 
under GF and the parameter P: then if any other right line as DL 
be ordinately applied to the diameter FL; by Prop. XXIX. Book I. 
the ſquare of DL will be to the ſquare of BG as LF to GF, that 
is as the rectangle under LF and P, to the rectangle under GF and 
P; therefore the ſquare of DL is to the rectangle under LF and P 
as the ſquare of BG to the rectangle under GF and P, that is, in a 


ratio of equality, and from hence Apollonius called this ſection a 
Parabola. % E. D. 


Co. 
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Cor. 1. If from a point G in the diameter FL of a . 
right line GB be drawn parallel to the ordinates applied to that dia- 


meter, and the ſquare of BG be equal to the rectangle under the 


abſciſs GF (between GB and the vertex F of the diameter) and the 


parameter of the ſame diameter; the point B will be in the para- 
bola, as is evident. 


Cor. 2. If the right line AB terminated by the parabola be ordi- 
nately applied to the diameter FL, and if the abſciſs FG, between 
the ordinate and the vertex of the diameter, be equal to a fourth 


part of the parameter of the ſame diameter FL; the line AB will 


be equal to the parameter. For by this Prop. AG, viz. half of 
AB is a mean proportional between the parameter and abſciſs GF, 
viz. the fourth part of the parameter; therefore AG is the half of 
the parameter, and therefore AB is equal to the Parameter, 


PROP. II. 


If a right line touching a parabola meets a diameter ; the 
ſquare of the ſegment between the point of 1 and 
this diameter will be equal to the rectangle under the ſeg- 
ment of this diameter, between its vertex and the tan- 


gent, and the parameter of the diameter which Paſſes 
through the point of contact. | 


ET the right line FR 3 ha W i in F, wy meet the 


diameter ED in the point R, and draw the diameter FG 
through the point of contact, and let the right line P be its para- 


meter; the ſquare of FR will be equal to the Waun, unde DR 
and the line P. 


For draw from the vertex of the Satay ED the line DL ordi- 
nately applied to the diameter FG; it will be parallel and equal to 
the tangent FR, and its abſciſs LF will be equal to DR; then be- 
cauſe (by the preced. Prop.) the ſquare of DL is equal to the rect- 
angle under the line LF and the line P; the ſquare of FR will be 
C7 to the rectangle under DR and — line ve E. D. 


p R OP. 
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PROP. III. 


If a right line cutting a parabola meets a diameter; the 
rectangle under its ſegments between the diameter and 
parabola will be equal to the rectangle under the ſegment 
of the diameter, between its vertex and the ſecant, and 
the parameter of the diameter to which the ſecant is or- 
dinately applied. 


ET a right line cut a parabola in the points A, B, and meet 

the diameter ED in E, and let FG be the diameter to which 
AB is ordinately applied, and the right line P its parameter; the 
rectangle AEB will be equal to the rectangle under ED and the 
line P. 
For through the vertex of the diameter FG draw a right line 
touching the parabola, and meeting the diameter in R, it will be 
parallel to the ſecant AB (by Cor. 1. 25. Book I.) and therefore 
(by Cor. 19. Book I.) the rectangle AEB is to the ſquare of FR as 
ED to DR, or as the rectangle under ED and the line P to that 
under DR and the line P; therefore, by permutation, the rectangle 
AEg is to the rectangle under ED and the line P as the ſquare. of 
FR to the rectangle under DR and the line P; that is in a ratio 
of n by the preced. Prop. 2 E. D. 


| Corollaries to the two preceding Propofutions. 


Co. f. If two tight lines/touching a parabola meet each * ; 
the ſquares of their ſegments, between the points of contact and con- 
courſe, will be to each other as the parameters of the diameters which 
paſs through their points of contact. For (a diameter being drawn 
through the point of coneourſe of the tangents) the ſquare of either 
of the tangents. will be equal to the rectangle under the parameter. 
of the diameter which paſſes through its point of contact, and the 
ſame right line, viz. the ſegment of the diameter between its vertex 


and the 858 of concourſe of the tangents. # 
| ORs 
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| Cor. 2. And in like manner, if two right lines cutting a parabola 
meet each other; the rectangles under the ſegments of the ſecants 
between their point of interſection and the parabola, will be to each 
other as the parameters of the diameters to which' the ſecants are 
ordinately applied, this appears from the preced. Prop. | 
Cor. 3. Or if a right line touching a parabola meets a ſecant, it 
is manifeſt from the two preceding Propoſitions, that the ſquare of 
the ſegment of the tangent between the points of concourſe and 
contact, will be to the rectangle under the ſegments of the ſecant 
between the point of concourſe and the parabola as the parameter 
of the diameter which paſſes through the point of contact, to the 
parameter of the diameter to which the ſecant is ordinately applied. 
Cor. 4. Becauſe the rectangle AEB under the ſum and difference 
of the ordinates BG, DL is equal to the rectangle under the para- 
meter P and ED, the difference of the abſciſſes; the parameter of 
any diameter will be to the ſum of the two ordinates, as their dit- 
ference to the difference of the abſciſſes. 


PROP. IV. 


11 from a point in an ellipſe, an ordinate FG be applied to Fs. 2. 
the diameter AB ; the ſquare of the ordinate will be equal 
to the rectangle under one abſciſs GB and a part of the 
parameter of the diameter AB, which 1s to the whole as 
the other abſciſs AG to the diameter AB. | 


ROM the vertex B draw BH perpendicular to the diameter and 

equal to its parameter ; let AH be joined, and draw from the 
point G a line parallel to BH, meeting AH in K, and let the rect- 
angle BGKL be completed; the * of FG will be ou! to this 
rectangle. 

For by Cor. 1. to Def. II. the rectangle AGB is to 5 the 8 of 
FG as the diameter AB to its parameter BH, or (becaufe GK is 
parallel to BH) as AG to GK, chat is as the fame rectangle AGB | 
to the go KGB; ; cherefore the ſquare of FG is equal to the 


voctan gle 


| 
| 
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KGB under the abſciſs GB and the line KG, which is to the para- 
meter BH as the other abſciſs AG to the diameter AB, 


Cor. Let the rectangles KLHM, AAN be completed ; ; It is 
manifeſt that the ſquare of the ordinate FG is deficient from the 
rectangle GH under the abſciſs GB and the parameter of the dia- 
meter AB, by a rectangle KH ſimilar and fimilarly placed to the 
rectangle AH under the diameter AB and its parameter BH, From 
this defect Apollonius called this ſection an Elliꝑſe. 


PROP. V. 


If an ordinate FG be drawn from a point in an hyperbola to 
the tranſverſe diameter AB ; the ſquare of the ordinate 
will be equal to the rectangle under the leſſer abſciſs GB 
and a right line which is to the parameter of the diameter 
AB, as the other abſciſs AG to the diameter AB. 


ROM the vertex B draw BH perpendicular to the diameter 
and equal to its parameter ; join AH, and draw through the 
point G a line parallel to BH, meeting AH in K, and complete 
the rectangle KGBL ; the ſquare of FG will be equal to this rect- 
angle. | 


For by Cor. x. to Def. II. the rectangle AGB is to the ſquare of 


FG as the diameter AB to its parameter BH, or (becauſe GK is 


parallel to BH) as AG to KG, that is as the ſame rectangle AGB 
to the rectangle KGB; therefore the ſquare of FG is equal to the 
rectangle KG under the leſſer abſciſs GB and the line KG, which 


is to the parameter BH as the greater abſciſs AB to the diameter 
AB. 9, =, D. & 


Cor. Complete the rectangles KLHM, ABHN, and it is mani- 
feſt that the ſquare of the ordinate FG exceeds the rectangle GH 
under the abſciſs GB and the parameter of the diameter AB, by a 

rectangle 
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rectangle ſimilar and fimilarly placed to the 3 AH, which 


is contained by the diameter AB and its parameter BH. From 
this exceſs, Apollonius called.this ſection an Hyperbola. 


PROP. VI. PROBL. I. 


A parabola being given in poſition; to find its axis and to 
demonſtrate there can be one axis only, 


ET FBL be the parabola, aad find any diameter VO, and 

draw through a point X below the vertex a perpendicular to 

VO meeting the parabola in F, L; ; if the line FL be biſected in 

X, the diameter VO will be the axis, by Def. XXII. Book I. but if 

it be not biſekted in X, draw another diameter AB biſecting FL in 

F, this diameter will be the axis ; ; becauſe it cuts the ordinate FL 
at right angles, for AB is parallel to VO. 

But if two diameters could be axes, the line terminated by the 
parabola and perpendicular to both of them, would be an ordinate 
to each of them, which is abſurd : therefore there is one axis only 
to the ſame parabola. * Q: E. D. 


PROP. VII. PROBL. II. 


Two conjugate diameters of an ellipſe or hyperbola being 
given in poſition and magnitude; to find their axes, and 


to demonſtrate that there can be two axes only in each 
ſection. 


1 the right lines FL, GH, not at right angles to each other, 
be conjugate diameters of an ellipſe or hyperbola, and C the 

center: through F the vertex of one of the diameters, which in an 
hyperbola is a tranſverſe diameter, draw FV parallel to GH, and 
take from the ſame point F in the diameter FL the ſegment FK (to- 
wards the center in the hyperbola, and the contrary way in the el- 
 lipſe) ſo that the rectangle CFK be equal to the ſquare of CG, and 
| KC being biſected in P, draw 8 to KC, and mert- 


ing 
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ing the line FV in 2 then deſcribe a circle from the center 
paſſing through the points C, K, and meeting the line FV in the 
points D, O; the right lines CD, CO will be the two axes. 

For by Cor. 27. Book I. the line FV touches the ſection, of 
which FL, GH are conjugate diameters, and by a property of the 
circle, the rectangle DFO is equal to the rectangle CFK, that is to 
the ſquare of the  ſemidiameter CG (by conſtruction) therefore 
CD, CO are conjugate diameters (Cor. 5 1. Book I.) and cut each 
other at right angles, becauſe the angle DCO is in a ſemicircle, and 
therefore they are axes (Def. XXII. Book I.) for they cut their or- 


dinates at right angles: the two vertices are thus found; draw 


from the point F the right line FE to the axis CD, and parallel to 
the other axis, and let CD, CB, CE be proportional, and take CA 
equal to CB; the points B, A will be the two vertices of the axis 


CD, (by 48. 49. Book I.) in like manner the two vertices M, N of 


the other axis are found. Q, E. J. ä 

The above conſtruction remaining, if two other conjugate dia- 
meters as CX, CV could be axes, let them meet the tangent FD in 
the points X, V; the rectangle XFV will be equal to the ſquare of 
CG (51. Book 1.) that is to the rectangle CFK; therefore the 
circle deſcribed through the points C, K, X will alſo paſs through 
V, and becauſe, by hypotheſis, XCV is a right angle, the center 
of this circle will be in the line FXV, and becauſe the line PQ 
biſects CK perpendicularly, the center of the circle will be likewiſe 
in the line PQ, and therefore in the point Q, that is in the center 
of the circle paſſing through the poinrs C, K, D; therefore two 


circles, cutting each other in the points C, K, have the fame center, 


which is abſurd ; therefore there can be but two axes in each ſec- 
tion. Q: E. D. 
If in the hyperbola the diameters FL, GH were equal, the point 


K would coincide with the Point C, and the circle deſcribed from 


the center Q would touch FL in C, and the demonſtration of this. 
caſe is the ſame as the preceding, by only ſubſtituting the ſquare of 
FC ioſtead of the rectangle CFK. 

If the given conjugate diameters are perpendicular to each other, 


Wey are axes, as is evident. 
Cor. 
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Cor. 1. Hence, an ellipſe or byperbola being given in poſition 
their axes may be found, for the center is found by Cor. 7. 25: 
Book I. and two conjugate diameters by the 27. Book I. and the 
magnitude of a ſecond diameter of the hyperbola i is determined by 
Def. XXIV. Book I. Or the ſection being given in poſition. and 


its center being found, the axes may be more readily found: for if | 


4 circle whoſe center is the ſame as the center of the ſection, be de- 
ſeribed meeting the ſection in two points, and theſe” points be joined 
by a right line, the diameter of the ſection biſecting this line will 
be an axis, as is evident. 

Con. 2. It is manifeſt from Cor, 8, 25. Book I. that a gh. ſine 
drawn through the vertex of an axis of a conic ſection and perpen- 
dicular to it, touches the ſection in that point; and on the contrary, 


if a right line touches the ſection at the vertex of the axis, it will 
be e to it. 


PROP. VIII. 


The axes of an ellipſe are unequal ; and the greater axis is 
the greateſt, and the leſſer the leaſt of all the, diameters 


of the ellipſe; and the axes of an eee are the leaſt 


of all its diameters. 
Part 1. ET AB, MN be 33 of an ellipſe, they will be 
greater, which is called the tranfverſe axis, and MN the leſſer, 


which is called the ſecond or conjugate axis: any ſemidiameter as 
CF is leſs than CB, but greater than CM ; for let an ordinate FE 


be applied to AB; and becauſe CEF is a right angle, the {quare of 


CF 1 is equal to the ſquares of CE, FE rogether ; but the ſquare of 
FE is leſs than the rectangle AEB; for it is to that rectangle as the 


ſquare of CM to the ſquare of CB (Cor. 1. 31. Book I.) therefore 


the ſquare of CF is leſs than the ſquare of CE and the rectangle 
AE together, that is, than the ſquare of CB (5. 2. ) therefore CF 
is leſs than CB; and in the ſame manner, an ordinate FL being 


* PNG drawn 


| Fi. 7. 
unequal by Cor. 2. 31. Book I, Let AB be the 
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drawn to the axis MN, it may be demonſtrated that the ſemidia- 
meter CF is greater than CM. 

Part 2. Let an ordinate FE be drawn from the vertex of the 
diameter CF of the hyperbola to the tranſverſe axis AB; and be- 
cauſe FEC is a right angle, the ſemiaxis CB is leſs than CF, and 
in like manner it may be ſhewn that the ſecond ſemiaxis CM is leſs 


than any other ſecond ſemidiameter ; for CM is the tranſyerſe axis 
of the hyperbola, conjugate to FB, 


Cor. 1. It is evident that the more remote any diameter i is from 


the axis of the hyperbola, the greater it is. 


Cor. 2. The diameter CF nearer to the greater axis of the ellipſe 
is greater than the diameter CP more remote. For if CF, CP were 
equal, the diameter biſecting the right line FP would cut it at right 
angles and would be an axis, contrary to what has been proved by 
the preceding; and if CF be leſs than CP, the circle deſcribed 
from the center C with the diſtance CF would cut CP within the 


_ ellipſe, but it meets the leſſer axis without the ellipſe, and therefore 


meets the ellipſe ſomewhere between the points F, M, ſuppoſe in 
Q ; then CF, CQ would be equal, and the diameter biſecting FQ 
would be an axis, as before (contrary to the preced.) Fete the 
Corollary is evident, 

Conz. 3. Hence, it is manifeſt that two A of an ellipſe 
or hyperbola, equally diftant from the ſame axis are equal ; and 
converſely, | 

Cor. 4. The axes AB, MN of an hyperbola biſect the angles con- 
tained by the aſymptotes CY, CZ. For draw through the vertex 


of the axis AB a line parallel to the other axis, it will touch the 


hyperbola ; let it meet the aſymptotes in the points R, S; RB, BS 
will be equal (36. Book I.) and fince the angles at B are right an- 
gles, the triangles RBC, SBC will be equiangular, and therefore: 
the anger at C are equal. 
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DEFINITIONS III. IV. J. 
III. TF a point in the axis of a parabola be taken within the 

ſection, and its diſtance from the vertex of the axis be equal 
to a F part of its parameter; that Pong 1s called the Focus of 
the parabola, 

IV. If two points F, O, in the ate axis of an ellipſe or hy- 
perbola, be taken within the ellipſe or oppoſite hyperbolas, ſo that 
the rectangle AFB or AOB be equal to the ſquare of the conjugate 
ſemiaxis CM ; each of theſe points F and O is called the Focus of 


the ellipſe or oppoſite hyperbolas, and when the two points are 
mentioned together they are called the Foci. 


V. Through the focus of a conic ſection let an ordinate be drawn 


to the axis, and through the point where it meets the ſection, let a 
tangent be drawn ; this tangent 1s called the Focal tangent. 


Co. 1. If from the vertex M of the conjugate axis of an el- 
lipſe a We be deſcribed with an interval equal to the tranſverſe ſe- 
miaxes CA; it will cut the tranſverſe axis in the foci : for let it 


meet it in the points F, O; the ſquare of MF or CA is equal to the 


ſquares of CF and CM together: but the ſquare of CA is equal to 
the ſquare of CF and the rectangle AFB together (5. 2.) therefore 
the rectangle AFB is equal to the ſquare of CM; and eonſequently 
F is a focus; and in like manner O will be the other focus. 

Cor. 2. If from the center C, and in the tranſverſe axis of an 
hyperbola, a ſegment CF or CO be- taken equal to the right line 
AM joining two vertices of the axes; the extremity of this ſegment 
will be a focus. 

For the ſquare of AM or CF is 3 to the ſquares of CA, CM 
together, and (by 6. 2.) the ſame ſquare of CF is equal to the 
fquare of CA and rectangle AFB; therefore the rectangle AFB is 
equal to the fquare of CM, and conſequently F is a focus, and in 
like manner O will be the other focus. 


Fic. 9s 
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Cor. 3. It is evident that the foci of an ellipſe, or of oppoſite or 


coded hyperbola are equally diſtant from the center. 
a PROP. 
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PROP. IX. 


Draw engl the focus F of the conic Saen RAP, FT an 
ordinate to the axis AB, and draw the focal tangent TD; 
if a tangent be drawn through the vertex of the axis AB; 
the ſegment intercepted between the point of contact and 
the focal tangent, will be equal to the ſegment AF of the 

' axis between the ſame point of contact and the focus F. 


IRST, let the ſection be a parabola, ** let the focal tangent Ts 


cut the axis in D, and meet the tangent AH, drawn through 

the vertex of the axis, in the point H; AH, AF will be equal. 
For (by Prop. XLVII. Book I.) AD is half of FD ; therefore 
AH will be de half of FT; but FT is half of the parameter of 
the axis (Def. III. and Cor. 2. 1. of this Book) therefore AH is a 


fourth part of the ſame parameter, and conſequently is equal to AF. 


Secondly, let the ſection be an ellipſe or hyperbola, and let the 
focal tangent meet the axis AB in D; and the tangents drawn 
through the vertices of the axis AB in H and G; AH, BG will be, 
equal to AF, BF; for the rectangle under AH, BG will be equal 
to the ſquare of the conjugate ſemiaxis CM (by 30. Book I.) that 
is to the rectangle AFB (by Def. IV.) and by (Cor. 5. 18. Book I.) 


AH is to BG as (HT to TG, or on account of parallel lines as) 


AF to FB; therefore theſe equal rectangles under AH, BG and AF, 


FB are alſo ſimilar, and conſequently their homologous ſides AH, 
AF and BG, BF are equal. Q. E. D. 


Cor. The above conſtruction remaining, if a right line be draun 
from any point P of a conic ſection or oppoſite ſeEtion to the focus 
F, and the perpendicular PQ to the axis AB, meeting the focal 
tangent in L, and the ſection again in R; the ſquare of F Q_ will 
be equal to the rectangle PLR; for becauſe the tangent AH is pa- 


rallel to the ſecant LPR, the ſquare of AH will be to the rectangle 


1 as (the ſquare of HT to the ſquare of TL (Cor. 6. 18. 
Book 


ON 
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Book I.) or on account of parallel lines) as the ſquare of AF to 
the ſquare of FQ : but the ſquare of AH is equal to the ſquare of 


AF by this Prop. therefore the mg, PLR is equal to the 
ſquare of FO. 


PROP. X. 


Through the focus F of the conic ſection RAP, draw FT 
an ordinate to the axis AB, and draw the focal tangent 
TD; and a right line from any point P in this ſection or 
in the oppoſite ſection, to the focus F, and the perpen- 

_ dicular PQ to the axis AB, meeting the focal. tangent TD 
in L; PF, LQ will be equal. 


ET the fins PQ meet the ſection again in R; then becauſe 

FQP is a right angle, the ſquare of FP is equal to the ſquares 

of PQ, FO, that is (by Cor. preced. ) to the ſquare of PQ toge- 

ther with the rectangle PLR, that 1s to the ſquare of LQ (6. 2. ) 
therefore the line FP is equal to LQ. Q. E. D. 
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DEFINITION VI. 


ET the focal tangent TH meet AB the axis of a parabola, or 

the tranſverſe axis of an ellipſe or hyperbola in the point D, 

andWraw through the point D a perpendicular to AB: this right 
line is called the Directrix of the conic ſection. 


Co. 1. Every right line perpendicular to the directrix of the pa- 
rabola is a diameter, and converſely, as is evident from Cor. gj. to 
the Definitions of the ſections, Book I. | 

Cor. 2. The diſtance of the directrix from the vertex- of the 
parabola is equal tothe diſtance of the focus from the ſame ver- 
tex, by Prop. XLVII. Book I. 

Cor. 3. The ſemiaxis CA in the ellipſe or hyperbola is a mean 


Pro between the diſtance CD of the directrix from the 
center, 


| 


Fac. 9, 
10, 
11. 
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center, and the diſtance CF of the focus from the center, as is evi- 
dent from Prop. XLVIH. and XLIX. Book I. It is likewiſe evi- 


dent that there are two directrices in the ellipſe and hyperbola equally 
diſtant from the center. 


P'R-:O-P, 6 


If from any point P in a conic ſection RAP, a right line PE 
be drawn perpendicular to the directrix DE, and the 
right line PF to the focus nearer to the direQtrix ; PF 
drawn to the focus. will be-to the perpendicular PE as FA, 
the diſtance of the focus F from the nearer vertex of the 


axis, to DA, the diſtance of che directrix DE from the 
ſame vertex. 


OR draw from the point P a right line PQ perpendicular to 
the axis AB, and meeting the focal tangent DT in L; the 
ſegment OD of the axis between PQ and the directrix will be 
equal to PE, and LQ 1s equal to PF (by Prop. preced.) draw 
through the vertex A of the axis a tangent meeting DT in H; 


then becauſe AH, LQ are parallel, LQ will be to QD as HA to 


AD, that is as FA to AD (9g. of this Book) therefore PF is to PE 
as FA to AD. 2. E. D. 


Co. 1. Hence, in the ellipſe and hyperbola, the right line PF 
drawn to the focus is to PE perpendicular to the directrix as CF, 
the diſtance of the focus from the center, to CA the tranſverſe ſemi- 
axis. For by Cor. 3. preced. CF is to CA as CA to CD; there- 
tore by converſion CF is to FA as CA to AD, and, by permutation, 
CF is to CA as FA to AD, that is as PF to PE by this Prop. 
therefore PF is to PE as CF to CA. | 
| Cor. 2. From the preceding demonſtratiog, the diſtance CF of 
the focus from the center is to the ſemiaxis CA as the diſtance FA 


of the focus from the nearer vertex to the diſtance DA of the di- 
rectrix from the ſame vertex. 


Cor 
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Con. 3. Right lines drawn from points in the ſame ſection or op- 
poſite ſections to a focus, are to each other as the perpendiculars 
drawn from the _ points to the direQrix nearer to that focus. 


80 0 H * L. 1 U M. 


I ET DAH be a right angled triangle,” and take'in wY "_ DA pro- 
duced beyond the right angle A; a line FA equal to ibe perpendicular 
HA, and let the line FA revolve about Ihe point E, and increaſe in ſuch 
a manner, that it be always equal to the line drawn through its extremily 
parallel to HA, and terminated by the lines DA, DH produced : the line 
deſcribed by the motion of the extremity of this revolving line will be a 
conic ſettion, viz. an hyperbola, a parabola or an ellipſe, according as 

_ the baſe DA of this triangle may be leſs, equal, or greater than the per- 


pendicular HA; hence the point D, the interſection of the baſe with 
the bypothenuſe, receding ad infinitum, the hypothenuſe will at laſt be 


parallel to the baſe, and the ellipſe will be changed into a circle whoſe 
center is F; in the other caſes, the point F will be a focus of the ſection 
deſcribed, and the point A the vertex of its axis; and when the revolv- 
ing line \ſball be parallel to HA, its extremity will be in the line DH, 
dich <vill therefore touch the ſeftion. All which is manifeſt from what 
has been demonſtrated above : from hence likewiſe the point B, the other 


10, 
Il. 


- extremity of the tranſverſe axis, and center C may be found, when the 1 


* is an ellipſe or . 


PROP. XII. 


Atta line drawn from any point P in a parabola to the 
focus F, 1s equal to the perpendicular PE Nn from the 
"an point to the direrix. | 


OR, by the preceding, PF is to PE as FA to AD, that! is, in a 
ratio of equality, by Cor. 2. Def. VI. of this Book. E. D. 


Cor. 1. The diſtance of a point within a parabola from the focus 
is leſs, and of a.point without a parabola is greater, than the perpen- | 
dicular drawn from the fame point to the directrix. Let the point 
M be within the 8 and draw MF to the focus, and from 

. 1 the 
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the ſame point a perpendicular to the directrix meeting it in E, and 
the parabola in P, and join PF; becauſe MF is leſs than MP, PF 
together, it will be leſs than MP, PE, that is, than ME. Now kt 
the point N be (without the parabola) in the line PE perpendicular 
to the directrix, and join NF; NF and NP together are on than 
PF or PE; therefore NF is greater than NE. 

Cox. 2. Hence, if the diſtance of any. point Fol the 8 ofn 
parabola be equa], leſs, or greater than the perpendicular drawn 
from the ſame. point to the directrix, that point, in the firſt caſe, 


will be in the parabola, in the ſecond caſe, within the porthal 4 ane 


in the third caſe, without it. Ut Nenn 
IK ART 2's 

It Dom a point P in the byperbola RAP a right line PF be 
drawn to the focus F, and the right line PN, parallel to 


the. aſymptote CY, be drawn to the directrix wal nearer 
to the focus F; theſe lines PF, PN will be equal. 


\OR let the perpendicular PE be drawn from the point P to the 
directrix DE, and let O be the other focus, and draw through 


the vertex B of the tranſverſe axis a tangent meeting the aſymptote 


CY in the point Y, BY will be equal to the conjugate ſemiaxis CM 
(XXXVIII. Book I.) and CY will be equal to CO the diftance. 
of the focus from the center (by Cor. 2. Def. IV.) and (by Cor. 1. 
x1. of this Book) PF is to PE as (CO, or) Cx to CB: but becauſe 
the triangles PEN, CBX are ſimilar, PN is to PE as oe. to Obs 
therefore PF, PN are equal. Q: E. D. | 


Cor. It may be ſhewn in the ſame manner as in the 8 
Cor. that the diſtance of a point, within an hyperbola, from the fo- 
cus, is leſs, and from a point taken without the hyperbola, greater 
than the line drawn parallel to the aſymptote from the ſame point to 
the directrix nearer to this focus; and from hence, if the diſtane of 
any point from the focus of an hyperbola be equal to the line drawn 
from the ſame point to the directrix nearer to this focus and parallel 
to the aſymptote; that point will be in the hyperbola, to the focus 
of which the right line was drawn. PROP. 
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PROP. XV. 


If two right lines be drawn Hom a point 1n an ellipſe or hy- 
perbola to the foci ; the ſum of theſe lines in the ellipſe, 


and their difference i in the hyperbola, is equal to the tranſ- 
__ verſe axis. Pak 


ET AB be the tranſverſe axis of an "ellipſe c or hyperbola, and 
"the points F, O the foci, and DE and ZX the directrices; 
draw Holm: a point P in the ſection PF and PO to the foci, and a 
line parallel to AB, mecting the direftrices DE, ZX in the points 
E and X, 


(By Cor. 1. Prop. XI. of this Book) PF i is to PE x as CF to CA, 
that is, as CA to CD (Cor. 3. Def. VI.) or as AB to DZ; and in 
like manner, PO is to PX, as AB to DZ; therefore the ſum or 
difference of the antecedents PF, PO is to the ſum or difference of 


Fro. 9, 
10. 


the conſequents PE, PX as ABto DZ ; but in the ellipſe the ſum 


and in the hyperbola the difference of the conſequents PE, PX is 
equal to DZ; therefore in the ellipſe the ſum and an the hyperbola 
the difference of the antecedents CO PO is equal to the nen 
aris AB. E. D. i 


Con. 1. If two right lines be drawn from a point without the 
ellipſe to the foci ; theſe two lines together will be greater than the 
tranſverſe axis: but if they be drawn from a point within the ellipſe 
they wil | together be leſs than the fame axis, as is 5 evident from: the 
20, 1. 

Con. 1. And on the! contrary, if the lines 1 from any point 
tothe foci, are together equal, greater, or leſs than the tranſverſe 
axis; that point in the firſt caſe will be in che ellipſe, in the ſecond 
caſe without it, and in the third cafe within the ellipſe, _ 
Con. 3. If right lines MF, MO be drawn from a'point M within 


the hyperbola LAP to the foci ;' their exceſs will be Erteptden the 
tranſverſe axis AB: but if they be drawn from a point N without 
ra their excels will he leſs chan the {ame axis: for let 

N 2 the 
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the point M be within the hyperbola, whoſe focus is F, and let the 
line MO drawn to the other focus O, meet this hyperbola 1 in L, and 
join LF; the exceſs of the line MO above MF is greater than its 
exceſs above LM, LF together, that is, than the exceſs of the line 
LO above LF, that is, than the tranſverſe axis by this Prop.. 

Now let the point N be without the hyperbola, and draw from 
the point L, where the line NF meets the hyperbola, a right line to 

the focus O; NO will be leſs than NL and LO together; there- 
fore the exceſs of NO above NF is leſs than the exceſs of NL, LO 
above NF, that is, than the exceſs of the line LO above LF, that | 
1s, than the tranſverſe axis AB. | 

Cor. 4. And on the contrary, if the exceſs of the lines, which 
are drawn from any point to the foci. of the hyperbolas, be equal, 
greater, or leſs than the tranfverſe axis ; this point will be in one of 
the hyperbolas, or within, or without the hyperbola. 


8 CH ALI M. | 
WW! ILE I endeavoured 10 deduce from the nature of the cone, 


the origin of thoſe lines that are called the directrices of the ſec- 
tions; a theorem occurred to me, which ſeemed not an inelegant one, 
and in ſome meaſure anſwered my deſign. But as it would here interrupt 
the ſeries of the Propoſitions, it is inſerted at the end of this Book. 


P-R :P.: XV. 


If a right line PF be drawn from any point P in a parabola 
to the focus, and a perpendicular PE to the directrix; the 
right line PF biſecting the angle FPE contained by theſe 
lines wilt touch the parabola : and on the contrary, the 
line PT touching the parabola in P will bile the 2 


contained by the lines PF, PE. 


Part 1. F ET any point X be taken in the lite PT, and draw 
the niche lines XF, XE and EF, and draw the per- 


pendicular XD to the directrix; then becauſe in the triangles 85 
| Pr 
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PTE, PF, PE are equal (XII. of this Book) and PT common to 
both, and the angles + TPF, TPE equal, TE, TE will be equal, and 


the angles at T right angles; therefore XF is equal to XE, and 


conſequently greater than XD (19. x.) therefore the point X is with- 
out the parabola (by Cor. 2. XII. of this el and: ee the 
line PIT touches the parabola in P. 

Part a, If nom the line PT touches the ati in Pf it will 
biſect the angle FPE. For if not, draw another line biſcRing this 
angle, this line likewiſe will touch the parabola, in P, by the firſt 
caſe, which is impoſſible (XVI. Book - ind _w 5 * 
men eee es ; 1 50 


@ Þ R 0 P. XVI. os 
if two right lines b, PO be drawn Gene fi win an 
ellipſe to the foci; the right line PT biſecting the angle 
FPE, which is adjacent to the angle FPO gontained by 
* the lines drawn to the foci, will touch the ellipſe. ; in 10 
point P: and on the contrary, if the line PT touches the 
15 ellipſe in P, it will biſect the angle FPE adjacent to the 


Fi, 14. 


angle FPO contained by the lines * from: the pong P 


to the two foci. 
Part x JEET: OP be produced TR {o that PE be 


xo, XF, XE, and alſo FE meeting PT in T; then Pere in the 
triangles PTF, P'TE, PF, PE are equal, and PT common to both, 
and the angles TPF, TPE equal, TF, TE will be equal, and the 


equal to PF, 
and [et @ polo. X he taken. in the-line PT, and draw 


angles at T right angles; therefore XF, XE will be equal; but 


X00, XE together are greater than OE ; therefore XO, XF toge- 
ther will be greater than OE, that is, than OP, PF, that. is, 
the tranſyerle axis of the ellipſe (XIV. of this Book) therefore'1 the 


point XB without the .ellipſe (by Cor. 2. XIV. of this Book) and © - 


conſequently the line PF LE, che ellipſe in the point P. 9. 
Part 4. May be F in th 
part of the n Prop... 
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If two right lines PF, PO be N from a point P. 3 an 


| converging, towards he focus FA the ah Pave to 10 the one N 
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hyperbola to the foci, the right line PT biſecting the 
angle FPO contained by theſe lines, touches the hyperbola 
in P: and on the contrary, if the line PT touches the 
r in P, it will biſect the angle FO contained by 
_the lame lines drawn from the Point! P tothe foci, | 5 ; 
N te afeater ihe line PO take PE cud to PF; 55 
will be equal to the tranſverſe axis (XIV. of this Book) 
join FE meeting PT in. T, and take any point X in the line PT, 
and draw XO, XF, XE, and as in the precetſing, XE, X witt be 
equal: and beoauſe XO is leſb than XE, KO together, its execſs 
above XF will be leis than the exceſs of XE, EO abe XF, that 
is than EO, Which is equal to the tranſverſe axis; and conſequently 
the point. X is without the hyperbola (Cor. 4. XIV. of 4-1 138 
and therefore the line PT touches the hyperbola" in the point P, 
Part 2. Ie demonſtrated in 29 15 n WOres 4s the bed par of 


Part 1. 
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7 E foci if the ellipſe and lyperbola o were called by Lene, vue. 
ex comparatione facta. 


The focus of the parabola be taes wot mention,” Modern writers have 
named theſe points Umbilici or Foci. Perbaps from hence; that the rays | 
of light falling on a concave Jpeculum, formed by the revolution of 8 
conic ſetion round its principal axis, will all meet after reflefion in the 
foeus of the fection, whoſe revalution generates the ſpeculum. _ . 

For if the rays fall an a parabolic ſpeculum. and art parallel to its axis, 
they will meet in its facus N Tefleftion - : Or if they fall on an elliptic 
Mo ING Jrom one focus, they will meet in the other 
focus after refiettion ; 470 they fall on an byperbelic ſpeculum,. and are 


SLOTET . 


+ 


Book 1 Cunic — 10 03 


generates the ſpeculum, whey will meet in its focus after : refleflion... All 
which appears from the three foregeing Propu/itions, aud e . ** 
the * ben n xn e r., 
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an ellipſe or byperbola two tangents which: may meet any 
other tangent PT in the Points H, G; a tincle deſeribed 
about the an e paſs througli che foei 75 0 
of the ſetion.: | (ob; AQGOH &y 9 . 0 H 0? dsc 


E CM. be the conighte Alas abd ernte the tang gents 
A ae F. 7 BG. U is et rk 


pH 0 CM G Ve tha 15 5 7 ( 
are that t 

Def. IV. of this hay erefore Wt 9 AF + G, and 
theſe lines are about the Gqual _ FAH, FB Mee the 
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Angle ppl quare of the ſe 2 jt 


to the tangent n a through 1 point . th 


tangents AH, BG meeting the tangent drawn through P in the 
pela i by W diele deſeribed about the dia- 


p 
N 
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OR draw 8 * extremities of the ana axis oof 
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If two right lines PF, PO be drawn from a point P.in an 


Prop, XV. Z. D. 


focus after reflection; oh 97 they fall on an hyperbolic Jſpeculum, and are 
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hyperbola to the foci, the right line PT biſecting the 
angle FPO contained by theſe lines, touches the hyperbola 


in P: and on the contrary, if the line PT touches the 
hyperbola in P, it will biſect the angle FPO contained by 
- the ſame lines drawn from the point P to the foci, Tat 


Part 1. I N the greater right line PO take PE equal to PP; EO 
will be equal to the tranſverſe axis (XIV. of this Book) 
join FE meeting PT in. T, and take any point X in the line PT, 
and draw XO, XF, XE, and as in the preceding, XE, X wilt be 
equal: and becauſe XO is leſß than XE, EO together, its &xccſs 
above XF will be lefs than the exceſs of XE, EO above XF, chat 
is than EO, which is equal to the tranſverſe axis; and conſequently 
the point. X is without the hyperbola (Cor. 4. XIV. of this Book) 
and therefore the line PT touches the hyperbola in the point P. 
Part 2. Is demonſtrated in the 1285 10 6 * the ſecond part of 


S.C HR 0. 4 1 UM. 


TH E foci of the 2 and hyperbola were called 2 Aptline, — 
ex comparatione facta. 


The focus of the parabola he does not mention. Modern writers have 
named theſe points Umbilici or Foci. Per baps from hence ; that the rays 
of light falling on a concave Jpeculum, formed by the revolution of 4 
conic ſettion round its principal axis, will all meet after reflefion in the 
focus of the ſection, whoſe revolution generates the Jſpeculum. _ 

For if the rays fall on a parabolic ſneculum and are parallel to its axis, 
they will meet in its facus after reflection: Or if they fall on an elliptic 
Heculum, and are diverging from one focus, they will meet in the other 


converging towards the focus of the hyperbola oppoſite to the one which 


"N 
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generates the ſpeculum, hey will meet in its focus after  refleflion.. All 


which appears from the three foregeing Propoſitions, 2 We hence bat 
the * of refledtion is equal to ye . of incidene 


'p R O P. XVIII. ee 


Ds through the extremities 1. the . axis „ of . 
| bop jeu or hyperbola two tangents which: may-meet any 
other tangent PT in the points H, G; a circle deſeribed 
about the Ges Ont will #4 da at the” oy F, 0 
of the ſection, n 8 HD one 


ET CM. be the coujligate ſeniaxis; and becauſe: the tangents 


15. BG, are parallel, aud meet. a third tangent PT. inthe 
points H, G; the rectangle under AH, BG will pe egal to the 
ſquare of CM (by L. Book I.) that i 18, co the. rech le AFB (by 
Def. IV. of this Book) therefore AH is to AF ag FB tg BG, and 
theſe lines are about 0 equal angles FAH, PBG thertfore the 
triangles FAH, FBG are equiangular (6. 6.) and therefore the angles 


FIA, BFG are equal; hut the angles FH A, HFA are equal to 0 


1 „ 
CL 


right 281 (for FAH | is a right angle); therefore the angles BF 
HF A are equal to a right angle ; apd therefore GFH, 18 4 right 
angle, and canſequently the point F is in the periphery of the circle 
deſcribed about GH (converſe. a 3.) in Uke manner it may be 
2 2 et 515 other focus 0 is Wen 4 of 57 ſame eirel . 


1 ye 1 
Me , Lal 


| 7 5655 
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e 2:15 ee e 
IF doo Fight limes PP, PO be Ufawn Wile a 1 Þ . an Fid. = 


"Is or hypeebalh to tl the foci ; they . Will, ntain ry xect- 
| angle equal to the ſquare of — Fa LL a e 


to the tangent drawn through the ben P. 


OR draw 8 the extremities of the ccanfrens axis "6 | 
tangents AH, BG meeting the tangent drawn through P in the 


points * G: : by the * a circle deſcribed about the dia- 
meter 


—_ — 


4 — — — < 
2 A 
a * N 


x ⸗A— dd > es 
— 


le = 
* 
CES 
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biſects FE and is perpendicular 1 to it, and the point F is in its cireum- 


Ft o. 15 
16. 


- the rectangle GPH, that 1 15g) to the ſquare pf. the-ſethidiameter CD 
parallel to GH (by Part 2. Prop. L. Book I.) E. D. 


half of OE, that is, half the tranſverſe axis AB: therefore the 


"IP OT, A OT 1 
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meter GH will paſs through the foci; draw from either focus as F. 
the perpendicular FT to GH, and let it meer OP in E: and ber 
cauſe the angles FPT, EPT are equal (by *Part' 2. Prop. XVI. 


XVII. of this Book) and PT. common ; FT will be equal to TE 
and PF to PE; therefore becauſe the diameter GH of the circle 


ference, the point E will be in the ſame; and conſequently by a pro- 
perty of the; cirele, the rectangle: OP E, that is, OF is equal to 


4 


tt 902 5 P RO P. os d d 1D 1 
if from the fort F, O of an ellipſe of Hy petals; the right 
| lines FT, OL be drawn perpendicular to the tangent GPH; 
a circledeſcribed about the tranſverſe axis will paſs through 
the points T, L, where the, aaa meet the tan. 
ie 2 871 1 8 I | 


ET AB be the tranſverſe axis ind C the center, and draw PF 41 
PO from the point of contact P to the foci, and let the per- 
pendicular FT meet PO in E, and join CT. Becauſe the angles FPT, 
EPT are equal (XVI. and XVII. of this Book) and PT common, 
FP will be equal to PE; therefore OE is equal to the tranſverſe 
axis (XIV. of this Book) but FT, TE are equal, and likewiſe FC, 
CO (Cor. 3. Def. V. of this Book) therefore OE, CT are pa- 
rallel, and conſequently becauſe CF is half of OF, CT will be the 


point T is in the circumference. of the circle, deſcribed about AB: 


and in like n manner the Point L will be in the Ame circumference 
B'S, 0 * 21020 | 
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oo ELSE III. 
If che 3 FT, OL be drawn from the two foci 


E O to any tangent 8H; ; they will contain a rectangle 
2i/1equal to the: ſquare of ech beit. bat TTH1, 

huis cab ods of Off. 5 Ao be 
R let AB be: nhe ener axis, and 0 the LADY and Join 
CT, whit guy on in N; becauſe ON, FT are. pa- 
rallel, the triang ples SEPT, "Oo will be equiangular, and' therefore 
becaufe CF, 00 are equal, CT, CN, and likewiſe ON, FT will be 
equal: but the circle deſcribed. W = axis AB. will paſs through 
the points F and I. (by the ing) and becauſe, CT, CN are 
equal, it will likewiſe paſs;th E the point N, and therefore. by 
a property of the circle, the rectangle under LO (ON, or) TF will 


: * egual to the rectangle BOA, that is, to the INN of the: ; 


jugate ſemiaxis (by Def. IV. of this Book). iN E 


117 „ 40 * 
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Let the right line, PT. touch an ellipſe or eb Fa" at 
the point, of; contact P, draw PN, meeting the tranſyęrſe 


axis, and per pendicular to the tangent, and draw from the 
center, K perpendicular to the/ſame tangent; theſe, per- 
+1 pendiqulars will contain yes equal to the ſquare of 
een e ee CM, - IHA nsr 911 03 20 Hiw 


2178 IJ} | 6 10031 »* 


ET AB, Mi be the axes »& d the ell 18 er byperbola,” ay c the 
center. Draw from thè point of contact P the right hes 


PE, PQ. perpendicular to the axes ;, QC will be equal to PE: 
CM meet. PT. ip R, and on account of parallel Ines, the angles 


NPE, BIR will, be equal; therefore the ri ht angled triangles 
e PEN are fimilar; and bs 5 will be to CR as PE to PN, and 


FIG. 75 


och con- 
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| | conſequently the 3 under CK and PN is equal to the rect- 


0 angle under CR and E 55 5 P the ſquare of CM (by 


| | XLVUI. XLIX. Book 
[ ct on! 50) mort fineth sd 0 'F'4 bew old 11 
| 


longs £ nicnos HR YM, ERNI ne vue 0 4 


Fin. , JOE touch al elk pf uf hy petbdta, und drivr- Hun >the 
| point of contact P, the right line PO to the focus, and 
"From. che Sts, © Or) Parallel to PO, mitetthg the'tablg Gf; 
| Er vin be equal % haſt of "the rale reis AB.” 


| — JG iiIW PF. 21.9 IBI 953 E 4 


KOR a bf 100 other focus ang HU 11% id A te p 
| . dura 1 that it thay meet PO in E beg dete OB, Sure 
| | Friſe and 66. "CT bal "PL, TF. Will be equi ; and becauſe 
| the tangent PT bites the ang le PEPE, FP will be to PE as FTI to 
. TE (by 3. 50 therefore PP, P are equal; ah Yhertfore the line 
| OE is 5 to AB (by XIV. of this Bock) bot becaufe Cx is” half 
| of OF, CT will be the Half df OE, or of the tranfrerſe axis Ak. 
| 9. E. D. 


| _ R 0 P. N. an f 
Fic. 17, Let che right lite PT teich an llipfe ' or hyperbelas and 
1% draw from the point of cofttact P, two right lines t6/the 
7 axis of che ſection, one of them PEI an eidinste te the 
axis, and the other PN Lerßehdicut 0 che tangent; the 
ſegment CE of the axis between the center and erdinate 
will be to the ſegment NE of the ſame axis, hetween' the 
| _ ordinate and perpendicular to the tangent, a as the axis to 


its parameter. n Se 


110 7 


ET the tangent PT * ihe” gxis of Fs "tn AB a D, 
and firſt let AB be either of the axes of the cllipſe ot the 
tranſverſe axis of the hyperbola ; CE is to NE as the wech 


CED to the rectangle NED; but the rectangle CED is equal to 
the 


Book II. Ganie. Heine * 187 
angle-BEA.(C IX. Book 1.) and becgyſe NPD is 
arg 2 155 Eat ly 8 ie e AB 1 TE NED is 


equal. 1 to 22 of PE; ther hre is % NE. ag the Rin 
to the {qyare of Ph ar, tber An 19 its pardmeter 


on. Ds of this? Baß... pre 
Secondly, let AB be the conjugate axis * th AVER (by Cor. 


2. XLIX. Book I. a the rectangle CED will der equal to the ſqquares 


Fic. 19. 


of CE. and C a as befc 05 of RE le. NED 5 be equal 
to the ſquare. b, wy CE will be NE, 6s as the rectangle CED 
to the. rectangle; 1 is, 2 25 7 5 e E, eß̃ is" the 


ſquare of the ordinate "PE, that l. oo PL the e 8% its Panter 
7) U emed DF ge 
(by. Wars Hefei Hof . 
5 5 Cy TTY 3157 & ik enn Ot 15 ect { &, T3 450 
ng | 3 44 122095 21 Pp R 0 P. Ar. 3.8 gi n 4 | 5 ; 


Let PT touth'a parabola; and meęt the axis: AB n.T, and 
draw from the point of contact P two rightolines: to the 


axis, one of them PE erdinately applied tosthg axis, and 
the other PN perpendicular to the tangent; the ſegment 
EN of the axis intercepted by” theſe lines Will de half che 
parameter of the axis: and the ſegment TN petween che 


| tangent. and the perpendicular PN will be 15 18 para- 
meter of the diameter whigh paſſes e de poirit'6f 


contact . 501 41 "ul 20 44 


3011 


draw 7 82 point of contact 5 "the ' Gikmeter" 50. 


3 


Font and by. Prop XLV 0k T Ni 7 L. EA or Lk is the 


half of TE. 


"mr 40 nn 0 2 * 7 Fr} / FTE) i) «\ 1 


Part 1. Becauſe NPT is a right hag ahd PE is 3 | 


to TN, the rectangle under TE, EN is equal to the ſquare of, PE, 
that is, to the rectangle under AE and the parameter of the axis 


Fic, 20. 


(I. of this Book) therefore as TE is to AE, ſo is the parameter of 


the axis to EN, which is therefore the half of that parameter. 
This ſegment EN of the axis is called the Subnormal. 


O 2 


Pari 


: 


Part 2. Becauſe of che ſimilar re&tang led triangles 'TPN; - TEP, 
x = rectangle under. TE, TN, will be equal to the ſquare of TP, 
that is, to the rectangle under 'TA and the parameter of the dia- 

meter (Prop. II. of this Book) therefore TE is to TA as the j para- 
meter of the diameter DQ to IN, > which! is therefore the half of 


| 20 A . 


that, dane E. P. A ee 5 8 


AE f 1 14 ei 94 4 2 


N "Henco, if a kak t line vr 15 drawn go the vertex P 
of any diameter DO to the focus, it will be à fourth part of the 
parameter of chat diameter. For, the tangent PT being drawn, 
becauſe the diameter DQ is perpendicular to the. dect of the 
parabola, the angle FPT will be equal to the angle DPT (XV. of 
this Book) that is, to the alternate angle FTP; therefore FP, FT 
are equal: then if a circle be defcribed from the center F through 
the points T, P, it will paſs through N, becauſe TPN is a 
angle; therefore the line PF is half of TN; and therefore a * 
part of the ede the diameter 18 by the; Fand paxt of 
this Prop. } G3 YH! By AT 12120 903 
See Newton's Principia Math. Lemma I 3. Bock L 41 3 j 
Cor. 2. From hence the ſegment. of any e * its 
vertex and directrix is a fourth part of its parameter, as 1s evident 
from (Cor. preced. and Prop. XIL. ok this Book) but if the point 
P were the vertex of the axis, both the Corollaries are evident from 
the Def. of the focus. 4 9905 
Con. g. If the right line Joining t the vertices of two diameters 
be an Reb to the axis, cheir Parameters, will be. equal.” For 
their ſegments between the vertices and Uredrrix: 4 are equal, being 
the oppoſite ſides of a parallelogram. 15 
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A A right lie — — hy: a conie ſection paſſing through 
the focus, and ordinately applied to the axis, is equal 
tothe parameter of the axis: but every right line ter- 
ee by a parabola and paſſing through the focus, 


is equal to the parameter of that diameter to * the 

Ine 1s 24 e applied. 

Part 1. IRST let the dtion bean  llple or hyperdelts, whoſe, Tic. 27» 
tranſverſe axis is AB and conjugate axis Mm, the cen- 

ter C, and focus F, and. through F let XY paſs ordinately applied 

to the tranſverſe axis AB; X will be equal t to the parameter of 

the axis ABZ. 

For (by Cor. 1. Prop. XXXI. and Def. XXIV, Book. 1.) the 
ſquare of CA is to the ſquare of CM as the Triangle BFA, that is, 
CM, FY are proportional ; : . the whole ines AB, Mm, XY 
are proportional, and therefore XY is the parameter” o the tranſ- 
verſe axis AB, by the definition of a parameter; ſecondly, if the 
ſection be a parabola, the ordinate to the axis paſſing through the 
focus is equal to the parameter of the- axis, by Cor. 2. Prop. I. of 
this Book, and the Def. of the focus. | 


Part 2. Let XV terminated by a ben” paſs through he io. 20, 


focus and be ordinately applied to the diameter D and meet it in 
the point O; through the vertex P of this diameter draw PF to the 
focus, and let the line PT touch the parabola in P, it will be pa 

rallel to the ordinate OX ; therefore the angle POF is equal to 5 
angle DPT, or TPF (XV. of this Book) that is, to the alternate 
— PFO; therefore the abſeiſs PO is equal to PF, that is, to a 
fourth part of the parameter of the diameter DQ, by Cor. 1. preced- 
ing; therefore XY is equal to. the parameter of the diameter DQ, 
to Weh it Is e e oY Cor, 2. Oh, 1. of this Book. 


— 
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Fi. 18, Cor. Hence, if from the focus F of an hyperbola a right line 
FL be drawn parallel to an aſymptote, till it meets the ſection, it 
þ , will be a fourth part of the parameter to the tranſverſe axis. 
| Draw through the focus F an ordinate FX applied to che axis, 
and meeting the hyperbola in X, and let” dr be the directrit of the 
hyperbola, let FL produced meet the directrix in d, and draw Xr 
to the dĩrectrix and parallel to Fd; Xr will be equal to Fd 34. 1.) 
and by Prop. XIII. of this Book, FL, Lad will be equal, as alfo 
FX, Xr; therefore Fd is equal to FX, that is, to half the para- 
meter of the tranſverſe axis (by Part 1. of this Prop.) and there- 
fore FL the half of Fd is a fourth eat, pf the Linea of of the 
tranſverſe axis of the hyperbola. r 


” 6 * 


RN E2 

ric. 17, If a right line PT touches a conic ſection, 20 a \right lige 

1% PF be drawn from the point of contact P to the focus E, 
alſo PN perpendicular to the tangent, and meeting in N 
the axis AB, which paſſes through the focus, and if the 
perpendicular NV be drawn from the point N to PF; 
this line cuts from PF the ſegttent VP equal to half the 


dee the axis AB. fy IT. Wet 5 


28901 


F1G, 20, HEN the ſection is a n draw PE Petpchckchlir to 
4 the axis, becauſe it has been ſhewn in Cor. N XXV. of 
this Book, that PF is equal to NF, the angle FPN is equal to the 
angle FNP ; wherefore the right angled triangles PEN, NVP are 
equiangular, and have the fide. PN common, therefore theſe tri- 
angles are equal, and therefore PV is equal to NE, that is, to half 
the parameter of the axis (Part 1. Prop. XXV. of this Bock). 
N But if the ſection be an ellipſe or Aperdos, draw CK from the 
18. center, perpendicular to the tangent, and CT parallel to PF, and 
let CM be the conjugate ſemiaxis : and becauſe CK, TI” ate pa- 
rallel to PN, PV, the angles KC T, NPV will be cqual} and there: 
fore the fight angled angles CKT, NV are equiangular; there- 


ſore the rectangle under CT, PV 1s equal to the rectangle under 
CK 


: b F 
— 
- 
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CK and NP, that is, to the ſquare of CM (XXII. of this Book) and 
therefore CT, CM, PV. are proportional; but CT is equal to CA 
(by XXIII. of this Boo and cunleldefliy PV is half the N 
of che auis AB, by rhe Def. of whe reh ED. 
Hud (SD HA, Abos c e nie Mee 


* S ef Ov; 21 FR 0 N x Nor. 
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If through the focus O of an ellipſe or. hyperbola a right Fie. . 
line be drawn meeting the ſection or oppoſite hyperbolas 


in the points H, I; the diameter UL. drawn! parallel tp 
this Nute will be a mean proportional between che ſegment 


HI of the line intefcepted by = ſeckion Or R 
and the tranſverſe axis AB. 


n 


r ET C be the center of the ae Fr draw a dürberer bifect- 

1 itrgHIinG ; it will be conjugate to U (by XXVII. Book I.) 
chrouriths p oint H draw HS an ordinate applied to the diameter 
UZ, it will be parallel to CG (Cor. XX VII. Book I.) and draw the 


tangent HT meeting UZan.T : then becauſe CT drawn from the 
center to the tangent is parallel to HO joining the point of contact 


and; focus; CT willi he etual to CA: hut: CS is equal to GH (34. 1.) 
andi the 5 a mean er pers ST. CS 


L 
* = = © + WE n 
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Fe 


Cor. Hence, 4 Tines terminated both ways 57 10 pt or 
hyperbola. (and when neceſſary produced) paſſing through the focus, 
arg to each other as the 1 of the diameters to which they arc 


C4! 
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FIG. 13. 
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if right lines terminated both ways byae conic SeRiceoe.o op- 
poſite ſections pals (produced when neceſſary) through 
the focus; the rectangles under their. ſegments, viz, be- 
tween the focus and ſection or ſections, will be to vr 
other as theſe * lines.” a 0 O 80967 911) Ago M 
EH NO D300 £49 1599 1197 4th:50 gail 
OR: af the ſection be; an tid or n t the hero 
= under the ſegments of theſe lines will be tg each other as the 
ſquares of the diameters to which the lines are parallel (FAIR and 
XL. Book I.) that is, as theſe lines by Cor. preced. GX 
If the ſection be a parabola, the rectangles under the dent 
of the lines are as the parameters of the diameters, to which theſe 
lines are ordinately applied (Cor. 2. Prop. III. of this 8 that 
is as the lines een 7 13 © chr Book. * E 


TT 
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* RO P. XXX. wh B N 

If Sen the focus of a parabola a right line be = per- 
pendicular to any tangent; the ſquare of the perpendi- 
cular will be equal to the rectangle under the diſtance of 
the point of contact from the focus, and the diſtance of 
the focus from the vertex of the axis. 


ö 1 
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ET AB be the axis of the parabola and 1 the focus, and draw 
through the point P in the parabola a tangent meeting the axis 
in N, draw the right lines PF to the focus, PB an ordinate to the 
axis, and PE perpendicular to the directrix: let FT be drawn from 
the focus perpendicular to the tangent, and join AT; becauſe the 
angle NPF is equal to the angle NPE (by XV. of this Book) that 


is, to the alternate angle PNF, the lines FP, FN will be equal; 
therefore the perpendicular FT biſects PN in T, the ſegment BN is 


alſo biſected in the vertex A (by the XLVII. Book I.) therefore TA 
| | 1 
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is parallel to PB, and conſequently is perpendicular to the axis, and 


Les. becauſe FTN is. a right angle, the 17 of FT is equal 
to the reQtangle under FA, FN or FP. Q, E. D. 2 


; Con. Hence, the W of perpendiculars drawn from * focus 
arabola to th®tangents, are to each other as the diſtances of 


wy dints of from the focus. 


PROP. XXX. 


If fom che fbeus O of an ellipſe or hyperbola, cb ins 


O be drawn perpendicular to any tangent GPH, and'OP 


de drawn to the point of contact; OL will be to OP, 


as the conjugate ſemiaxis CM to the ſeiniciamneter CD, 
which is parallel to the tangent. , 


ROM the'other focus F, draw FT e to the tan- 
gent GP, and PF to the point of contact; becauſe (from the 
ſecond parts or Prop. XVI. and XVII. of this Book) the angles 


FPT, OPL are equal, and conſequently the riglit angled triangles 


FTP, OLP fimilar, and: therefore the rectangles under OL, FT 
and OP, FP are fimilar ; therefore the ſquare of OL is to the ſquare 
of OP, A the retain je under OL, FT to the rectangle under Op, 
FP, that! is, as fe ſquare of CM to the ſquate of CD (by XXI. 
and XIX. of this: Book) ner ne as CM . 
2 ni 1 0 mik: | fe 4.4 | 


Cos, 1. ee if ht! capter 0 tes an ellipſe or DT ARTTY 


CK be drawn, perpendicular t to any tangent GH; CK will be to the 


franſyerſe ſemiaxis CA, as the conjugate ſemiaxis CM to the ſemi- 
_ -dianyer CD parallel to the tangent. 41933 


Fot draw from the focus the right line OL * to 11 | 


and OP to the point of contact, and CT from the center d 
tangent, . to OP; , CB will be equal 1 to CA "(INE of 


. {a — — 7 


- 


FiG, 


T5» 


FIG. 22, 


CT or CA, as OL to OP, that is, as CM to CD, by this Prop. 


tde ſquare FT varies more than in the ratio of FP; but in the hy- 
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Book) and becauſe the triangles KCT, LOP. are fimmilar, CK is to 


Con. 2. Becauſe in the ellipſe or hyperbola, the ſquare of FT is 
to the ſquare of FP, as the ſquare of CM to the ſquare of CD, and 
the ſquare of oe conjugate ſemiaxis CM is given; ; the IQUare of 


FT will be as f that is (by XIX. of this Book) as 55 O5 or as 


FP therefore the ſquare of FT increaſes in the ratio in which FP i 18 
op 


increaſed, and OP diminiſhed ; but in the ellipſe; when FP is in- 
creaſed, OP is. diminiſhed, and the contrary: therefore in the ellipſe 


perbola FP, OP are: increaſed. together, or diminiſhed. together ; 
therefore in the; hyperbola the ſquare of FT varies leſs than in the 


ratio of FP; and conſequently the perpendicular FT drawn from 
the focus to ce tangent in the ellipſe varies more, and in the hy- 
perbola leſs than in the ſubduplicate ratio of FP, viz. the ape 
of the focus F from the point of contact P. 

Sce Newt. Prin. Math. Cor. 6. Prop. XVI. Book I. 


P R OP. XXXII. een 
Let AB be the tranſverſe, and MN. the conjugate axis of an | 
ellipſe, and C the center: if from a point D in. the con- 
jugate axis a right line DG be placed, meeting the tranſ- 
verſe axis in G, and equal to the ſum or difference of 
the ſemiaxes CA, CM, and if in DG (produced beyond 
the point G, when DG is the difference of the ſemiaxes) 
.GP be taken equal to N the e will be in the 
3 WET an, 


= 


OR draw PE through the point P ordinately applied to the 
axis AB, and from the center draw a right line parallel to DP, 
and Meeting 7 PE produced in F; becauſe CD, PF are parallel,' CF 
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is equal to DP ( 34. 1.) that is, to CA by conſtruction; there- 
fore the point F is in the circumference of a circle deſcribed about 
AB; and becauſe the triangles PEG, FEC are fimilar, the ſquare 
of PE is to (the ſquare of FE, or) the rectangle BEA, as the 
ſquare of (GP or) CM to the ſquare of (CF or) CA ; therefore 
the point P is in the ellipſe (by Cor. XXXIV. Book I.) Q. E. D. 
Cor. Hence, if two right lines AB, MN biſect each other at 
right angles in the point C, and DG be equal to the difference of 
CA, CM, and GP CS beyond the point G, which is in the 
greater line AB) be equal to CM, and the line DG be moved 
through four right SS ſo that the point D be always in the line 
MN and G in AB; the point P will deſcribe an ellipſe, whoſe 
tranſverſe axis will be AB, and conjugate axis MN, and from hence 
an ellipſe may be deſcribed by an inſtrument called the Elliptical 


Compaſs, as will readily appear * ung; the conſtruction of 
that inſtrument. 


R OP. XXII. PR OBL. m. 
An indefinite right line being given in poſition, and a point 
given in it, and a given right line biſected by it; to deſeribe a 
parabola of which this indefinite right line ſhall be a dia- 


meter, and the given point its vertex, and to which the 
given biſected line ſhall be an ordinate. | | 


IRST, let AB be the Wia ne given in Ns "20 biſect- 
ing the given line OS in C at right . and let A be the 
given point in thg line AB. | 

Find the line QM a third oroponionad to CA, co, and from the 
point A in the line AB and towards the point C take a ſegment 
AF equal to the fourth part of QR, and let AD in the line AB be 
equal to AF, and draw through the point D the indefinite right - 
line DX perpendicular to AB: then place the ruler HEG (whoſe: 
tides HE and EG are perpendicular to each other) on the plane 
RDF, fo that the, fide HE may be applied to DX, and let the 
2 _ other 
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other fide EG be on the fame fide of DX with the point F, and 
tet the extremity of a ſtring GPF of the ſame length with the fide 
EG be annexed to the end G of the fide EG, and the other extre- 
mity of it fixt in the point F: let part of the ſtring GP, by means 
of the pin P, be applied to the fide of the ruler EG and firetched 
along it, then let the fide HE of the ruler be moved along DX, 
and at the ſame time let the ſtring, ſtretched by means of the pin, 
be conſtantly applied to EG the fide of the ruler ; the line deſcribed 
by the motion of the pin P will be the parabola required. ö 


For let a parabola paſs through the points O, A, 8 (by XXXIIL. 
Book I.) of which let AB be a diameter and A its vertex, and to 
which OS be ordinately applied ; AB will be the axis (by Def. 
XXII. Book I.) and the right line AF or AD taken four times, its 
parameter, by conſtruction, and Def. I. of this Book, and conſe- 
quently the point F is the focus, and the line DX the directrix of 
this parabola (by Def. III. and Cor. 2. to Def. VI. of this Book) 


then becauſe the whole ſtring GPF is equal to the fide of the ruler 


EG; the part of it PF, viz. the diſtance” of the pin from the fo- 
cus of the parabola, will be equal to the perpendicular PE drawn 
from the pin to the directrix; therefore the pin P will always move 
in the parabola OA (by Cor. 2. XII. of this oy tar and e 
by its motion will deſcribe it. 

Secondly, let VL be the line given in poſition biſecting the given 
line MN in Y, but not' at right angles to 1 and let LV be the 
given point ip the line VL. 


Find QR a third proportional to YV, YM, and from the point 
Vin the line VL take the ſegment VK equal to a fourth part of 
QR, and on the fide of the point V oppoſite to where the point x 
is : and draw through V, VT parallel to MN, and the right line 


VF equal to VK, making the angle TVF equal to the angle 


TVK, and through K draw DX perpendicular to VL : then fix one 
extremity of the ſtring in the point F, and by means of the pin 
and ruler let a parabola be deſcribed, as in the former caſe, whoſe 
directrix is the line DX and focus F, and this will be ou parabola 
required, 


For : 


* 


E 
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For it will paſs through the point V, becauſe VF, VK are equal 
(by Cor. 2» XII. of this Book) and the line VL perpendicular to 


the directrix will be a diameter (Cor. 1. Def. VI. of this Book) and 


four times VK its parameter (Cor. a. XXV. of, this Book) and the 


line VT touches it (by XV. of this Book) becauſe the angles TVF, 


TVK are equal; and therefore the line MN parallel to this tangent 
is ordinately applied to the diameter VL, and becauſe. the ſquare of 


YM or YN, by conſtruction, is equal to the rectangle under the 


abſciſs VV and: the parameter of the diameter VL, the points M 
and N are in this parabola (by Cor. 1. 1 L. of aa: . 


: Cor. 1. Hence, if the directrix DX be given in poſition, and 


the yertex of the axis given, viz. the point A; the parabola; may 


be deſcribed by drawing AD perpendicular to the directrix, and 


making AF equal to AD; for the point F will be the focus: and 


likewiſe if the vertex A and focus F be given; join AF and pro- 


duce it to D, ſo that AD be equal to AF, the line drawn through 
the point D perpendicular to DA will bexthe directrix. But if the 


axis AB be given in poſition, and its vertex A and parameter Q 


given, let the focus be found by its Definition ; likewiſe, the axis 


being given in poſition, and the focus and parameter to the axis 


given; the directrix may be found; therefore in theſe caſes a pa- 
rabola may be deſcribed, as is demonſtrated by this Prop. 


- Cor. 2. Hence likewiſe, if a diameter LV of a. parabola. be 


given in poſition and its vertex V given, and its parameter be given 


in magnitude, viz. QR, and a point P in the parabola; this para- 


bola may be deſcribed. For in the line VL take the ſegment VK 
equal to a fourth part of QR, and through the point K draw the 


right line KE perpendicular to VL, and through P, PE perpendicu- 
lar to KE: then let two circles be deſcribed from the centers V, P, 
and with the intervals VK and PE, meeting each other in the points 
F, G; if a parabola be deſcribed, whoſe directrix is KE. and focus 


Fic, 24. 


F. or G, it will paſs through the points V and P (Cor. 2. XII. of 


this Book) and VL will be a. diameter (Cor. 1. Def. VI.) and VK 
taken four times, that 3 is, will be the e of that dia- 


meter 


Fis. 250 
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meter (Cor. 2. XXV. of this Book). It is manifeſt that in this caſe 
two parabolas may be defcribed, which ſhall ſolve the problem and 


one only, if the circles deſeribed meet in one point only; but if 
theſe circles do not meet each other, * cd in that caſe will 


be impoſſible, 


PRO P. XXXIV. PROBL. IV. 
Two right lines biſeQing each other being given in Poſition 
and magnitude; to deſcribe an ellipſe in which the given 
lines ſhall be conjugate diameters. . 


IRST, let AB, MN be the given lines biſeQing each other in 
the point C at right angles : and becauſe in this caſe, AB, MN 
muſt be unequal (Cor. 2. XXXI. Book I.) deſcribe a circle from 
the center M, the extremity of the leſſer line MN with an interval 
equal to CA half of the greater hne AB, and cutting AB ip the 
points E, O, and in theſe points let the end of a ſtring be fixed, of 
the ſame length with AB, and by means of the pin P let the Kring 
be ſtretched, and the pin carried round till it returns again to the 
ſame point it moved from; the line deferibed by this motion will 
be an ellipſe, in which AB, MN ſhall be conjugate diameters. 

For let an ellipſe paſs through the points A, M, B, N, of which 
AB, MN are conjugate diameters (by Prop. XXXIV. Book I.) and 
becauſe theſe conjugate diameters are at right angles to each other, 
the greater of them AB will be the tranſverſe axis and the jeffer 
MN the conjugate axis; and the points F, O the foci, by con- 
ſtruction, and Cor. 1. Def. V. | 

Then becauſe the * of the lines which are drawn Bom the pin 
P to the foct is always equal to AB, the pin P as it is carried round 
will be in an ellipfe (by Cor. 2. XIV. of this Book) and conſe- 
quently by its motion deſcribes an ellipfe. 

Secondly, let the two given lines biſecting each r be not at 
right angles. It is evident that two ellipſes cannot have the ſame 
center, nor the ſame two conjugate diameters given in poſition and 
magnitude; for if they could, every point in one ellipſe would be 


* 


alſo in the other (by Cot. e Bo6k 1.) that is, the eipſes would 
coiteide; therefore tu cohugate diatmieters being: given in poſition 


and magnitude the ellipſe will be given, and conſequently the axes 


will be given in pbfition and m bitch and theſe being found (by 
Prop. VII. of this 2 the elk 
preceding caſe :: 


| LY ET 
| * 1 b 


« / 14 ü 


7 1055 Ber hich biſect 6 G w_ given in 
bean and magnitude; to deſcribe oppoſite wing erbolas 
5 which the nien lines ſhall be conjugate diameters. 


IRST, let the two given lines AB, MN biſect each other in 

the point Cat right angles, join AM, and from the point C, 
in the line AB produced both ways take the ſegments CF, and CO 
each equal to AM; at the point O let the end of the ruler OG be 
fired, ſo that it may be freely carried round this point ad a center: 
and let the end of a ſtring be affixed to the other extremity G of 
the ruler, the length of which the rulet exceeds by a right line 
equal to AB, and let the other end of the. ſtring be fixed. inthe point 
F, and apply the ſtring by means of the kin P to the ſide of the 
ruler OG, and let the ruler be moved abbut the point O, and at the 


ſame time the ſtring, by means of the pin, be | conſtantly applied 


and kept cloſe to the ruler ;- the pin P by its motion will deſcribe 
one of the oppoſite n of man the dien em are 
conjugate diameters. 

For let the oppoſite Adele be odd to * deſcribed by 
XXXV. Book I.) of which AB may be a tranſverſe diameter and 
MN its conjugate ; the point C will be the center, and becauſe 
theſe conjugate diameters cut each other at right angles, AB will be 
the tranſverſe axis and MN the conjugate axis, and conſequently 
the points F, O will be the foci of the hyperbolas by conſtruction, 
and Cor. 275 Def. V. but becauſe the exceſs of the ruler GPO above 
the ſtring GPF is equal to AB, the exceſs of the line PO above PF 


will 
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are be en a8 in the 


Fig. 26. 
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will be equal to the tranſverſe axis AB; therefore as the ruler is 
moved the pin P will be in one of the bypertiblas (by Cor. 4. XIV. 
of this Book) But if the extremity of the ſame ruler, which was 
affixed to the point O, be now affixed to the point E, and the end 
of the ſtring be fixed in the point O, and the ſame. as before ef- 
fected: an hyperbola oppoſite to the HYPE now deſcribed, will 
be generated, as is evident. " 

Secondly, if the two given lines do not cut each other at right 
angles: two conjugate diameters of an hyperbola being given in 
poſition and magnitude, the hyperbolas will be given, and their axes 
will be given in poſition and magnitude, as in the ſecond caſe of 
the preceding Prop. therefore the axes being found (by Prop. VII. 
of this Book) the hyperbolas may be deſeribed, as i in the TOW — 


ing caſe. \ 


Cor. To this 0. adi Propgllid: Swe, if. the whe: 
verſe axis AB of an ellipſe or hyperbola be given in poſition and 
magnitude, and the foci F, O be given; the ellipſe or hyperbola 
may be deſcribed. Or if any diameter AB be given in poſition and 
magnitude, and the line PE, which from the given point P in an 
ellipſe or hyperbola is ordinately applied to the. diameter AB; an 
ellipſe or hyperbola may be deſcribed : for biſect AB in C, and draw 
through the point C a line parallel to PE, in which line take CM, 
CN equal to each other, that the ſquare of CA be to the ſquare of 
CM or CN, as the rectangle AEB to the ſquare'of PE: and by 
the means of the preceding Propoſitions : deſcribe an ellipſe. or hy- 
perbola, in which AB, MN ſhall be. conjugate diameters; it will paſs 

through the point P, by Cor. XXXIV. and XXXV. Book I. 
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PROP. . XXXVI, .PROBL. VI. 


The directrix and one of the aby mptotes of an . hyperbola 
being given in poſition and the focus given, nearer to 
this directrix; to deſcribe the hyperbola: HAS ee BEI 


k - q 


ET Dx be the JiteQteix of an hyperbola, and E,. the * 
nearer to that directrix, and let the line CV be parallel to one 


of the aſymptotes; place a ruler. « on the ſame plane with the hyper- 
bola, ſo that the ſide HE of it be app lied to the line Dx, and that 


Fi6, 27. 


the other fide EG be on that part of DX where the point F is, and 


let the fide of the ruler EG be inclined to the ſide HE, that it 


may be parallel to CV: then by means of the pin P, and of the 
ſtring applied to the ſide EG, the extremity of which is fixed in 


the point F, let all be effected as in the deſcription of the parabola, 
Prop. XXXIII. of this Book; the line deſcribed by the motion of 
the pin P will be an hyperbola, its directrix DX, and aſymptote pa- 


rallel to CY, and focus F. For becauſe the ſtring GP F is equal to 


GPE, the right line PF drawn from the pin P to the focus is equal 
to PE drawn from the ſame pin to the directrix, and parallel to-the 
aſymptote; and therefore the pin P moves in an hyperbola, of which 
DX is the directrix and the point F the nearer focus to this direc- 
trix, and whoſe amps is . to CY: (by Cor. op: XIII. 
of this Book). 5 HYD 

Con. If a plane cutting a conical fatface ind auki6g the: ſeQtion. 
of a parabola, be inclined-in the leaſt ſo as to meet the oppoſite ſur- 
face, this ſection will be changed into an hyperbola; and the ſame 


analogy may be obſerved between the deſcriptions of theſe ſections 


upon a plane; for if the ſide of the ruler to which the ſtring is ap- 
plied in the deſcription of a parabola, be in the leaſt, inclined to the 
other fide of the ruler, the pin will deſcribe an hyperbola; and beſide 
when in the deſcription of theſe ſections the ſide of the ruler paſſes 
through the focus, the part PF of the ſtring betueen the focus and 
pin will be a fourth part of the parameter of the axis in both ſec- 


tions, as is evident from the Definition of the focus of a e 


and from om Prop. XXVI. of this _ 17 V Wo; 
| _ 2323 R 0 P. 
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PROP. XXXVII. 1 


Let GVH be a right cone, and PAR a conic ſeQion i in its | 
ſurface, and LNO a circle which does not meet the ler- 
tion: let its diſtance AL from the vertex. of the ſection 

be equal to AF the diſtance of the ſame vertex from the 
focus F neareſt to this circle ; I ſay that the interſection ot 
the plane of this circle Wich the plane of the ſection will 
be its directrix, and that PN a fide of the cone inter- 
cepted between this circle and any point P in the ſection 
will be equal to a right line drawn from the me point 
to the focus F neareſt to this cies 


ET the cone be cut enn its axis vx by a plane GVH per- 
L pendicular to the plane PAR of the ſection, and cutting it in 
the right line AFB, this line will be the axis of the ſection, which 
in the ellipſe or hyperbola will be the tranſverſe, and conſequently 
the vertex A, the focus F of the ſection, and the line AL will be 
in the plane GVH : then becauſe the plane of the ſection PAR, 
and the plane of the circle LNO are both perpendicular to the-plane 
GVH, their common interſection DE will be perpendicular to the 
plane GVH (19. 11.) and conſequently to the axis AB of the 
ſection; and becauſe DE is in the plane of the circle LNO, it will 
be parallel to the plane of the cone's baſe; let the line DL be the 
interſection of the plane GVH- with the plane of the circle LNO, 
it will be parallel to the prone of the baſe, as is maniteſt. | | 


Caſe 1. Firſt, let the ſoftign PAR be a parabola, and draw wt 

a point P in it PQ an ordinate applied to the axis, it will be pa- 
rallel to DE, and therefore to the plane of the baſe : let a plane pats 
through PQ parallel to the baſe, and interſecting the plane G VH 
in the line GQH, which will be parallel to DL (16. 11.) then 
becauſe the triangles GAQ, DAL are fimilar to each other and to 
the rouge GVH, and the lines GV, * are equal, becauſe the 
1 


—— ee En 
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cone is right, GA, QA, as likewiſe DA, LA will be equal, and 
conſequently QD will be equal to GL; therefore ſince DA the diſ- 
tance of the line DE from the vertex of the parabola is equal to 
AL, that is to AF the diſtance of the focus from the ſame vertex, 
the line DE perpendicular to the axis AB will be the directrix of 
the parabola; therefore the firſt part of this Prop. is evident when 
the ſection is a parabola. Wherefore if a right line PF be drawn 
from the point P to the focus, it will be equal to the perpendicular 
drawn from the ſame point P to the directrix (by XII. of this 
Book) that is, to QD or GL; but GL, PN are equal, being eg 
ments of the ſides of a right cone — ES. parallel cir- 
cles, and therefore PN is equal to PF. 

Caſe 2. Let the ſection PAR be an denne and C the center, and 


draw the conjugate ſemiaxis CP, it will be parallel to the line DE, 
and therefore to the plane of the baſe ; let a plane paſs through the 


line CP, parallel to the baſe, and interſecting the plane GVH in 


the line MCK, which is parallel to DL (16. 11.) MK will be a 
diameter of the circle MPK, and by a property of the circle, the 
rectangle MCK is equal to the ſquare of the. conjugate ſemiaxis 


CP; draw from the vertex V of the cone a line Parallel to AB, and 


meeting the diameter GH of the baſe, produced in 8: then by 


Fi6, 290 


Prop. X. Book I. the rectangle ACB, or the ſquare; of CA, is to 


the rectangle MCK, or the ſquare of CP, as the ſquare of VS to- 
the rectangle HSG; therefore, by converſion, the ſquare of CA is 
to its exceſs above the ſquare of CP, that is, to the ſquare of CF 
(Cor. 1. Def. V. of this Book) as the ſquare of VS, to its exceſs 
above the rectangle HSG, that is, to the ſquare of VG *: but be- 
cauſe the triangles VSG, ACM are fimilar, the ſquare of CAi is to 


the ſquare of AM. as the ſquare of VS to the ſquare of VG; there - 


* The ere of VG.) The trinnales vxs, vx (Fig. 29, 30.) are right ang angled, and 
therefore the difference between the ſquares of the hypotenuſes VS and VG is 2 to 
the difference between the ſquares of the fides XS and XG, that is, to the rectangle 
HSG under Gs, the ſum of theſe. ſides, and Hs their difference. 80 that in Fig, 2 29 
the ſquare of VG is the exceſs of the ſquares of VS above the rectangle HSG: and in 
bh... 30, che ſquare of VG. is equal to the ſquare of VS and the reftangle HSS. 


22 | foro 
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fore the lines CF and AM are equal; but becauſe MC; DL are pa- 


rallel, MA or CF, the diftance of the focus from the center, will 
be to the ſemiaxis CA, as LA or FA to DA, the diſtance of the line 


DE from the vertex A of the ellipſe ; therefore the line DE, be- 
ing perpendicular to the axis, will be the directrix (by Cor. 2. XI. 
of this Book) and conſequently the firſt part of the Prop. is evident 
when the ſection is an ellipſe. Now draw from any point P in the 
ellipſe the right line PC perpendicular to the axis AB, and let the 
plane of a circle paſs through PC, and meet the ſides VG, VH in 
the points M, K, and interſect the plane GVH in the line MK pa- 
rallel to DL; then becauſe CD is equal to the perpendicular drawn 
from P to the directrix DE, if PF be drawn to the focus (by XI. 


of this Book) PF will be to CD, as FA or LA to DA: but ML is 


likewiſe to CD as LA to DA; therefore PF, ML are equal ; but 


ML, PN are equal, as in the caſe preceding; therefore PN is equal 


to PF. 


Caſe 3. Let the ſection PAR be an hyperbola, and let PR be the 
interleckion of its plane with the plane of the baſe HPG, it will be 
parallel to DE (16. 11.) and therefore ordinately applied to the 
tranfverſe axis AB, which produced let it meet in Q: let HQG be 
the interſection of the plane HVG with the plane of the baſe; it 
will be parallel to DL (16. 11.) draw from the center C of the 
hyperbola a line parallel to HQG, DL, meeting the ſides HV, 
GV of the cone in the points K, M, and draw from the vertex of 
the cone VS parallel to the axis AB of the hyperbola, meeting "_ 
in 8, and let CT be the conjugate ſemiaxis. 

Becauſe by Prop. X. Book I. the rectangle ACB, that is, che 
ſquare of CA is to the rectangle KC M, as the ſquare of VS to the 
rectangle HSG, and in like manner the rectangle AQB (under the 
abſcifles) is in the ſame ratio to the rectangle HQ, or to the 
ſquare of the ordinate PQ, the rectangle KCM will be equal to the 
ſquare of the conjugate ſemiaxis CT, (by Def. XXIV. Book I.) and 
therefore, by converſion, the ſquare of CA is to the ſum of the 
ſquares of CA and CT, that is, to the ſquare of CF (by Cor. 2. 

| + = Db 
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Def. V. of this Book) as the ſquare of VS to the ſum of the ſquare 
of VS and the rectangle HSG, that is, to the ſquare of VG “*: 
but becauſe the triangles CAM, SVG are fimilar, the ſquare of CA 
is to the ſquare of MA, as the fquare of VS to the ſquare of VG; 
therefore the lines CF, MA are equal : but becauſe MC, DL are 
parallel, CA is to MA or CF, as DA to LA or AF, therefore the 
line DE is the directrix of the ſection (Cor. 2. XI. of this Book) 
wherefore the firſt part of this caſe is manifeſt. 

Now draw from any point in the hyperbola a right line PF to the 
focus, and PQ perpendicular to the axis AB of the hyperbola, and 


draw through PQ the plane of the circle GPHR, it may be ſhewn 


in the ſame words as in the preceding caſe, that the line PF is equal 
to GL and conſequently to PN. 9, E. D. 


Cor. As there are two foci F, and f in an ellipſe and hyper- 
bola, there will be two circles LNO, Ino, ſuch as are deſcribed in 
the propofition, whoſe planes will interſect the plane of the ſection 
in the lines DE, de, which will be directrices of the ſection; and 
becauſe the lines PF, Pf drawn to the foci are equal to PN, Px, 
the ſegment N# of any fide of the cone intercepted between the 


circles LNO, Ixo, will be equal to the tranſverſe axis of the ſection, 


by Prop. XIV. of this Book. 


* See the note in page 123. 


END OF THE SECOND BOOK. 
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BOOK THE THIRD. I: 
7 * To "Il 
y K x 
Of the Parabols. 
PROPOSITION IL mY 


If a right line FG touching a parabola i in F meets two dia- pi, 1. 
meters VC, DH in the points G and R; the ſquares of 


the ſegments FG, ER of the tangent n the point of 
oo F and the diameters, will be to each other as the 


fegments GV, RD of the diameters between their ver- 
tices and the tangent. Or if à right line AB cutting 2 
parabola, meets two diameters FL, VC in the points K, E; 
the rectangles AKB, AEB will be to each other as the 
ſegments 1K. VE of the munten d ad Wen 


and the ſecant AB. 
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Part 1. 1 ET the right line P be the parameter of the diameter 

which paſſes through the point of contact F, the ſquare 
of FG is equal to the rectangle under GV and the line P, and the 
ſquare of FR is equal to the rectangle under RD and che line P 
(by Prop. II. Book II.) therefore the ſquares of FG, FR are to 
each other as the ſegments GV, RD. 

Part 2. Let the right line P be the Parameter of the diameter to 
which the ſecant AB is ordinately applied; the rectang] AKB is 
equal to the rectangle under FK and the line P; and the rectangle 
AEB is equal to the rectangle under VE, and the line P (Prop. III. 
Book II.) and therefore the rectangle AKB, AEB are to each other 
as the ſegments FK, VE. 2: E. D. 


Cor. Let a right line meet a parabola in the points A, B, and 
let F be the vertex of the diameter meeting the right line AB in the 
point K; if from any other point E in the line AB, EV be drawn 
parallel to FK, fo that it be to FK as the rectangle AEB to the 
rectangle AKB; the point V will be in the parabola which paſſes 
through the points A, F, B, and whoſe diameter is FK. When 
the point E is between A and B, the line EV muſt be drawn on the 


ſame ſide of AB with the point F, and when not, on the contrary 
ſide. 


FOES ; 


If from the vertices of two diameters ordinates be a 
applied to theſe diameters; the abſciſſes between the ordi- 
nates. and vertices of Ws diameters will be equal. 


\R OM. the vertices: of the 1 FG, HM draw the et" 
nates FL, HK applied to the., diameters HM, FG; the ab- 
ſciſſes HL, FK will be equal. 

Draw throuph. the vertex of the diameter HM. A right yo rouch- 
ing the parabola and meeting the diameter FG in A; then becauſe 
HAFL is a parallelogram, the abſciſs HL is equal to AF, \ hate is, 
to the abſciſs FK, by Prop. XLVII. Book I. & E. D. 


PROP. 
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PROP. nt. 


If one {ide of any triangle be parallel to the diameters of a 
parabola ; the Lars of the other ſides will be to each 


other as the parameters of the diameters, whob ordinates 
are parallel to thoſe ſides. 


ET the fide MN of the triangle LMN be parallel to the dia- Tic. 3. 
meters of the parabola BFH, and let the right lines P and Q 
be the parameters of the diameters ED, FR, to which BC, BR 
(parallel to LM, LN) are ordinately applied; the ſquare of LM 
will be to the ſquare of LN as P to Q. 

For through the vertices E and F of the didrneters ED, FR, 
draw the right lines EG, FG touching the parabola ; they will be 
parallel (by hypothefis, and Cor. 8. XXV. Book I.) to LM, LN; 
let the tangent EG meet the diameter FR in A, and from the poipt 
of contact E, draw EK an ordinate applied to the diameter FR, it 
will be parallel to FG, and (by XLVII. Book I.) KF, FA. will be + 
equal ; therefore EG, GA are equal : then becauſe the fides of the 
triangles LMN, GAF are reſpectively parallel, thoſe triangles will 
be equiangular.; therefore the ſquare of LM is to the ſquare of I. N, 
as the ſquare of (GA or) GE to the ſquare of GF, that is, as the 


1 P to the Parameter Q by Cor. 1. Prop. III. ers II. 
9, D 


Cor. 1. If from any point B in a parabola an ordinate BC be 
drawn to a diameter ED, and any other right line BD to the ſame 
diameter; the ſquare of BD will be equal to the rectangle under 
the abſciſs EC, and the parameter of the diameter FR, to which . 0 
the line, parallel to BD, is ordinately applied. For let Q be the 
parameter of the diameter FR, and P the parameter of the diameter 
ED ; by this Prop. the ſquare of BC is to the ſquare of BD as 
(P to Q or as) the rectangle under P, EC to the rectangle under 
Q, EC: but (by Prop. I. Book II.) the ſquare of BC is equal to 
the rectangle under P, EC; therefore the ſquare of BD i is equal to 
the rectangle under Q EC. 
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Cor. 2. If a right line OE touches a parabola, and through a 
| | point O taken in it a right line be drawnCutting the parabola in B 
1 and H, and meeting in D the diameter drawn through the Point of 
contact E]; the ſquare of the ſegment OD between the tangent and 
|| | the diameter will be equal to the rectangle BOH under the ſeg- 

| men Uf the rant bereiche tangent and patabola. For, by this 
= Prop. the ſquare of OD is to the ſquare of OE, as td P, and 
(by Cor. 3. III. Book II.) the rectangle BOH is in the fame ratio to 
the ſquare of OE, therefore the 4 812 of OD i is equal to the 24 
angle BOH. 

Cok. 3. The parameter of any diameter of a rats; is to \ the 
parameter of its axis, as the ſquare of radius to the ſquare of the 
fine of the angle which that diameter contains with its ordinates, as 
is evident from this Prop. and becauſe the ſquares of the fides of 
a triangle are as the ſquares of the fines of the oppoſite angles; and 
therefore the parameters of the diameters of any parabola are reci- 
procally, as the ſquares of the fines of the angles which thoſe dia- 
| meters contain with their ordinates ; and therefore the principal pa- 
; rameter, that 1 is, the parameter of the * is leſs than any, other 
parameter. 


PROP. IV. 


If the right line joining the extremities of two 1 
meets the diameter to which they are applied: the part of 
the diameter intercepted between its vertex and the right 
line joining the extremities of the ordinates, will be a 
mean proportional between the abſciſſes. 


Fre. EI EB, GD be * * applied to the diameter © AD of the 

8 / parabola, and let a lige joining the points E, G meet the dia- 

1 meter AD in C; CA will be a mean proportional between the ab- 

1 3 ſciſſes AB, AD. 

Draw through the points E, G two tangents which may meet the 
diameter AD in H and F ; AH, AB, as likewiſe AF, AD will be 
[ * n Book I.) but! it is evident (from Prop. LIV. Book J.) 

| chat 
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that AC between the vertex of the diameter and the line joining 
the points of contact, is a mean proportional between AH and AF; 
and eee is a mean e between AB and AO 9. E. D. 


Con, r: W ya two right links he: drawn * a baun E! in a 
parabola, one of them a tangent, F other. cutting the ſection i in 
the points E, G, which ſhall meet My diameter AL in H and, C; 
the ſegments EC, CG of the ſecant between the diameter and parar 
bola will be to each other as the ſegments AH, AC of the diameter 
between, the vertex and tangent, and the fame yertex and ſe- 
cant. For if EG be an ordinate applied to the diameter AL, EG 
will be biſected in C and HC in A; but if EG be not an ordinate 
to AL, draw from the points E, G the. ordinates EB, GD to the 
diameter AL: and. becauſe the triangles. EBC, DGC. are, fimilar, 
the ſquare of EC is to the ſquare of CG as the ſquare of ER to the 
1 of GD (that is, as the abſciſs AB to the abſciſs AD, or be- 
cauſe AB, age AD are 3 AS * 5 7 of AB to the 


SS 5 JJ & 


: 
' 


a nia 0 PROP. . - pI 


Lay the right line HK be an ordinate to the — TY 
through its extremity H draw the diameter HC, and from 
the vertex of the diameter FP draw a right line meeting 
the parabola again in O, and the diameter HC in L, and 
HK 1 in N: FO, FI. FEN will be proportional 


__—— — 


Fi6, 5. 


OR 0 from che points O, L, two lines OP and LS, to the 


diameter FP, and parallel to the ordinate HK; OP wil be an 
ordinate applied to the diameter FP, and LS will be equal to HK: 
then becauſe OP, LS are parallel, the ſquare of FO will be. to the 
ſquare of FL as the ſquare of OP to (the ſquare of LS ar). HK, 
that is, as the abſciſs FP to the abſeiſs FK, or becauſe OP and HK 
are parallel, as FO to FN; chezeſere K O, FL, FN. are ee 
 honal, 7b D. 1 AY | | 
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F two indefinite right lines DE, CM meet ad other in a given ys 

in the point H, and about any point F another indefinite right line re- 
volves meeting DE, CM in the Mints L. N, and a point O be taken in 
the revolving line on the ſame fide of the point F where N is (the inter- 
ſection of the revolving line with the line DE) ſo that FO, FL, FN be 
continually proportional ; the Locus of all the points O will be a para- 
Bola paſſing through the points F and H, and to which CM will be a 
diameter, and DE will be parallel to the ordinates applied to the dia- 
meter which paſſes through the point F: but if a mean proportional FO 
be taken in this revolving line between FL, FN ; the line deſcribed by 


the point O will be an hyperbola. See the Scholium to Prop. XLV I. 
Book I. | 


PROP. VI. 


If three right lines touching a parabola meet each other ; 
they will be cut in the ſame ratio, viz. between their points 
of concourſe and puns of contact. 


ET ABC be a parabola, which the lines AD, FE, DC touch 

in the points A, B, C; AF will be to FD as FB. to BE, and 

as DE to EC. For let the point of contact B in the ſegment of 

the parabola fall between the points A, C: join AC and biſect it in 

G, the diameter drawn through G will paſs through the point of 
concourſe of the tangents AD, CD (Cor. 1. XXVI. Book I.) 


Caſe 1. If the diameter DG paſſes through the point B, the tan- 
gent FBE will be parallel to AC, and therefore will be biſected in 
the point B; and becauſe GB, BD are equal, and AC, FE parallel, 
the tangents AD, CD will be biſected in the points F, E. 

Caſe 2. But if the diameter DG does not paſs through the point 
B; join AB, BC, and draw through the points F, B, E the dia- 
meters FHL, BN and EKM; and (by Cor. 1. XXVI. Book I.) 
AH, HB will be equal, and conſequently AL, LN ; and by the 
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ſame reaſoning NM, MC will be equal; therefore LM is equal to 
(half of AC, that is) to GC, and therefore (taking away the com- 
mon part GM) LG will be equal to MC or NM, and therefore 
LN will be equal to GM : theſe-being premiſed, AF will be to FD 
as AL to LG (2. 6.) that is, as LN to NM, or GM to MC; 
but as LN is to NM, ſo is FB to BE, and as GM is to MC, ſo is 


DE to EC; therefore as AF is 15 to FD, ſo is 25 to BE, * * 


to EC. 2 E. D. 
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The directrix DX of a parabola being given in poſition, and 
the focus F given, and the right line MN, not parallel to 
the diameters, given in poſition; to draw a tangent to the 
parabola, which ſhall be parallel to this right line. 


ROM the focus F draw FO perpendicular to MN, meeting 
the directrix in E, and FE being biſected in T, draw TP pa- 
rallel to MN, which may meet in P the petpenchenlur to the di- 
rectrix drawn through E; and PF being joined, the triangles PTE, 
PTF will be equal (4. 1.) and therefore ſince EP is equal to PE, 
the point P will be in the parabola (Cor. 2. XII. Book II.) and 
becauſe the angles EPT, FPT are equal, the line PT parallel to 
MN touches the parabola. N nr 


PROP. VIII. PROBL. II. 


Through three given points to deſcribe a parabola, the dia- 
meters of which ſhall. be parallel to a right line given in 
poſition, provided it be not parallel to a right line Jjoin- 
ing any two of the given points. ; 


ET B, G, F be the given points but not in the ſame line, and 
let QR be the line given in poſition : Join GF, and draw 
through the point B a line parallel to QR, meeting GF in E: if 
the line GF be biſected in E, the propoſition is the ſame with 


Prop. 


Fic, 8. 


Fi6, 9. 
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Prop. XXXIII. Book II. But if GF be not biſected in E, let it 
be biſected in M, and let the line BE be to VM, drawn through M 
parallel to BE, as the rectangle GEF to the rectadgls GMF; then 
by Prop. XXXIII. Book II. deſcribe a parabola, of which the link 
VM ſhall be a diameter and V its vertex,” and to which GF ſhall 
be ordinately applied: this parabola will paſs through the point B 
(by Cor, Prop. I. of this Book) and its diameters are aral to QR 
by conſtruction. When the point E falls between G and E, the 
line VM muſt be taken on the ſame fide of GF, where the point B 
is; but if the point E be not between G, E, then on the e 
ſide. Cor. Prop: | of this Book, 2, . H 


e 


PROP. N. 740 or 1. 
Four points being given in à parabola; to deſtribe 4 pa- 


rabola. 


Caſe x. ET A, B. 6. F be * en hs a and let the! ebe 
lines joining theſe points form 4 trapezium, having none 


of its fdes parallel: let two of thè oppoſite ſides produced meet in 


D, and as the rectangle BDA is to the rectangle GDF, ſo let the 
ſquare of DB be to the ſquate of the ſegment DE of the line 
DGF; BE being joined, deſcribe a parabola (by. Prop. preceding) 
paſſing through the points G, B, E, -whoſe diameters are parallel to 
BE; it will paſs through the point A. 

For becauſe the rectangle BDA and the ſquare of DB are un- 
equal, the rectangle GDF and the ſquare of DE will be unequal, 
by conſtruction; therefore the line DB does not touch the parabola 
(as is evident from Cor. 2. III. of this Book) and therefore muſt cut 
it in another point, and if not. in A,  fuppoſe i m ** ; then (by Cor. 2 


as the 5 of DB to the ſquare of DE (by III. of this Book) 
that is, by conſtruction, as the rectangle BDA to the rectangle 
GDF; therefore the rectangles BDX, BDA are equal, and there- 
fore che lines DA, DX are equal, which is abſurd (for the point X 
is on the ſame fide of D as the points B and A, becauſe D is 15 with. 


Out 


— 
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out the parabola) therefore the parabola meets the line DB in the 
point A. Becauſe the ſegment, DE in the line DGF may be taken 
on either ſide of che point D, two parabolas may be felcaibed, which 


will anſwer the problem. 


Caſe 2. Let B, G, F, P be the four given points, 25 let the Acht 


lines joining che point) G, F and B, P be parallel: the right line 
MN biſecting theſe parallels will be a diameter of the parabola paſſ- 
ing through theſe four points (by Cor. 6. XXV. Bock I.) let then 
a parabola be deſcribed paſſing through the three points B, G, F, 
whoſe diameters ſhall be parallel to the line MN, and ſince the line 
BN is ordinately applied to a diameter of this parabola and PN is 
equal to BN, this parabola will paſs through the point P; it is ma- 
nifeſt in this caſe that there can be but one poſition of the diameters 
of the parabola which paſſes through theſe points, and conſequently 


one parabola only can paſs through theſe points, 


Cor. From the conſtruction a method of finding the poſton of 
the diameters of a parabola from tour points given in it, is ma- 


nifeſt. 


PROP. X. 


Two paidbelad having a common axis and the 880 
cipal parameter, produced indefinitely, 3 
proach each other, but never meet. 


ET AEF, DeB be two e having the common axis EG, 
and let the right line PQ be the Principal parameter of both: 

let an ordinate be applied to the axis and meet it in G, the exterior 

parabola in the points A, E, and the interior in D. Becauſe the 

ſquare of AG is equal to che rectangle under GE, PQ, the dif- 

ference of theſe ſquares, that is, the rectangle ADF (5; 2.) will be 


Fis, 10 


equal to the rectangle under CE, PQ; then becauſe the rectangle 


CE, PQ is given, the rectangle ADF will be given in magnitude: - 
but the farther the point D recedes from the vertex. C of the in- 


terior. 


Flo. 11. 
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terior parabola, the greater the line DF will be, and therefore the 
diftance AD between the parabolas will be leſs ; but the points A, D 


can never coincide, becauſe the — 5 5 is always a n 
magnitude. 2 E. D. 


Cor. Hiaos: the mini DH 1 m — 2 ths ver- 
tices of two coinciding diameters is equal to the ſegment EC be- 
tween the vertices of the axes. For (by III. Book II.) the rectangle 
ADF is equal to the rectangle under the lines PQ, DH, and by 
this Prop. the ſame rectangle ADF is equal to the rectangle under 
PQ, EC; therefore the apc in DH, EC are e equal. 


De WA DRATURE Ll the Rake ing 


PROP. X.. 


If a right line BC be inſcribed in a parabola, and tangents 
be drawn through the points B, C, meeting each other in 
the point A, and if the line BC be biſected in G and its 
parts be again biſected, and in like manner the biſections 
of the parts be ſtill continued; and if diameters be drawn 
through all the biſecting points D, E, V, G, &c. meet- 
ing the parabola in L, M, N, O, &c. and if all theſe 
| Points B, L, M, N, O, &c. be joined by lines which may 
form an inſcribed figure, and if tangents be drawn 
through the ſame points B, L, M, N, O, &c. which may 
form a circumſcribed figure: the figure inſcribed will be 
always double the area contained within the 8 BAC 
and without the circumſeribed ure. 
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OR firſt let the inſcribed figure be rhe triangle BOC, the cir- 

cumſcribed figure will be the trapezium BHZC, and the area 
without it, will be the triangle HAZ: and becauſe GO is a diame- 
ter, it will paſs through the point A (Eor. r. XXVI. Book I. ) and 
becauſe GA is double OA (XLVII. Book I.) BC will be double 
of HZ; therefore the triangle BOC is double the triangle HAZ ; 
then if BG be biſected in E, the diameter EM will biſect BO, and 
conſequently will paſs through the point H; therefore, becauſe 
FM, MH are equal, the triangle BMO will be: double the triangle 
KH I: but BMO is added to the firſt inſeribed figure, and KHI 
is added to the area, which is without the circumſeribed figure: and 
in like manner, if the number of fides be increaſed in the inſcribed 
and circumſcribed fi , whatſoever is added to the area without 7 
the circumſcribed figure, the double of it is always added to the in- 
ſcribed figure; and therefore the inſcribed figure will be always 
double the area which is wirhout che circumſcribed hon Q: E. D. 


Con. 1. un it is evident, ho no figure'c can, * inſcribed. (as 
in the propoſition) in the parabolic ſegment BOQC which can be 
double the area BACO, without _ e — and within 
the triangle BA c. 

Cox. 2. It is alſo evident that no figure can . circumſcribed 
about the parabolic ſegment BOQC (as in the propofition) ſo that 
the area without it and within the triangle mall be half the parabo- 
lic * BOQC. ATT a . | 


ro. XI. 
The * oe remaining, a figure may be inferibed Fi. 1. 
(as in the preceding Propoſition) in the parabolic ſegment 
BOQC, terminated by the parabola and a right line, which 
ſhall not be leſs than the ſegment by any given minute 
ſpace whatſoever : Or a figure may be circumſcribed about 
this parabolic e (as in the en 1 | 
8 


F16, IT, 


of contact O, and will biſect BC ka G; , then beeauſe AG is double. 
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and within the triangle BAC, which ſhall cut off from 
thes area BACO a ſpace leſs than any given ſpace whatſoever. 


Part 1. 1 ET the triangle BOc be inſcribed in the parabolic 

ſegment, as in the preceding Prop. Since it is half 
of the whole triangle BAC, it will be greater than the half of the 
parabolic ſegment BOQC : and in like manner if the triangles BMO 
and CQO be inſcribed in the remaining ſegments, they will be 
greater than the halves of theſe ſegments : and in the ſame manner 
it will be in the remaining ſegments ; wherefore a figure may be 


inſcribed which ſhall not be leſs than the parabolic ſegment * any 


given ſpace whatſoever (1. 10.) 

Part 2. In the area BAC O inſcribe th&yriangle HAZ, whoſe 
baſe HZ ſhall be parallel to the line BC, joining the points of con- 
tact ; becauſe GO and OA are equal, BH and HA, and likewiſe 
CZ and ZA will be equal: therefore the triangle HAZ is half of 
the triangles BOA and COA together, and therefore is greater than 
the half of the area BAC O; and in like manner, if in the remain- 
ing ſegments, BH OM and CZ O, the triangles K HI, RZP be in- 
ſcribed, they will be greater than the halves of theſe ſegments, and 
if theſe inſcriptions be continued, the ſame will always follow; 
wherefore the circumſcribed figure at length ſhall cut off from the 
area BACO a "I leſs than any gu ſpace whatſoever. | 


PROP. XIII. ad 


Let BOQC be a ſpace terminated by a parabola and he 


right line BC: draw a line parallel to BE, touching the 
parabola in O, and meeting in X and T, the diameters 
drawn through the points B and C; the parabolic ſeg- 


ment BOQC will be to the circumſcribed * 
BXTC as 2 to 3 


* 


RAW the tangents BA, CA, atid en their point of con- 
courſe A the diameter AG, which will paſs then the point 


of 
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of AO, the triangle BAC will be equal to the parallelogrameRXTC ; 


but the parabolic ſegment BOQC is double the area BACO ; for if 
it exceeded the double of that area, by any ſpace 8, then by the 
firſt part of the preceding Prop. a figure may be inſcribed in the 
ſegment BOQC, which ſhall differ leſs from this ſegment by a ſpace 
leſs than 8, and therefore this figure will be greater than the double 
of the area BACO, contrary) to Cori 1. Prop. XI. and therefore the 
ſegment BOQC does not exceed the double of the area BACO ; 
nor is it leſs than the double of this area; for if the area BACO 
could exceed the half of the ſegment BOQC, by any ſpace what- 
ſoever as S ; then by the ſecond part of the preceding Prop. a figure 
may be eireumſeribed about this ſegment which ſhall - cut off a 
ſpace leſs than the ſpace 8; and chetefore the area without this 
figure and within the triangle BAC would exceed the half of the 
ſegment BQQC, contrary to Cor. 2. Prop. XI. therefore ſiuce the 
ſegment BOQC does not exceed the double of the area BACO, 
nor is leſs than the double, it neceſſarily, muſt. be double of this 
area, and therefore 1 8 tO the whole tri 4 ads e bs to, the pa- 
rallelogram BX TC as 2 th ;. N. E. 15 


Con. 1. Two ſegments LDP, Ak E of the fame 12 20 
one another in the /e/quiplicate ratio of the abſciſſes DM, KT of the 
diameters, which biſect the lines LP, AE. Draw from the points 
L and A in the parabola the lines LR, AH. perpendicular to the 
diameters DM, K T. they will be the altitudes of the parallelograms 
LNDM, ABK T; therefore LNDM is to ABK T in a ratio com- 
pounded of the ratio of DM to KT and of LR to HA; but the 
ſquare: of LR is to the ſquare of HA, as DM to KT (by Cor. 1. 
III. of this Book) wherefore LR is to HA in the ſubduplicate ratio 
of DM to KT, and conſequently LNDM and ABK T are in the 
ſe efquiplicate ratio of DM and KT, and therefore the whole parallelo- 
grams; circumſcribed about theſe ſegments. are in the ſame ratio: 
but the parabolic ſegments. LDP and AKE are to one another as 
thoſe een if the e RENEE the Corollary is 


2 c al 1d gr ee as 
| 73 7 i fürn S © : 
8 2 : Cin 
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Con. 2. Hence, if LDP, AKE be ſegments of different para- 
bolas, they will be to one another, in a ratio compounded of the 
feſquiplicate ratio of the abſciſſes DM, KT and the ſubduplicate ratio 
of the principal Parameters; for the perpendiculars LR, AH are in 
this caſein a ratio compounded of the ſubduphcate ratio of the ab- 
ſcifles DM, K T, and the ſubduplicate ratio of the Ne oy | 
meters, as is evident from Wn 1. III of this * 1 


2 714 n 7} . 2 8 


Another Demonfrration of . the QT ADRATURE of 7 the 
{1 WC PARABOLA *. 


Let BMOQC be a ſpace amine by a parabola and the 
right line BC. Draw a line parallel to BC touching the 
parabola in O, and let it meet in the points X and T, the 
diameters drawn through B and C. The parabolic ſeg- 
ment BM OO will be to the circumſeribing parallefogram 
BXTC, in the proportion, of 2 to, 3. 


HROUGH B and C draw' tangents meeting each other in 

the point A, and meeting the tangent XT in H and Z. 
Through the point A draw the diameter of the ſegment biſecting 
the line BC in G, and paſſing through the point of contact O (Cor. 
1. Prop. XXVI. Book I.) In the parabolic ſegment BMOQC C let 
the triangle BOC be inſcribed, having the line BC for its baſe, and 
its vertical angle at O the vertex of the diameter, and in the're- 
maining ſegments let-there be inſcribed, in like manner, the tri- 
angles BMO, OOO; and in the correſponding external areas (ter- 
minated by the parabola and its tangents) let the triangles KHT, 
PZR be inſcribed, by drawing the lines KT and PR parallel to 
BO and OC, and touching the parabola in the points M and Q.. 


* This demonſtration was drawn up by the author, and communicated by a friend 
of his to the tranſlator, 


Since 
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jentiof the diameter AG is biſected in its vertex O 
(Prop. XLVII. Book I.) and the lines HZ and BC are parallel, 
the triangles BOC and HAZ have equal altitudes, and the baſe BC 
is double the baſe HZ ; therefore the triangle BOC will be double 
the triangle HAZ. In the ſame manner it may be proved, that the 
triangles BMO and OQC inſcribed in the lefler parabolic: ſegments 
are reſpectively double the triangles KHT and PZR inſcribed in 
the correſponding external areas; and ſince the ſame proportion 
holds between the ſevetal triangles that may be inſcribed in all the 
remaining parabolie ſegments, and their correſponding external arcas, 
and the number of triangles, inſcribed at every operation, are equal 
in each ſerles, it follows; that the contents of the whole ſeries of 
triangles inſcrĩbed in the parabolie ſegment BMOQC, after any 

number of operations, will be double the contents of the like ſe- 
ries inſcribed in the area BAC O, which is terminated by the para- 
bola and its tangents AB and AC. And ſince the number of theſe 
inſcribed triangles may be fo far increaſed, that the contents of 
each ſeries ſhall differ from the ſpace in which they are inſcribed by 


a quantity leſs than any given ſpace whatever *, the Parabolic ſeg- 
ment * n be double aun area BACO + for if it was 


LF HSIABSRLTTS 


* The contents f ich bis fal dhe, from bee 21 Wa are In by. a 
quantity leſs than any given ſpace whatever.] To prove this, it muſt be ſhewn that a 
triangle inſcribed either in a parabolic ſegment, or in the area contained between the 
parabola and two tangents, as in the above demonſtration, i 1s more than half of that 
ſpace in which it is inſcribed. Thus the triangle BOC is more than half the ſegment 
BMOQC, becauſe it is half of the circumſeribing triangle BAC, as ſtanding on the 
ſame baſe BC, and having its altitude OG one half of AG. 80 likewiſe the triangle 
HAZ is more than half of the area BACO; for fince AG is biſected in O, and the 
lines HZ and BC are parallel, the tangents BA and CA will be biſefted in H and Z, 
conſequently the triangles BOH, AOH are equal, as are alſo the triangles COZ, AOZ ; 
and therefore the triangle HAZ is one half of the triangles BOA and COA, which con. 
tain the area BACO, ſo that the triangle HAZ is more than half of that area. Now 
the difference between the parabolic ſegment BMOQC, or the area BACO, and a ſeries 
of triangles reſpectively inſcribed in each of theſe ſpaces, after any. number of opera- 
tions, will be the remaining ſegments in which triangles have not yet been inſcribed, 
and fince every additional inſcriptron of triangles will dimiaiſh the remaining differ- 
ence by more than one half, it follows that this difference may, at length, be ſo far di- 
miniſhed as to become leſs than any given ſpace whatever ; * Prop. 1. 10. en of 
Euclid, , 


Since the ſegm 


greater 


| 
' 
| 


than one half of the parabohe ſogment BMOQC, and conſequently | 


| 
k 
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greater than double that area by any given quantity, ſuppoſe the 
ſpace 8, then ſince a ſeries of triangles might be inſeribed in the 
ſegment BMOQC, which would differ from it by /a quantity: leſs 
than the ſpace 8, this ſeries of triangles would be more than double 
the area BACO, and conſequently would be more than double the 
ſeries of correſponding triangles inſcribed in the area BAC O, con- 
trary to what was proved before. Or if the ſegment BMOQC. 
was leſs than double the area BACO, then that area would be 
greater than one half of the ſegment BMO by a certain quan- 
tity, ſuppoſe the ſpace S, and therefore ſince a ſeties of triangles 
might be inſcribed in the area BAC O, which would differ. from it 
by a quantity lefs than the ſpace 8, this ſeries would be greater 


greater than half of the whole ſeries of correſponding. triangles in- 
feribed in that ſegment, contrary to what was proved before, There- 
fore it appears that the parabolic ſegment BMO is neither more 
nor leſs than double the area BAC O, and conſequently the ſeg- 
ment BUOQC is to the whole triangle BAC in the proportion of 
2 to 3. But the triangle BAC is equal to the circumſeribing paral- 
lelogram, as having double its altitude and being on the ſame baſe 
with it, and therefore the parabolic ſegment BMOQC is to the 
circumſeribing parallelogram REG in the on of 2 to 3. 
RN, E. D. 


END OF THE. THIRD BOOK. 


CONIC SECTIONS. 
BOOK Tus FOURTH. 


A #4 3 _— - = 1 MSL 2 n 4. — _ x # " 
[3 OY 0 


"_ 1 _ 
— c—C__ — — 


The phi and 2 


33 2 * * n — — 3 
— a. e — — 
: a 4 - 


„ 


—— — — 
1 x : 4 , - 

© * — - * - . » 
7 q * - l 


PROPOSITION 1 


If Anh the vertices of two conjugate dinmetets, four right 
lines be drawn touching an ellipſe or conjugate hyperbo- 


las; the parallelogram formed by the tangents will be 
equal to the ie undef the axes, 


ET C be the center of an ellipſe or kyperbolay AB, Mm the 


axes, and ED, FG any conjugate diameters; the tangents 4 
drawn through their vertices will form a parallelogram (by Cor. 


XXVII. Book I.) let the tangents drawn through the points F and 
D, meet each other in H; FCDH will be a fourth part of this pa- 
rallelogram; draw from the center CK perpendicular to the tangent 
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FH. Becauſe (by Cor. 1. XXXI. Book II.) the perpendicular CK 
is to the tranſverſe ſemiaxis CA, as the conjugate ſemiaxis CM to 
the ſemidiameter CD parallel to the tangent FH, the rectangle 
under CK and CD, that is, the parallelogram FCDH will be equal 


to the rectangle under the ſemiaxis CA and CM; whence the Pro- 
* is evident. 


Con. It is manifeſt, that a parallelogram inſcribed in an — 
or conjugate hyperbolas, by joining the vertices. of two. conj1 
diameters is half of the parallelogram circumſcribed about these 
conjugates, and therefore all ſuch parallelograms are equal. 


PROP. IL. 


If from the vertices of two conjugate diameters CF, CG of 


an ellipſe, the ordinates FE, GH be drawn to a third dia- 
meter AB; the ſquare of the part, intercepted between ei- 
ther of the ordinates and center, will be equal to the rect- 
angle under the ſegments between the other ordinate and 
the vertices of the diameter, to which the ordinates are 
applied. 


. 1 ee 
OR through the vertex of either of the diameters CF, let a 
line be drawn touching the ellipſe, and meeting the diameter 


Ag in D, and its conjugate Mm in O: becauſe FD, CG, and FE, 


GH are parallel, the triangles FED, GH C will be equiangular, and 
becauſe CO, FE are parallel, the rectangles OFD,, CED will be 
ſimilar; and therefore OFD is to CED, as the ſquare of FD to the 
ſquare of ED; or becauſe the triangles are ſimilar, as the ſquare of 
CG to the ſquarè of CH :. but the rectangle OFD is equal to the 
ſquare of CG (LI. Book I.) therefore the ſquare of CH s equal 
to the rectangle CED, that is, to the rectangle AEB (Cor. 3. 
XLIX. Book I.) under the ſegments between the other ordinate FEE 
and the vertices of the diameter AB; and theſe equals being taken 


Book IV. 


from the ſquare of CB, the remainders, viz. (5. 2.) the rectangle 
AH and the ſquare of CE will be equal. 9. E. D. 


Com It is evident-that the ſquares of the ſegments of the dia- 
meter AB, to which the ordinates are applicd, viz. between the or- 
dinates and center, are together equal to the ſquare of the ſemidia- 
meter CB: for ſince the ſquare of CH is equal to the rectangle 
AEB, the ſquare of CH, together with the ſquare of CE, will be 
equal to the ſquare of CB (5. 2). 


PROP. III. 


The ſum of the ſquares of any two conjugate diameters of 
an ellipſe is equal to the ſum of the ſquares of the axes. 


_ ET CB, CM be the ſemĩaxes of an ellipſe, and CF, CG two 
conjugate ſemidiameters, and let EF, GH be perpendicular to 

C, and FL and GN perpendicular to CM. 

Becauſe, by the preceding Cor. the ſquare of CB is equal to the 


ſquares of CE, CH together, and the ſquare. of CM equal to the 


ſquares of CL, CN, that is, to the ſquares of FE, GH; the 


ſquares of CB, CM together will be equal to the four ſquares of 


CE, CH, FE, GH; to which likewiſe the ſquares of CF, CG are 
equal (47. 1.) therefore the ſquares of CF, CG are equal to the 
ſquares of CB, CM together, and therefore the ſquares of the dia- 
meters are equal to nada. e/ ah; the axes, Q; E. D. 


We PROP. 


The Ellipſe and Hyperbola. 4 * 


F1G, 3. 
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PR O FP. N. 


If the angles contained by the aſymptotes of an hyperbola 
are right angles; any two conjugate diameters will be 
equal to each other: but if the angles contained by the 
aſymptotes are not right angles, any two conjugate dia- 
meters will be unequal, and the difference of their ſquares 
will be equal to the difference of the ſquares of any other 


two conjugate diameters. 


Part 1. ET AD, AE be the aſymptotes of an hyperbola, and 
its center A; draw from the center A any ſemidiame- 
ter AB, and through the vertex B a tangent meeting the aſymptotes 
in the points D, K; BD or BK will be equal to the ſemidiameter 
conjugate to AB (XXXVIII. Book I.) therefore if DAK be a 
right angle, a circle deſcribed from the center B about the dia- 
meter DK will paſs through the point A (Converl. 31. 3.) and 
therefore the ſemidiameter AB is equal to BD or BK, that is, 
to the ſemidiameter conjugate to it. 
In this caſe, the hyperbola is ſaid to be equilateral. 


Part 2. Let the aſymptotes AD, AE of the hyperbola contain an 
acute angle, and draw the ſemidiameter AB and tangent DBK, as 
before: becauſe DAE is an acute angle, it is without the ſemicircle 
deſcribed upon the diameter DBK (Converl. 31. 3.) and there- 
fore the tranſverſe ſemidiameter AB will be greater than BD or BK. 
Draw any other ſemidiameter AC, and a tangent through its vertex 
C meeting the aſymptotes in the points F, E: it is required to ſhew 
that the difference of the ſquares of AB, BD is equal to the dif- 
ference of the ſquares of AC, CF. From the points B, K, C, E, 


draw BG, KL, CH and EM perpendicular to the aſymptote DA : 


becauſe DB, BK are equal, DG, GL will be equal, and becauſe 
FC, CE are equal, FH, HM will be equal, and fince BG 1s a per- 
pendicular, therefore the difference of the ſquares of AB, BD will 


be equal to the difference of the ſquares of GA, GD or GL, that 


is, 


ol 
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is, to the rectangle DAL (6. 2.) and in like manner the difference 
of the ſquares of AC, CF is equal to the difference of the ſquares 
of HA, HF or HM, that is, to the rectangle FAM : but becauſe 
the triangles DAK, FAE are equal (Cor. 2. XLV. Book I.) the 
ſides about the common angle are reciprocal, that is, DA will be to 
FA (as AE to AK, that is, becauſe of the parallels) as AM to 
AL ; therefore the rectangle DAL is equal to the rectangle FAM; 
and therefore the difference of the ſquares of AB, BD is equal to 
the difference of the ſquares of AC, CF. It is evident that in an 
hyperbola conjugate to BCN, every tranſverſe diameter is leſs than 
its conjugate diameter. 2. E. D. 

If the angle contained by the aſymptotes be half a right mis, 
the exceſs of the ſquares of two conjugate diameters will be double 
the parallelogram deſcribed about them ; and if the axes of an hy- 


perbola and their difference be proportionals, that exceſs will be 
equal to that parallelogram. 


e 


The two diameters of an ellipſe, which biſect the right lines 
joining the vertices of the axes, are conjugate diameters 
and equal to each other: and on the contrary, if two con- 


Jugate diameters of an ellipſe be equal, they will biſect 
the right lines joining the vertices of .the axes. 


Part 1. ET AB, Mm be the axes of an ellipſe, and join AM, Pic. ;. 

BM, and draw the diameters ED, FG, which biſect 
theſe lines, and let FG meet BM in I, and becauſe MI, IB, and 
alſo AC, CB are equal, the diameter GF will be parallel to AM, 
which is biſected by ED; therefore ED, FG are conjugate dia- 
meters (XXVII. Book I.) and becauſe MCB 1s a right angle, and 
IB, IM equal, the center of the circle deſcribed about the triangle 
MCB will be in the point I ; therefore IC will be equal to IB, and 


equal, and from the extremity B of one axis a line be drawn pa- 
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conſequently the angle ICB is equal to the angle IBC, that is, to 
the alternate angie BCD ; therefore the diameters ED, FG are equal, 
by Cor. 3. Prop. VIII. Book II. 

Part 2. If two conjugate diameters ED, FG of an ellipſe be 


rallel to either of the conjugate diameters, ſuppoſe to ED, it will 
paſs through the extremity of the other axis; for let this line meet 
the ellipſe again in M, and the diameter FG in I, BM will be bi- 
ſeed in I (Cor. XXVII. Book I.) join CM, and becauſe the dia- 
meters ED, FG are equal, the angle ICB is equal to the angle BCD 
(Cor. 3. VIII. Book II.) that is, to the alternate angle IBC, and 

conſequently IC is equal to IB or IM; therefore a circle may be 
deſcribed from the center I paſſing through the points B, C, M; 
and therefore the angle MCB in a ſemicircle will be a right angle; 
wherefore fince AB is an axis, MCm will be the other axis; and 
therefore the equal conjugate diameters ED, FG biſect the lines 
joining the vertices of the axes, Q. E. D. 


Co. 1. Hence it is manifeſt that there can be but two conjugate 
diameters of an ellipſe equal to each other. 
Cor. 2. Hence likewiſe, if the lines MA, MB be drawn from 
the vertex M of one of the axes to the vertices of the other. axis, 
the angle contained by theſe lines will be equal to the n an- 
gles ECF contained by the equal conjugate diameters. 


PROP. 
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PROP VT 0 


The ſquare of the ſum of the equal conjugate diameters of 
an ellipſe i is equal to the ſqugre of the ſum of any other 

two conjugate diameters, together with the ſquare, of their 
difference. 4 


ET the right lines GC, CF be equal conjugate Galbiere's df a 
ellipſe, and AB, BD any unequal conjugates, and AE their 
difference ; the ſquare of GF will be equal to the Tquare of AD, 
together with the ſquare of AE. 
For the ſquares of GC, CF taken twice are equal to the ſquares 
of AB, BD taken twice (by III. of this Book) but the ſquares of 
GC, CF taken twice are equal to the ſquare GF (4. 2.) and'the 


Fic. 6, h 


ſquares of AB, BD taken twice are equal to the ſquare of AD, to- 


gether with the ſquare of AE (10. 2.) therefore the ſquare of GF 


is equal to the . of AD, oa with the 0 of AE. 
E. D. 8 "2% 
Con, Henoe it-appears that the won of bei wiſts Atte 
15 greater, and the ſum of the axes leſs than the ſum of any other 
conjugate diameters; for the difference of the axes is greater thian 


the difference of any other conjugate er i as is evident 17 . 
Prop. VIII. your II. 
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ters, and draw, from the vertex A of the tranſyerſe axis, AR an or- 


B, and produced towards M, contains an acute angle KBA with 


plied to the conjugate axis Mm, its other extremity would be in the 
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0 PROP, VII. 


The obtuſe: angle contained by equal conjugate diameters of 
an ellipſe is the greateſt, and the acute angle the leaſt of 
all the angles which can be contained by any two min- 


* diameters, - 
ET AB be the tranſverſe axis, and Mm the conjugate axis of 
an ellipſe : join AM, MB, the angle AMB is equal to the ob- 

tuſe angle contained by the equal conjugate diameters (Cor. 2. V. 
of this Book) let CR, CT be any two unequal conjugate diame- 


dinate to CR, and meeting the ellipſe in D, it will be parallel to 
CT, and join DB meeting CT in T; becauſe AC, CB and AR, 
RD are <qual, CR, TD will be parallel ; therefore the angle ADB 
is equal to the angle RCT ; bur it, is evident that the angles ADB, 
AMB. are obtuſe, being in a ſegment leſs than the ſemicircle de- 
ſcribed upon AB, as appears from (Prop. VIII. Book II.) if a cir- 
cle be deſcribed through the points A, M, B, its ſegment AMB will 
be wholly within the ellipſe £ for the line BK touching the circle in 


the axis AB. \ becauſe the alternate ſegment BEA is greater than a 
ſemicircle) therefore this line, and conſequently the arch BM fall 
within the ellipſe ; but if it could meet the ellipſe | between the 
points B and M, and a line be drawn from this point ordinately ap- 


periphery of the circle AMB, and therefore the ellipſe and circl2 
would meet in five points, contrary to (Cor. 3. LVI. Book I.) there- 
fore the ſegment of the circle AMB is wholly within the ellipſe, 
and therefore the angle AMB in this ſegment is greater than the 
angle ADB without the ſame * hence the Propofition is 
evident, | | 


PROP. 
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PROP. VIII. PR OBI. I. 


Two conjugate diameters of an ellipſe or hyperbola being 
given in poſition and magnitude, to find two other con- 


jugate diameters which ſhall contain given angles. 

& 41f the given angles be right angles, the diameters re- 
quired will be the axes, and the e 10 fobved by 
Prop. VII. Book II. | 


Caſe 1. 


the greater, and Mm the leſſer axis of the ellipſe or 


hyperbola, and VZX, VZY the given angles; upon the greater 
axis AB deſcribe the grate AFBG, fo that the ſegments AFB, AGB 
may contain angles equal to the given angles VZX, VZY, and let 


FG be a diameter of this circle coinciding with the axis Mm, and | 


P be its center. 

If the given obtuſe angle VZX be equal to the angle contained 
by the lines AM, BM in the ellipſe ; the ſegment AFB of the circle 
meets the axis Mm in its vertex M, in whigg caſe the diameters 
ſought will be the equal conjugate diametem, by Cor. 2. Prop. V. 
and if the given angle VZ X be greater than the angle AMB, the 
problem will be impoſſible by the preceding Prop. but if the given 
angle VZ X be leſs than AMB, the ſegment AFB of the circle meets 
the axis Mm produced in F: then draw through the point F a line 
parallel to MB, it will meet the cirele ſomewhere between the points 


F and B, ſuppoſe in 8; draw through the point S a line parallel to 


BC, it meets CM in O, which will be between the point F and the 
center C of the ellipſe ; then becauſe, by a property of the circle, 
GO, OS, OF are proportional, GO will be to OF as the fquare of 
OS to the ſquare of OF, that is (becauſe the triangles .OSF, CRM 


are fimilar) as the ſquare of CB to the ſquare of CM: in like man- 


ner in the hyperbola take a point O ſuch, in the diameter FG pro- 


duced, that GO be to FO as the ſquare of CB to the ſquare of 


CM, and i in both ſections from the center P, with the interval PO, 
13 


HEN the given diameters. are the axes, let AB be 


Fic, 7, 
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deſcribe a circle meeting the axis AB 1 in two points, and let Q be 
one of them; draw through the point Q a diameter of the circle 
AFBG meceting it in the points D, N ; the point D, which is nearer 
to Q, will be in the ellipſe or hyperbola, whoſe tranſverſe axis is 
AB and My its conjugate. For draw from the point D a right line 
perpendicular to AB, meeting it in H, and the circle again in L, 
and join LN; becauſe the angle DEN is in a ſemicircle it is a 
right angle, an EN, HQ will be parallel; but the rectangle HLD 
is to the ſquare of DH, as LH to HD, or as N Q to QD, that is, 
by conſtruction, as GO to OF, or as the ſquare of CB to the ſquare 
CM, therefore the rectangle LHD or (by the circle) AHB is to 
the ſquare of DH, as the ſquare of AB to the ſquare of M: there- 
fore the point D is in the ellipſe or hyperbola, whoſe tranſverſe axis 
is AB and conjugate axis Mm (Cor. Prop. XXXIV. and XXXV, 

Book I.) 


Let therefore the right lines AD, BD be inflected to the point D, 
and draw from the center of the ſection CR, CT, biſeQing theſe 
lines, they will be the diameter ſought. For 8 AR, RD and 
likewiſe AC, CB are equal, CR will be parallel to BD, and for the 
ſame reaſon CT will be parallel to AD; therefore CR, CT are con- 
jugate diameters (XXVII. Book I.) and contain an angle RCT 
equal to ADB, and therefore contain angles (equal to. thoſe in. the 
ſegments AFB, AGB of the circle, that is) equal to the given an- 
gles VZX, VZV. Becauſe the circle deſcribed with the interval PO 

meets the axis AB in another point befide Q, it is manifeſt that in 
the ſame manner two other* conjugate diameters may be found, 
which ſhall contain angles equal to the given angles VZX, VZY. 
EE. 
the circle AFBG be deſcribed upon the leſſer axes, then, the 
diameter DN being found as before, the point N, more remote 
from Q, will be in the ellipſe or hyperbola, as is evident. 
When the axes of the hyperbola are equal, deſcribe upon either 
axis a circle, ſo that its ſegments ſhall contain angles equal to the 
given angles VZX, VII, as before; and draw the right line DH 
| e per- 


Book I. The Blige ant Bjperbal -/ 4%, 


.rpendioutar to the a atis AB, meeting it in the point H, and touch- 
ing the Hrele in D; becauſe the ſquare or DH is equal to the” teck 
angle AHB; the point D will be in the hy perbola, and the diame- 
5 ER, CT, which bifect the right lines AD, BB, wilt be the Ay 
ri Weh R 
Caſe 2. When the given diameters : are not che axes: becauſe by 
Prop. VII. Book II. the axes may be found from two Conjugate 
diameters given in pofiti tion and magnitude, this caſe is reduced to 
the preceding; and when the ofition of the diameters, ſought i is 
found, their vertices are found in the ſame manner as the vertices 
of the axes were found by Prop. VII. Book II. | 


Or this problem may be more generally ſolved; per on- 


jugate diameters be given , in poſition and magnitude, by deſeribing 
upon one of the given. djameters a circle, ſo that its ſegments. ſhall 
contain angles equal to, the given angles, and by finding the, inter- 


ſection of this .citcle with the ellipſe, or with the hyperbola, when 


It is deſcribed about a tranſverſe diameter; which may be done by 
a method fimilar | to that, by. which the ipterſe&tion Was found of the 


ellipſe or hyperbola, with * circle deleribed vrt * n in the 
firſt caſe of K Prop. AI 
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T'wo conjugate diameters of an- ellipſe or hyperbola being 
given in poſition and magnitude, and a right” le" giv 
in poſition; to find the points in Which this right line 
meets che ſection. | 


ET AB, Mm be the given diameters, and C the center of the 
ellipſe or hyperbola. . 


. 


Firſt, if the line given in poſition be . to one of 
the e diameters, and when the ſection is an ellipſe, meets 
the other diameter between its vertices, or. when the ſection is an 


. hyper- 


% 
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| h yperbola, if it meets the tranſverſe diameter ST then be- 
cauſe the line will be ordinately applied- to. this Grameter, the points, 


in which it meets the ſection, may be found by Cor, XXXIV, and 
XXXV. Book I. and if it meets the conjugate diameter of the 


=—_— RT 


be found by Prop. XXXII. Book I. * 2 
Caſe 2. But if the line PQ given in Woaddu b be not parallel 10 ei- 


diameter AB, the line AT parallel to the other diameter Mm, it 
will touch the ſection (Cor. XXVII. Bock I.) draw through the 
center a diameter parallel to PQ and meeting AT in H and take 
a ſegment AK in the line AT (towards the point I in the hyper- 
bola, and the contrary way in the ellipſe) ſo that the rectangle 
KAH may be equal to the ſquare of CM, and join CK ; CH, CK 
will be conjugate diameters (Cor. Prop. LI. Book I.) 5 F< 


and F will be the vertex of the diameter, which is in the line CK : 
in the ſame manner are found the vertices of the diameter, which 


Et | | in either caſe, the line PQ paſſes through the vertex of one of the 


One; as is evident. M94) T9 +7. WS... 


| 
Con. Hence, two conjugate dianieters: 13 gyen in R 
and magnitude, a right line may be drawn which, Thall touch the 
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hyperbola, the points in which it meets the oppoſite re mw 


her of the diameters AB, Mm: draw through the vertex of the 


fore AE to the diameter CK and parallel to CH, it will be an or- 
| dinate applied to CK. Let therefore CE, CF, CK be roportional, 


is in the line CH : therefore this cafe is reduced to the firſt. But if 


conjugate diameters, and 1s parte to the other, it will touch the 
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nyperbola, if it meets the tranſverſe diameter produced ; then be- 
cauſe the line will be ordinately applied-to this diameter, the points, 
in which it meets the ſection, may be found by Cor, XXXIV. and 
XXXV. Book I. and if it meets the conjugate diameter of the 
hyperbola, the points in which it meets the oppoſite hyperbolas may 
be found by Prop. XXXII. Book I. .. 

Caſe 2. But if the line PQ given 1 in poſition be not parallel to ei- 
ther of the diameters AB, Mm: draw through the vertex of the 
diameter AB, the line AT parallel to the other diameter Mm, it 
will touch the ſection (Cor. XXVII. Book I.) draw through the 
center a diameter parallel to PQ and meeting AT in H, and take 
a ſegment AK in the line AT (towards the point H in the hyper- 
bola, and the contrary way in the ellipſe) ſo that the rectangle 
KAH may be equal to the ſquare of CM, and join CK; CH, CK 
will be conjugate diameters (Cor. Prop. LI. Book I.) draw there- 
fore AE to the diameter CK and parallel to CH, it will be an or- 
dinate applied to CK. Let therefore CE, CF, CK' be proportional, 
and F will be the vertex of the diameter, which is in the line CK : 
in the ſame manner are found the vertices of the diameter, which 
is in the line CH : therefore this cafe is reduced to the firſt. But if 
in either caſe, the line PQ paſſes through the vertex of one of the 
conjugate diameters, and is parallel to the other, It will touch the 
ſection, as is evident. Ne 


Cor. Hence, two conjugate diameters being given in poſition 


and magnitude, a right line may be drawn which ſhall touch the 
ſection, and be parallel to a right ine given in | potion. - 
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PROP. X. PROBL. m. A 


To deſcribe an ellipſe or oppoſite hyperbolas e a given 
parallelogram EFGH, ſo that the diameter of the ſection, 
parallel to the right Auen EH, FG, ſhall be to its conju- 
gate in a given tatio, viz. as TS to TO 


D line Mm bieecking EF, HG ; AB will be parallel to the les 
EF, HG, and My to the lines EH, FG ; ; it is manifeſt that the in- 
terſection C of theſe lines will be the center of the ſection required, 
and that the diameters lying in the lines AB, Mm will be conju- 


gate; let the line AB meet EH ij in * and the line Mi meet EF in 
D and HG in v. RY 


Caſe 1. Firſt, let the cction to be deferibed be an ellipſe, and as 
TS is to TQ, ſo let EK be to KL, and let KL be perpendicular 
to AB; from the center C, with the interval CL, deſcribe a circle 
meeting AB in the points A, B; and as TS is to TQ take CM or 
Cm to CA; the ſection, whoſe conjugate diameters are Mm, AB, is 
the ellipſe to be deſcribed. For by conſtruction, the faire of CM 
is to the ſquare of CA, as the ſquare of TS to the ſquare of TO. 
and the ſquare of EK 161 in the ſame ratio to the ſquare of KL, or 
(by a property of the circle) to the rectangle BKA, and the right 
line EK is parallel to CM; therefore the point E will be in the el- 
lipſe (Cor. XXXIV. Book I.) and becauſe EK, KH are equal, 
the point H will be in the ellipſe; and in like manner, becauſe 
ED, DF, and HV, VG are equal, the points F, G will be in the 
ellipſe. 


Caſe 2. Now let the oppofite hyperbolas be the ſection to be de- 
ſcribed, through the points E, F, G, H; in this caſe the lines TS, 
TQ muſt not be to each other as EK to CK; therefore let EK be 
to KC in a ratio leſs than the ratio of TS to TQ, and let the line 


U2z n EK 


Raw the right line AB biſecting EH, FG, and the right 
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EK be to KL, as TS to TQ; KL will be leſs than KC; deſcribe 
a ſemicircle upon CK, and inſcribe in it the line KL, join CL, 
and take CA or CB _ to > CL, and let wack or Cm be to CA, as 
TS to TA. 

The pppnſity 3 « which AR 1 may "AY A Sager 455 
meter, and Ma its conjugate, will be the byparbalas to be deſcribed ; 
for by conſtruction, the ſquare. of CM 1s . che {qyare. of CA, as 
the ſquare of TS to the ſquare of TQ: or as the ſquare of EK (to 
the ſquare of KL, Viz. the difference of the quares of C CK, 
that is) to the rectangle BKA (6, 24) but EK is parallol to CM; 
therefore the point E. will be in one of the oppoſite hyperbolas 
(Cor. XXX. Book 1.) and becauſe EK, KH are equal, the point 


H will be in the ſame hyperbola, and becauſe ED, DF, and HV, 


VG are equal, and theſe lines are parallel to the 3 AB, and 
meet its conjugate Mm in D and V, the points F and G Will, be in 
the oppoſite hyperbola. '* 


But if EK be to KC in a greater ratio than TS to TQ, let the 
ſquare of TS be to the ſquare of T Q as the ſquare of EK to the 
ſum of the ſquares of KC and of another line, ſuppoſe CA; then 
deſcribe from the center C, with the interval CA, a cirele meeting 
CK in the points A, B, and as TS to TQ, ſo let CM or Cm he to 
CA; the oppoſite hyperbolas, of which Mm may be a tranſverſe dia- 
meter and AB its conjugate, will be the hyperbolas to be deſcribed : 
for the ſquare of CM is to the ſquare of CA as the ſquare of TS 
to the ſquare of TO, or as the ſquare of EK to the ſum of the 
ſquares of CK. and CA ; therefore the hyperbolas will paſs through 
the points E, H, G, F, as is evident from Prop. N. Book I. 
2. E. F. | 

But if TS be to TQ as EK to KC, the Wen! in this caſe i 18 
impoſſible. For if the hyperbolas be deſcribed, whoſe conjugate 
diameters ſhall lye in the lines Mm, AB, and ſhall be to each other as 
EK to KC, the point E will be in one of their aſymptotes., 


Cor. 1. As it appears from the conditions of 'this problem that 
the diameters AB, Nam are given in poſition and magnitude, it is 
evident 
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evident that one ellipſe only, or two oppofite hyperbolas Only, can 
be deſcribed to anſwer the problem. 

Cor. 2. Hence, an ellipſe or oppoſite hyperholes may be Ge- 
ſcribed about the given parallelogram EFGH, ſo that the ellipſe, 
or one of the hyperbolas ſhall paſs through a given point P. For 
draw the right lines AB, Mw biſecting the oppoſite ſides of the pa- 
rallelogram, the conjugate diameters; of the ſection to be deſcribed 
will be in theſe, lines; draw through the point P a line parallel to 
AB, and meeting Mm in R, and the fide EH in O, and let RN be 
equal to PR; then deſcribe through the points E, F, G, H, an el- 
lipſe, or the oppoſite hyperbolas, ſo that the ſquare of the diameter 
in the line AB ſhall be to the ſquare of the diameter in the line Mm 
as the rectangle PON to the rectangle EOH;; the point P will be 
in this ellipſe, or in one of the hyperbolas, as is evident. 

If the ſection to be deſcribed be an ellipſe, the point P muſt be 
between the oppoſite ſides, produced, of the parallelogram; but if 
it be an hyperbola, the point P moſt be within the parallelogram, 
or between the adjacent fides, produced. 

Cor. 3. Hence, an ellipſe or oppoſite hyperbolas may be de- 
ſcribed, fo that the given point C ſhall be their center, and the line 
MCm given in poſition a diameter, and likewiſe the parallels EF, 
PN biſected by MC in the points D, R, ſhall be ordinately ap- 
plied to that diameter. For take in the line M the ſegment CV 
equal to CD, and through V draw GH parallel and equal to EF, 


and biſected in V: join HE, GF, and deſcribe by the preceding 


Cor. the ellipſe or oppoſite hyperbolas about the parallelogram 
EFGH, fo that one of them may paſs through the point P, this 
will be the ſection to be defcribed :' for the line Mm will be a dia- 
meter, becauſe it biſects the parallels EF, GH terminated by the 


ellipſe or oppoſite hyperbolas, and the line PN parallel to EF, GH, 


will be ordinately applied to it; and becauſe the equal ordinates 


EF, GH are equally diſtant from the point C, that point will be the 
center. If the given lines EF, PN be equal, and equally diſtant 
from the point C, ſeveral paige or LAI may bo deſcribed, 


which will anfwer the problem. 
| But 
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quently the ratio of the diameter Mm to LN ordinately applied to 
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But if theſe lines EF, PN be equally diſtant from the point C, 
when they are unequal ; or be at different diſtances from the ſame 
point when they are equal, the problem will be impoſſible. If the 
leſſer line EF be at a greater diſtance from the point C than the 
greater line PN, the ſection to be deſcribed will be an ellipſe ; but 
if the contrary happens, oppoſite ſections are to be deſcribed : and 
ſince in either caſe, it appears that the ſections to be deſcribed muſt 
neceſſarily paſs through fix given points, from the conditions of the 
problem, it is evident that one ellipſe only can be deſcribed, or two 
oppoſite hyperbolas only, which ſhall anſwer the problem, becauſe 
two conic ſections or oppoſite ſections (Cor. 3. LVI. Book I.) can 
not meet each other in five, much leſs, in fix points. 

This Propofition and Corollaries, and likewiſe Prop. XIV. and 


XV. of this Book, are taken from Marq. de VHoſpital's Conic 
Sections. 


PRO. K. 


Let a parallelogram KLNO be inſcribed in an ellipſe or op- 
polite ſections given in poſition; if the diameter AB, bi- 
ſecting the oppoſite ſides in the points R and 8, has al- 
ways a given ratio to its ſegment RS between thoſe ſides; 
the parallelogram KLNO will be always of the fame 


magenta 


ET C be the center of the ſection, CR, CS will be add; as 

1s evident : draw the diameter Mm parallel to the fides LN, 
KO, it will be conjugate to AB; deſcribe a parallelogram about 
theſe conjugates, it will be equiangular to the parallelogram KLNO, 
and therefore theſe parallelograms will be to each other in a ratio 
compounded of the ratios of their ſides; by hy potheſis, the ratio 
of AB to RS or KL is given; therefore the Enid of the ſquare of 
CB is given (to the ſquare of CR, and therefore) to the rectangle 
ARB (the difference of the ſquares of CB and CR) and conſe- 


AB 
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AB is given ; therefore the ratio compounded of theſe given ratios | 

of AB to KL, and of Mm to LN is given; and therefore the ratio \ 
of the equiangular parallelograms is given : but the parallelogram 

AMBm is given in magnitude (Prop. I. of this Book) and there- 

fore the . KLNO is always of the ſame magnitude. 


2 E. D. 
P R O P. XII. , 


If the ſides of a parallelogram EFGH touch an ellipſe, or Fic. 23. | 
produced touch oppoſite hyperbolas given in poſition, and * 
if the diameter AB of the ſection, which (if neceſſary 
produced) paſſes through the oppoſite angles E and G, 
has a given ratio to the ſegment EG between thoſe angles ; 
the parallelogram EFGH will be always of the ſame 


magnitude, 


ET K, L, N, O be the points of contact, the right lines KN, 
LO joining the oppoſite points of contact will be * 
(Cor. 2. XXII. Book I.) and the four right lines; joining theſe points 
will form a parallelogram KLNO; draw the diameter AB biſect- 
ing the parallels LN, KO in R and 8, it will paſs through the an- 
gles E and G (Cor. 1. XXVI. Book I.) in like manner the dia- 
meter Mm biſecting KL, ON will paſs through the other angles 
F and H, and will be conjugate, to AB. Then becauſe, by hypo- 
theſis, Ss ratio of CB to CG-is given, the ratio of CB to CR is 
alſo given ; therefore, as in the preceding, the ratio of the ſemidia- 
meter CM to the ordinate LR, or to CT equal to LR, is given ; | | 
therefore the ratio of CM to CF is given; and therefore if MP, FQ_ | 
be drawn perpendicular to the diameter AB, the ratio of MP to: / 
FQ will be given; therefore the ratio compounded of theſe given | 
ratios of AB to EG, and of MP to FQ is given, that is, the ratio 
of the rectangle under AB, MP to the rectangle under EG, FQ: 


but the 8 AB, MP is given in magnitude (Prop. I. of this 
Book) 
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Book) therefore tne rectangle EG, FQ, that is, the parallelogram 
EFGH is always of a given magnitude. 9. E. D. 


* 


PROP, XIII. 


If the ſides of a parallelogram EFGH touch an ellipſe, or 
produced touch oppoſite hyperbolas; this parallelogram 
will be to a parallelogram. deſcribed about any conjugate 
diameters of the ſection, as one of its ſides HG is to 


that diameter of the ſection 2 is parallel to that 
ſide. 


ET the diameter AB of the ſection be parallel to the. fides 
HG, EF, and draw the diameter Mm coyjugate to AB, it will 
paſs through the points in which the ſides HCG, EF touch the ellipſe 
or oppoſite hyperbolas (Cor. XX VII. Book I.) let the parallelogram 
KLNO be deſcribed about theſe conjugate diameters, this and the 
arallelogram EFGH will be between the ſame parallels ;. there- 
Pore EFGH is to KLNO, as HG to (ON or) the diameter AB 
which is parallel to HG : but.KENO is equal to the purallelogram 
deſcribed about any other conjugate e, whence the Prop. 
is evident. 5 


Co. 1. It is manifeſt fn this Propoſition, that the parallelo- 
gram deſcribed about any two conjugate diameters. of an Abpſe 18 
the leaſt of all the parallelograms which can be deſcribed about the 
ſame ellipſe. 

Cor. 2. Let AM and BM be joined, it is evident that the tri- 
angle AMB is the greateſt that can be inſcribed. in this ſemi-ellipſe, 
and conſequently the paxallelogram inſcribed in the ellipſe, by join- 
ing the vertices of the conjugate diameters, is the greateſt that can, 
be irſcribed- in the ſame ellipſe; therefore the greateſt parallelo- 
gram inſcribed in an ellipſe is, half the leaſt parallelogram circum- 
ſcribed about the ſame ellipſe. What has. here been demonſtrated. 
concerning parallelograms inſcribed in, or circumſcribed - about 75 

ellipſe 
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if from the center of an hyperbola, the OY CK, OL, 
of an aſymptote CN. be n, Which ſhall be to each 
other as any other two parts CG, CH taken in the ſame 

.o afymptote CN: and if:the-dight lined OF, HDyKB;: LE 
8 dra pamllal to the. other) aſymptote ¶ F, and meet- 
ing the hypeibolà in'the-points- F, D. B, K aq tlie. ſe- 


loQore CBE, CDF will be equal. . 285 10 
5 976 | edinnghs od A 

OR dau the 5 lines BD, EF micetingg r alſymptotes 
the points M, O and N, P, and becauſe KB HD, CO Ute 
parallel, MK wil be to MB/as HC to DO; tkherefete as MR DO 
are equal; MK, HO win bz equal? and im ike manner, beeuuſe 
LE, GF, CP are parallel, and NE, FP equal, NL GC um be 
equal; therefore MK is to NL (as HC to GC, that is, by h 
theſis, as EC to- KC,” or (on Yeeoutit of che 5 Pola) as KB to 
LE: but the angles MKB, NL are equal 5” tHertfote the triangle 
MKB, NLE are ſimilar, and confequently the lines MB, NE, that 
18, BD, EF are parallel. Draw then the ſemidiameter bilceking 'the 
parallels BD, 251 iti the points A,; U and becauſe it will de all 
the lines terminated by the hyperbola, and parallel to BD, EF it 
will biſect the area bn erefore ſince the triangles CQ, CE 
are equal, if from them cb —_— (68 QADF, QABE and the 
equal triangles CDA, CAB be By ads the remainders, viz. — 
perbolic ſectors CDF, CBE wilt bee qual. 


Con. If thie party 8, CHR of the am piote GN 2 A. 


tinued propatnong and Gy, HD, KB be dramas: in the:cqpyopo- | 


* and BF be joined; in the fame mager ie may be approved 
A. X that 


Fic. 17. 


miciameters CF, CD CB, CE be drawpz the bypetbblic 
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* 


that the line BF is arallel to. the | tangent Graxn through the - point 
PD; and thence WP id the ſectors CDF, CDB are equal j 


J an ; there: 
fore if 2ny number of parts CG, CH, CK; Ct, &c. be in ot | 
proportion, and the lines GF, HD, KB, LE, &c. be drawn parallel 
to the aſymptote CP; the {tors CDF, DB, CBE, &c. will be all 


1 equal ja carb other. 


2.) 7H oft od 10 1 £6 10 293199 21 gen HI 
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I tlie rightHlines DH) BK: be- draw. front! the!werticde of 
the ſemidiameters CD; CBito an aſymptote ON; and pa- 
Irallel tos the other aſymptote P. thedkyperbolic ſedtor 
hh il be equal to the-hyp&Bolic trep@:ium DHKB. 


3 2 50 Il HD ABD 0802 
OR the triangles CHD, Ek are equal, being the halves of 


equal parallelograms (Cor. zz XIII. Book IL.) therefore 
the common triangle CHR be taken, from them, che triangle CB 
| will be equal to the trapezium HK BRg and if DER he added; to 
Shale equal ſpaces, the ſector csi be n to the hyperbelic 
Hum DEB. 55 CT AM 55 eg e G00 * 2 


| aa 0 Cen. Hence 950 an. the 8 e if any number 
13 EG. of parts CG,,CH,. CK, CL of the aſymptote CN, be taken i in. con- 
8 es tipued; proportion, and the lines GE, HD, KB, LE, &c. be drawn 
| to the hyperbola, and: parallel to the other aſymptote CP, the hy- 
| perbolic trapeziums FGHD, DEB, . will. be * equal * 
we e = Kleng 582 3 41 ett nil 903 
400. 19 22. TY 1s 262 aid law 
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| The: ſpare contained by an ellipſei is) to the cirele deſcribed a 
| upon the tranfverſe axis of ee HIM. as” the dcin 


Aris to the tranſverſe cis. + 2! 
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An} ellipſe; and. let a citelt he ileſcribed upanithe diameter AGz 
it s to be proved that the ſpacei contained by the ellipſe will beita 
this circle, as. BD to CA or EF: let the circle E have to the circlq 
AEC the ſame ratio as BD to ER; I ſay that the cirele Z is equal 
to the ellipſe, For if the circle Z be not equal to the ſpace ABC 
contained by the ellipſe; firſt, if poſſible, let it be greater: then a 
polygon, having an even number of angles, may b Ainſcribed in 
the drele Z greater than the ſpace; ACD: let it be boneeived 20 
be inſcribed, and inſcribe in the circle AEC F a polygon: fimitar>to © 
that inſcribed i the circle Z; -and3dnaw from its angles perpendi- 
culars to ſthe.diameter , and leti che points in whith-theeperpeyi» 
diculars cut the ellipſt be joined by right lines: thefefore 'thers 
will be ſome polygon ãnſoribedꝭ i the, ellipſe, which will be to a pg: 
lygon inſcribed in the circle AEC F as BD to EF; for- becauſe!;rhs 
perpendiculars EH, Kyiare divided amitbe! fame ratio m 'B-anhyM 
(Cor. 2. Prop. XXX. Book I.) it is evident, that the trapezium , 
LE has the ſame ratio to LB, as HE to HB; therefore each of the 
other trapeziums in the circle will have to each of the other trape- 
ziums in the ellipſe the ſame ratio as EH to BH; and the trian- 
gles 1 in the circle, at the points A, C, have the ſame ratio to thoſe 
in the ellipſe ; therefore the whole polygon inſcribed in the circle 
_ AECF will be to the whole polygon inſcribed inthercllipſe as EF to 
BD : but this ſame polygon is to the polygon inſcribed in the circle 
Z in the ſame ratio; becauſe the circles have this ratio; therefore 
the polygon inſcribed in the circle Z is equal to the polygon in- 
ſcribed in the ellipſe, which is contrary to the hypotheſis, for it was 
ſuppoſed greater than the whole ſpace contained by the ellipſe. Now 
let, if poſſible, the circle Z be leſs than the ſpace ABCD, a poly- 
gon contained by an even number of fides, and greater than the 
circle Z, may be inſcribed in the ellipſe. Let it be inſcribed, and 
draw from the angles perpendiculars to AC, and produce them to 

| 2 the 
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the circumference of the circle : then again a polygon will be in- 
ſcribed in the circle AECF, which will have the ſame ratio to the 
polygon inſcribed in the ellipſe, as EF to BD, and if a polygon ſimi- 
lar to this be inſcribed in the circle Z, it may be demonſtrated, that 
the inſcribed polygon in the circle Z would be equal to the inſcribed 
polygon in the ellipſe, which is impoſſible z therefore the circle Z 
is not leſs than the ſpace contained by the ellipſe and it has been 
proved that it is not greater, and therefore it is evident that the 


ſaid ſpace has the ſame ratio to the circle 3 as BD to * 
Q. E. D. : $17 1 


con. 1. Hence, it is manifeſt that the RY contained by an el- 
lipſe is equal to a circle whoſe diameter 1 is a mean th pe be- 
' tween the axes of the elliple. - 

Co. 2. Hence, an ellipſe is to the rectangle under its axes 25 2 
circle to the ſquare of its diameter. For an ellipſe is equal to a 
circle whofe diameter is a mean proportional between the axes of 
the ellipſe, and the rectangle under the axes is equal to the ſquare 
of the diameter of this circle ; therefore the ellipſe is to that rect - 
angle as that circle is to the ſquare of its diameter. 


END OF THE FOURTH BOOK. | 
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Of fimilar Sections, and of thoſe Properties of the 
Conic Sections, which depend upon right lines 
harmonically divided ; of circles which have the 
ſame. curvature with the Sections: and of de- 

eribing Sections, which ſhall paſs through given 
points, and touch right lines given in poſition. 
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F two conjugate Hameters of an ellipſe e or hyperbolk *y to cach 

other as two conjugate diameters of another ellipſe or hyperbola, 
and contain the ſame angles with them ; theſe two ellipſes or hyper- 
bolas are ſaid to be Similar. 


7, 4 m$ids a. "2 24 1 $ 
| "JE © | i f 1 "#1 4 
PROPOSITION & 


Let two ellipſes or hyperbolas be ſimilar to each other, and 


ſo placed that they may have the 7 center C, and 
that two conjugate diameters AB, M one ſection may 
coincide with the two conjugate diameters ab, mn of the 
other ſection, to which they are proportional; I ſay that 
any other two conjugate diameters-of the one ſection will 
coincide with two conjugate. diameters of the other ſœc- 
tion, and that all the binciding diameters will have the 
ſame ratio to each other. 


Part x2 RAW the PLAN ORE e cb. 2 95 > the 
exterior ſection, viz. of which AB, MN are diame- 


ters; then the ſemidiameters Cd, Cf of the. anterior. bcction coin- 
ciding with CD, CF, will be conjugate. | 


For draw through the yertices M, m of the coinciding diameters 
two right lines touching the ſections, they will be parallel to each 
other (by hypotheſis, and Cor. XX VII. Book J.) let them meet 
the ſemidiameters CD, CF, when neceflary produced, in the points 
L, O, and H, K; then by a property of parallel lines, the rect- 
angles OML, Kmi1 will be fimilar ; therefore will be to each 
other as the ſquares of OM, Km or of CM, Cm, that is, as the 
ſquares of CA, Ca by hypotheſis ; but the rectangle OM is equal 
to the ſquare of the ſemidiameter CA nay Book I.) therefore the 

rect- 
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rectangle KH is equal to the ſquare of the ſemidiameter Ca of 
the interior ſeckion, and therefore Ca, 7 will be conjugate ſemis 
draineters of that ſection (by Cor. LI. Book J.) i 


Partie, New draw. any two ſemidiameters CM, CD of the ex- 
RG ſection, and let Cn, Cd be the. ſemidiameters of the interior 
gg coingiding with them CM. yon; to N as SE to 

4 A 23141 MH none 13 7 T 9145 
bY Jain MD actdens CR. biſefting MD; in p. and let Cr be the Emi 
diameter, of the interior ſection, and coinciding with CR; beeauſe, 
by the firſt-part, the diameters which are conjugate to CR; Cr, co- 
incide, the ordinates applied to CR, Cr will be parallel: draw mp 
an ordinate to Cr, and let it be produced to meet CD in any point 
d; then; becauſe MD, md are parallel, and MP, PD equal; mp, pd 
will be equal : therefore becauſe mp is ordinately applied to Cr and 
the point m is in the interior ſection ; the point d will be in the 
ſame ſection; and therefore the point d is the vertex of the ſemi- 
diameter Ca, and conſequently becauſe MD, md are parallel, CM 
e der 8 1p. Go ED. ar <9 1.4 


* * 


Con. 4 If, two ellipſes, or <a WR are. ee ni ſimilarly 


placed (that is, placed as in the propoſition) and the right line TX: 
terminated by the exterior ſection touches the interior one; it will 


be biſected in the point of contact: for let I be the point of con- 


tact, and draw through m the coinciding diameters CM, em, and 
becauſe the tangent. TX is parallel to the diameter conjugate to 
Cm, -and the diameters conjugate to Cm, CM. coincide, by the firſt 
part of this Prop. the line TX will be an ordinate to the ene, 
CM, and therefore will be biſected in the point m. 10 
Con. 2. Or if the right line YZ terminated by the exterior "M 
tion meets the interior one in two points m, d; the ſegments: 4 
da, intercepted both ways beyyeen the ſections, will be equal: 
for draw the diameter CR biſecking Y in p; the diameter Ci co- 
inciding with CR will biſect md in the ſame point p; for becauſe - 
the or crank Wr to CR. Cr, coincide, the ordinates applied 
to 
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to CR, Cr are parallel; but the line 5 7 is ordinately applied to 
CR; therefore mpd is ordinately applied to Cy; therefore mp, 2d 
are equal, and conſequently the ſegments Vm, 2 are equal.” 

Con. 3. The fame things ſuppoſed, if the Tine TX terminated 
by the exterior ſection touches the interior ſection in an) point u, 
and a line be drawn through another point 4 in the interior tion, 
parallel to TX, and meeting the exterior ſection in the points I, v4 
the rectangle IV will be equal to the tectangle TX or to the 
ſquare of T: for join the points m, d, and let this hne meet the 
exterior ſection in the points X and L; becauſe by the preceding 
Cor. the ſegments Ym, dd. are equal, the rectangles YdZ, Vn 
will be equal; and therefore the rectangles IaV, TX inde? the 
ſegments of the parallels which the line VZ. meets, will be equal 
to each other (Cor. 1. Prop. XVIII. Book I.) 

Con. 4. The above conſtruction ſuppoſed; if two lines MQ, TX 
terminated by the exterior ſection touch the interior ſection in the 
points 4 and m, they will be to each other as the ſemidiameters 
CF, CA, to which they are parallel: for through the point of 
contact d draw parallel to T'X a line meeting the exterior ſection in 
I and V; the rectangle M4Q (by XXXI. and XL. Book I.) is to 
the rectangle Id V, that is, to the rectapgle TMX (by preced. Cor.) 
as the ſquare of CF to the ſquare of CA; but the rectangle Mad. 
and TX are the ſquares of Ma and Tm ; therefore N14, Tu, or 
the whole tangents MQ, TX are to each other as the ſemiclame- 
ters CF, DA, or as Cf, Cs coinciding with them. 

Cor. g. The aſymptotes of ſimilar hyperbolas contain the ſame 
angles: for let two hyperbolas be ſimilar and fimilarly Placed, and 
the point C their common center, and'let M, m be the vertices of 
the coinciding diameters, and A, a the yettices of their conjugate 
diameters, and becauſe the fections are ſimilar and fimilarly placed, 
the diameters CA, ca will coincide, And CM will be to Cm as CA | 
to Ca; therefore the right lines joining the points A, M and a, 1 
are parallel, and therefore if two right lines be drawn through the 
center C, one of them parallel to AM, am, and the other biſecting 


theſe 
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theſe lines, they will be aſymptotes to both the hyperbolas (by Cor. 
a. XXXVIII. Book I.) whence the Corollary is evident. 
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PROP. II. 


Let FAD, ead be two parabolas, whoſe axes AB, aB coin- 
cide, and let them have the ſame parameter; I ſay that 
any other two diameters MN, nN coinciding will have 


equal parameters, and will contain with their ordinates 
- equal angles. ER 


Part 1. 1 ET F, F be the foci of the parabolas, and becauſe they 
are equally diſtant from the vertices of their axes, by 
hypotheſis and Def. of the focus, the diſtance Ef between the foci 
is equal to the diſtance Ag between the vertices of the axes, that is, 
to the diſtance Mm between the vertices: of the diameters MN, N 
(by Cor. Prop. X. Book III.) therefore the lines MF, mf will be 
parallel apd equal to each other (33. 1.) and conſequently the dia- 
meters MN, mN coinciding, have equal parameters (Cor. 1. 
Prop. XXV. Book II.) . | 

Part 2. Let the diameter MN be produced beyond the vertex to 
K, becauſe MF, mf are parallel, the angles KMF, Kmf will be 
equal ; and therefore the right lines ML, O biſecting theſe angles 
will be parallel (29. 1.) but they touch the parabolas (by Prop. 
XV. Book II.) he the coinciding diameters MN, N contain 
equal angles with the tangents ML, mO and conſequently with 
their ordinates. Q. E. D. 

As circles differ only in the magnitude of their diameters, ſo 
parabolas differ only in the magnitude of their principal parameters, 
and therefore all * as well as all circles, a are {aid to be 
ſimilar. 


Cor. 1. If a right line TO terminated by the exterior 8 
touches the interior in any point n, it will be biſected in that point; 
Y for 
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tor draw through the point of contact the diameter MN of the 
exterior parabola, and it is evident, from the ſecond part of this 
Prop. that the line TO is ordinately applicd to MN. 

Co. 2. If a right line ED terminated by the exterior parabola 
meets the interior in the points e, d; the ſegments Ee, Dd will be 
equal; for draw the diameter MN biſecting ED in P; and becauſe 
by the ſecond part of this Prop. the line ed will be an ordinate ap- 


plied to the diameter mN, which coincides with MN; ep, Pd will 


be equal, and therefore the ſegments Ee, Dd between the parabolas 


are equal, 


Cor. 3. If a right line T O terminated by the 'exterior parabola 


touches the interior in any point m, and a right line be drawn from 


any point d in the interior parabola parallel to TO, meeting the 
exterior parabola in the points E, D; the rectangle EdD wil be 
equal to the rectangle TmO or the ſquare of Tn; by joining the 
points n, d, it is proved by the preceding Cor. in the ſame manner 
as Cor. 3. of the preceding Prop. 

8 4. If two right lines TO, MQ terminated by the exterior 
parabola touch the interior in the point m and d; their ſquares will 
be to each other as the parameters of the diameters MN, OR, 
which paſs through the points of contact; for theſe lines are ordi- 


- nately applied to the diameters MN, OR (by Cor. 1.) and (by 


Cor. Prop. X. Book III.) the abſciſſes Mm, Od are equal; there- 
fore the ſquares of the ordinates Tm, Md are to each other as the 
parameters of the diameters to which they are applied; whence the 
Corollary 1s evident. 

Cor. 5. If two lines TO, MQ terminated by the exterior para- 
bola 1 the interior; they will cut off from the exterior para- 


bola equal ſegments TMO, MOQ,; for the diameters MN, OdR 


being drawn through the points of contact; the abſciſſes Mm, Od 
will be equal; therefore the parabolie ſegments TMO, MOLLY 
be equal (by Cor. 1. XIII. Book III) 


DEF L 
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DEFINITIQNS II. II. 


II. IF a right line AD be ſq divided in the points C, B, that the Fic. 4. 


"= holy line AD be to either of the extreme parts as the oth 
extreme to the middle part oY, the line AD is faid to be Bar mo. 
vically divided. 2 


14 n 
01 VIE : 1 f m 1 


Conz. 1. It is evident chat che cite part is 166 chan cither of 
the extreme parts, 3 

Con. 2. Two extreme points A, D of a right 11e 60 be Barth. 
nically divided being given, and © one of the middle points; the 
fourth point B may de found, ſo that the given part AC ſhall be 
one of the extremes, viz. by dividing the ſegment CD in the 
point B, that the part CB, next to AC, be to BD as AC to AD. 

Cox: 3. Or the tuo miadle points C, B being given, and A one 
of the extreme points; the other extreme D may be found ; for 
draw the line AV from the point A, ſo that the extreme part AC 
may be to the middle part CB as AV to the ſeginent VQ akon to- 

wards A; join BQ and draw VD parallel to QB, meeting ACB 


produced in D, and AD will be to BD as AV to D,. that is, by 


conſtruction, as AC'to CB, 

Cor. 4. It appears from the ſecond Corollaty, har; in harmo- 
nical Kon, two extreme points. A, D, and the middle point C, 
and one extreme part AC, being all ben; no other point beſides B 
can be found to be a fourth point of that diviſion ;; and it is evi- 


dent from the third Corollary, that the middle points C, B and A, 


one of the two extreme points, and the middle part CB, all being 

given, no other point beſides D can be found, which ſhall be a 
fourth part of that diviſion, 

Def. III. If a right line be harmonically divided in the points 

a, c, b, d, and in any manner four right lines Va, Ve, Vb, Va be 

drawn through the points of diviſion, either parallel to each other, 

or meeting in the ſame point V; theſe lines are called Harmonicals. 
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L EMMA TI. 


ET right lines Va, Ve, Vb, Vd be harmonicals, meeting in 
the point V ; if any right line parallel to one of them Vd, 
meets the other three right lines in the points E, C, F; it will be 
biſected in the intermediate point C. Or if any four harmonicals 
meet in any manner a right line in the points A, C, B, D; this line 
will be cut harmonically in thoſe points. 

Part 1. Through the intermediate point C draw a parallel to the 
line ad (from which line the harmonicals are formed) and meeting 
them in the points A, C, B, D; it is evident that this line is divided 
in the ſame ratio as the line ad, that is, harmonically in the points 
A, C, B, D; therefore AD is to AC as BD to CB; but becauſe 
VD, EC are parallel, VD is to EC (as AD to AC, that i is, as BD 
to CB, that is) as the ſame line VD to CF n VD, CF are 
parallel) therefore EC, CF are equal. 

Part 2. Now let any right line meet four E in the 
points A, C, B, D, and if thoſe harmonicals be parallel to each 
other, the Prop. is evident (2. 6.) but if they meet each other 
in a point V; draw through either of the middle points C the 
line ECF parallel to VD, which paſſes through the extreme point 
D more remote from the point C, and meeting the other two lines 
in the points E, F; by the firſt part EC, CF will be equal, and 
AD is to AC as VD to EC or CF, that is, as BD to CB; there- 
fore AD is to AC as BD to CB. Q. E. D. 


PROP. 
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NA. 


Let two right lines AB, AC, touching a conic ſection or op- 
poſite ſections, meet each other, and draw BC joining 
the points of contact: if a right line be drawn through 
A the point of concourſe of the tangents, meeting the 
ſection or oppoſite ſections in the points E, K, and the 


FiG.. 5, 


line joining the points of contact in O; it will be cut 


harmonically in thoſe points A, E, O, K. 


Caſe 1. IRS T, let the line drawn through A not be a diameter, 
and draw two lines through the points E, K parallel to 
BC, joining the points of contact, meeting the tangents in D, G 


and H, M, and the ſection or ſections in F and L: draw a dia- 


meter through A meeting the lines DG, BC, HM in the points 


N, P, Q, and becauſe it biſects the line BC in P (Cor. 1. XXV. 
Book I.) it will biſect DG, HM in the points N and Q; and be- 
cauſe EF, KL terminated by the ſection or ſections are parallel to 
BC, they will be biſected in N and Q; therefore the ſegments DE, 
FG and the ſegments HK, LM will be equal, and conſequently the 
rectangles DEG, HKM will be equal to the rectangles EP, 
KHL. 

Becauſe DG, HM are parallel, HK will be to DE as KM to 
EG; therefore the rectangles HKM, DEG are fimilar, and there- 
fore theſe reCtangles, or the rectangles KHL, EDF are to each 
other as the ſquares of HK, DE, or as the ſquares of HA, DA; 
but theſe rectangles KHL, EDF are to each other as the ſquares 
of HB, BD (by Cor. 4. XVIII. Book I.) therefore the ſquares of 
HA, DA are to each other as the ſquares of HB, BD, and conſe- 
quently HA is to DA as HB to BD (22. 6.) and from a property 
of parallel lines, KA is to EA as KO to OE; therefore the line 
AK is harmonically divided in the points A, E, O, K. | 
Caſe 2. When the lines touch the ſame ſection, and the line 
drawn through A is a diameter; let it meet BC in P, and the ſec- 


tion or ſections in R, T; the lines drawn through theſe 
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points parallel to BC will be tangents; let them meet the tangent 
Ag in S and V; by a property of parallel lines, VA is to SA ag 
VT to SR, that is, as VB to BS (by Cor. 5. XVIII. Book J.) 
therefore, by a property of parallel lines, TA is to RA as TP to 


PR; and therefore the diameter drawn through A is cut harmoni- 
cally in the points A, R, P, T. 2, E. D. 


Con. It appears from this demonſtration that if the tangent VBS 
meets two parallel tangents VT, SR in the points V, 8, and the 
line joining their points of contact in A; it will be harmonically 
divided in the points V, B, S, A, viz. in the point of contact, and 
in the points in which it meets the parallel tangents, and the right 
line joining their contacts. 


: | PROP; IF; 

If three right lines touch a conic ſection or oppoſite ſections, 
each of them will be harmonically divided, viz. in the 
point of contact, and in the points in which it meets the 
other two tangents and the right line j Joining their Points 
of contact. 


F two of the tangents be parallel, and the third meets the line 
joining their points of contact, the propalition is evident from 
the preceding Cor, 

But if the three lines AB, AC, MD, touching the ſection or aps 
poſite ſections in the points B, C, K, meet each other in A, D, M. 
and the line BC joining two points of contact meets MD, if necefs 
fary produced, in H; HM will be to HD as MK to KD. | 

Through the point of interſection D of the tangents DK, DC, 
draw a right line parallel to the other tangent AB, and cutting the 
ſection, or either of the oppoſite ſections in the points E, G, and 
meeting BC in F; the rectangle EDG will be equal to the fquare 


of DF (LUI. Book I.) but, by a property of parallel lines, the 


ſquare of HM is to the ſquare of HD as the ſquare of MB to (the 


ſquare of DF or) the rectangle EDG, that is (by Cor. 6. XVIII. 
Book 
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Book I. ) as the ſquare of MK to the ſquare of KD; — HM 
is to HD as MK to KD. 2, E. D. | 


Con. 1. Hence, if the right line BC joining the points of con- 
tact of the tangents MB, DC meets the other tangent MKD in H, 
and through its point of contact K a right line be drawn meeting 
BC in L, and parallel to AB, AC, if theſe lines be parallel, but if 
not, paſſing through A their point of concourſe ; the line BC will 
be harmonically divided in the points H, B, L, C. For if MB, DC 
meet in A; join HA, and becauſe by this Prop. the tangent MKD 
is harmonically divided in the points H, M, K, D; the lines AH, 
AM, AK, AD will be harmonicals ; W ae by Part 2. Lemma 
preceding, the line HBC is harmonically divided in the points 
H, „e.. 

But if the tangents MB, DC be parallel, the tangent MKD is 
harmonically divided in the points H, M, K, D, by Cor. to pre- 


deding Prop. therefore, becauſe MB, KL, DC are parallel, the line 


HBC is harmonically divided in the points H, B, L, C. 
Cor. 2. Hence, if the two lines MB, DC be given in poſition, 
touching the ſection in the given points B, C, and any other point 


K in the ſection be given; the poſition of the tangent paſſing 


through K may be found. For draw through the point K a right 


line meeting BC in L, and parallel to MB, DC, it they be parallel, 


but if not, paſſing through their point of concourſe A; if LB, LC 
be equal, the line AKL is a diameter, and therefore the tangent 
paſſing through K will be parallel to BC. But if LB be leſs than 
LC, produce LB to H, fo that HB be to HC as BL to LC (Cor. 
3. to Def. II.) the right line joining the points H, K will be a tan- 
gent; for if not, draw a tangent through the point K, it neceſſarily 
meets ſomewhere LB produced towards N, ſuppoſe in N. Then 
by preceding 'Cor. the line HC, which by confiradtion is harmoni- 


cally divided in H, B, L, C, will alſo be harmonically divided in the 


Points N, B, L, C, contrary to Cor. 4. Def. II. therefore the line 
HK is a tangent. . | 
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F ROF. V. 


Let two points A, B be taken in a diameter DR of a conic 
ſection (on different ſides of the center, if DR be a con- 
jugate diameter of an hyperbola, otherwiſe on the ſame 
{ide} fo that the ſemidiameter CD of the ellipſe or hyper- 
bola be a mean proportional between CA, CB, the diſ- 
tances of the points from the center C; but in the pa- 
rabola ſo that the diſtances DA, DB of the points from 
the vertex D be equal to each other; and draw through 
theſe points A, B the right lines AT, BU parallel to the 
ordinates applied to the diameter DR : if through either 
of the points A or B, ſuppoſe B, a right line be drawn 
cutting the ſection or oppoſite ſections in two points O 
and P; FO, FP, which touch the ſection or oppoſite ſec- 
tions in thoſe points, will be either parallel to the line 
AT drawn through the other point A, or the point where 
they meet each other will be in that line. 


T* is evident, if the ſecant drawn through the point B coincides 
with the diameter DR, that the tangents drawn through its ver- 
tices will be parallel to the line AT, becauſe they are parallel to the 
ordinates applied to the diameter DR. 

But if the point B be within the ſection, or between the hyper- 
bolas, and if the ſecant coincides with BQ, and meets the ſection 
or both ſections in Q and 8, it is evident that the tangents drawn 
through. Q and S will meet each other in the point A, becauſe in 
the ellipſe or hyperbola CB, CD, CA are proportional, and in the 
parabola DA, DB are equal. 

Now let the ſecant OP be drawn, which ſhall not coincide with 
the diameter DR nor with the line BQ; then the tangents drawn 
through the points O and P will meet each other ſomewhere as in 
F: draw through the point F the diameter CEF biſecting OP in 
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G (XXVI. Book I.) and from the vertex D of the diameter DR 


between the points A, B, draw an ordinate applied to the diameter 


CE, and DH touching the ſection or conjugate ſection, and meet- 
ing the diameter CE in H; DH will be parallel to AT, 


Becauſe, when the ſection is an ellipſe or hyperbola (by XLVIII. 
and XLIX. Book I.) each of the rectangles GCF, KCH is equal 
to the ſquare of the ſemidiameter CE, -theſe rectangles will be 
equal to each other, and therefore CF is to CH, as CK to CG (or 
becauſe DK, OBG are parallel) as CD to CB, that is, by hypothe- 
ſis, as CA to CD; therefore if AF be joined, becauſe CF is to 
CH as CA to CD, AF will be parallel to DH or AT; and there- 

fore the point F is in the line AT. 


But when the ſection is a parabola, GE is equal to EF, and KE 
equal to EH (by XLVII. Book I.) therefore HF. is equal to (GK 
or BD, becauſe DK, OBG. are parallel, that is, by hypotheſis, to) 
DA; therefore becauſe HF, DA are equal and parallel, if AF be 
Joined, it will be parallel to DH or AT; and af the ! F 
is in the line AT: Q. E. DP). 


Cor. 1. The ſame cd remaining as above, if a right 
line be drawn through either of the points A or B, ſuppoſe B, 
meeting the ſection or ſections in two points M, L, and alſo AT 
drawn through the other point A, in F; it will be harmonically di- 
vided in the points F, M, B, L. 

Firſt let the point B be within the ſection, and draw the diameter 
CE paſſing through F, and an ordinate through B applied to CE, 
meeting the ſection or ſections in the Points O, P, the tangents 
drawn through O, P, meet ſomewhere in the diameter CEF (by 
Cor. 2. XXVI. Book I.) and they alſo meet in the line AT, by this 
Prop. and therefore meet in the point F, and conſequently the line 
drawn through B will be cut harmonically (by III. of this ag in 
the points F, M, B, L. 


But if the point B be without the ſection, 4 the line AT meets 
the ſection or ſections in the points T, N; fince it appears from 
C LII. Book I.) that BT, BN joining theſe points are tan- 
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176 Conic Section:. Book V. 
gents; the Prop. is evident by the III. of this Book. Supply the 


Ine LBM in Fig. 9, 10, 12. 


Co. 2. If a conic ſection be given in poſition, and any point B 
given, neither the center of the ſection nor in an aſymptote of the 
hyperbola; any two right lines touching the ſection or oppoſite ſec- 
tions, and drawn through the extremities of the ſecant paſfing 
through the point B, meet each other in a right line as in AT, the 
poſition of which is determined by this Prop. 

Cor. 3. Or if a conic ſection and any right line AT, not a dia- 
meter of the fection, be given in poſition, and from any point F 
in AT two right lines be drawn, touching the ſection or oppoſite 
ſections; the right line joining the points of contact will paſs 
through a given point. For becauſe the ſection and the line AT 
are given in poſition, the diameter CD will be given in poſition, 
whoſe ordinates are parallel to AT, and therefore its vertex D, and 
the point A in which point it meets AT will be given, and therefore 
in the diameter CD the point B will be given, placed with reſpect to 
the points A, D, as in the propoſition: if the tangents FO, FP be 
drawn from any point F in AT, the line OP joining their points 
of contact will paſs through the point B. For if not, a line might 
be drawn from the point B to one of the points of contact O, which 
meets again the ſection or oppoſite ſection in another point; then the 
tangent drawn through this point would meet the tangent FO in 
the line AT, by this Prop. that is, it would meet FO in F; and 
therefore three tangents would meet each other in the ſame point F, 
which is impoſſible (Cor. 3. XXVI. Book I.) therefore the Corol- 
lary is manifeſt, 


PROP. 
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PROP, VI. 


The ſame conſtruction ſuppoſed as before, if through either 


of the points A or B, ſuppoſe B, BOP be drawn parallel 
to the aſymptote CV, and meeting one of the oppoſite 
ſections in O; a tangent drawn through the point O meets 


the line AT (drawn through the other pole A) in the 
aſymptote CY. | 


OR fince the tangent OF in Fig. 13. does not paſs through 
the vertex D, viz. of the diameter DR between the points 
A, B, it will not be parallel to AT, but meets it produced towards 
the aſymptote CY, and in Fig. 14. it is manifeſt that the tangent 
OF meets AT; then let OF meet AT in F; the point F will be in 
the aſymptote CY. | 
For if not, from the point F another right ling may be drawn 
(LII. Book I.) touching one of the oppoſite ſections in ſome point 
as X; let OX be joined, and becauſe the point F, from which point 
the tangents FO, FX. are drawn, i is in the line AT, and the point 
B is placed with reſpect to the points A, D, as in preceding Prop. 
the line OX will paſs through the point B (by Cor. preceding) that 
is, will coincide with the line; BOP ; therefore BOP, which 1s pa- 
rallel to the aſymptote, meets the ſection or tions in two points 
O and X, which is impoſſible, and therefore the point F is in the 
aſymptote CY. 2; E. D. 


Cor. 1. If an hyperbola be given in poſition, and a point F given 
in its aſymptote CV, and from the point F a right line be drawn 
meeting the hyperbola or oppoſite hyperbolas in the points N, T; 
tangents drawn through theſe points meet each other in a right line 
as OP, which will be given in poſition. From the point F draw a 
right line touching the hyperbola in O; becauſe from the point F 
one tangent only can be drawn, the point O will be given, and 
therefore the line OP drawn parallel to CY will be given in poſi- 
| | - "M2 tion ; 


Fi. 13, 
14 · 
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tion; let the tangents paſſing through the points N, T, meet each 
other in B, the point B will be in the line OP ; for through B draw 
the diameter CD, and let D be its vertex, and let it meet NT in 
A; CB, CD, CA will be proportional, and AT an ordinate applied 
to the diameter CD; therefore the points B, D, A, and the line 
NAT are placed as in this Propofition : but if the pgint B be not 
in the line OP, through B a right line may be drawn parallel to 
CY, which ſhall meet the hyperbola in ſome point different from 
O, and the tangent drawn through that point will meet NAT in. 
the aſymptote CY, by the Propoſition ; therefore it meets it in F, 
and then two tangents meet each other in the ſame aſymptote, which 
is impoſſible ; therefore the point B, the concourſe of the tangents 
drawn through the points N, T, is in the line OP. 

Cor. 2. Or if an hyperbola and a right line OP parallel to its 
aſymptote CV be given in poſition, and if from any point B in 
OP, two right lines be drawn touching the hyperbola or oppoſite 
hyperbolas in two points N, T; the right line joining thoſe points 
will paſs through a given point in the aſymptote CY, to which OP 
is parallel, Through B let the diameter CD be drawn meeting 
NT in A, and through the point O, in which point OP meets the 
hynerbola, draw a tangent meeting the afymptote CY in F, and 
becauſe CB, CD, CA are proportional, and the line NAT an ordi- 
nate apphed to the diameter CD, and the tangent OF meets NAT 
in the aſymptote CY, by this Prop. therefore the line NT joining 
the points of contact will paſs through the point F: but becauſe 
OP is given in poſition, the point O will be given, and conſequently 
the tangent OF is given in poſition, but it meets CY given in po- 
fition in F; therefore the point F is given. 

Cor. 3. From any point F in the aſymptote CY of an hyperbola, 
draw a right line touching the hyperbola in O, and draw OP 
through. the point O parallel to CY : if through the point F a _ 
line be drawn cutting the hyperbola or hyperbolas in the points 
N, T, and meeting OP in M, it t will be divided harmonically in 
: the points N, M. T, F. 


For 
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For the tangents NB, TB drawn through the points N and T, 
meet each other in the right line OP, by Cor. 1. let the tangent OF 
meet NB, TB in E and G; becauſe, by Prop. IV. of this Book, 
the tangent OF is divided harmonically in the points F, G, O, E; 
BF, BG, BO, BE will be harmonicals: therefore the line NT F is 
harmonically divided in the points N, M, T, F (by "nt 2. Lem- 
ma l.) 

When the right lines NB, TB couch oppoſite 3 one of 
them as NB may be ſometimes parallel to the tangent OF; in this 
caſe the right line joining the points O, N will be a diameter; and 
becauſe the diameter BCA biſects TN in A, and OC, CN, and 
likewiſe TA, AN are equal, the right line joining the points O, FT, 
will be parallel to BCA; therefore becauſe BOM 1s biſected in O 
(Cor. 2. LIV. Book I.) MF will be equal to TA or AN: and in 
like manner, becauſe OF, BN are parallel, MF will be equal to FN, 
therefore TF, FA are equal; therefore TA or MT is double of 


TF, and therefore MN is to FN, as MT to TF. Whence the 


Corollary is evident. 


PROP. VII. 


The ſame conſtruction being ſuppoſed, if through either of 
the points A or Ba right line parallel to an aſymptote of 
an hyperbola: be drawn to the right line paſſing through 

the other point; it will be biſected by the hyperbola. 


IRST, through the point A without the hyperbola, draw 2 


| line parallel to the aſymptote CV, and meeting the line BQ in 
P, and the hyperbolain O; becauſe CA, CD, CB are proportional, 
and the line.BQ meets the hyperbola in the points Q, 8, and is or- 
dinately applied to the diameter CD, the lines joining the points 
A, Qand A, 8 will be tangents, and therefore the line AP is bi- 


ſected in the point O (by Cor. 2. LIV. Book I.) 


Fic, 14. 


Fis, I'% 


In the ſecond caſe, draw through the point B within the hyper- 


bola a right line parallel to the aſymptote CV, and meeting AT in 


FIG. 16. 
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F, and the hyperbola in M, BF will be biſected in M: for draw 
AOP parallel to CY, as in the preceding caſe, and through the 
point O a right line parallel to BQ, and meeting the diameter CDR 
in G, and the line BF in L; by a property of parallel lines, BP is 
equal to OL, and becauſe AP is double of AO, (BP, that is) OL 
will be double of OG; therefore OL is biſected by the diameter 
CDR in G: but OL is an ordinate applied to that diameter, by 
conſtruction, and its extremity O is in the hyperbola, therefore L 
the other extremity of it is in the ſame hyperbola ; therefore the 
line OGL meets BF in the hyperbola, that is, in the point M, and 
therefore, becauſe BP, MO, FA are parallel, and PO, OA equal, 
BM, MF will be equal. 


PROP. VIII. 


If two right lines, not parallel to each other, be inſcribed in 
a conic ſection or oppoſite ſections, and their extremities 
be joined by four right lines; their interſections, and the 
two interſections of the tangents which are drawn through 
the extremities of the two inſcribed lines, will all four be 
in a right line, 


ET AC, BD be the two inſcribed lities, which (produced if 

neceſſary) meet in E, and let AD, BC meet in F, and AB, DC 

in G, and the tangents drawn through A and C in H, and the other 

two tangents draun through B, D in K; the four points F, G, H, K 
are in a rigat line. 

For draw through the point E, the diameter NO of the ſection, 
and (in the ellipſe and hyperbola) take NP a third proportional to 
the diſtance of the point E from the center N, and the ſemidiame- 
ter NO, placed in the order mentioned in Prop. V. of this Book; 
but in the parabola let OP be equal to the diſtance of the point P 
from the vertex O, and in both caſes draw through the point P the 
right line PQ parallel to the ordinates applied to the diameter NO; 


the concourſe of the tangents AH, CH, and of the tangents BK, 
DK 
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DK, will be in the line PQ (by Prop. V. of this Book) let PO 
meet AC, BD (if neceſſary produced) in the points L, M; then 
the line AC will be harmonically divided in the points A, L, C, E, 
and likewiſe the line BD in the points B, M, D, E (by Cor. 1. 
Prop. V. of this Book) let the line joining the points C, B meet 
PQ in F, and if the line joining the points A, D does not paſs 
through FP, join DF meeting AC in X, and fince B, M, D, E are 
points of harmonical diviſion, if FE be joined, FE, FD, FM, FB 
are harmonicals ; therefore the line AC meeting theſe lines in the 
points X, L, C, E will be harmonically divided in thoſe points (by 
Part 2. Lemma I.) contrary to Cor. 4. Def. II. for it is divided 
harmonically in the points A, L, C. E; therefore AD paſſes through 
the point F: join AB meeting PQ in G, it may be ſhewn in the 
fame manner that the line- joining the points C, D paſſes through 
G; therefore the four points H, K, F, G are in a right line, viz. 


PQ. & E. D. 


Cor. x. But if the two lines AB, CD joining the extremities of 
the two inſcribed lines be parallel to each other, they will be parallel 
to PQ, in which line the tangents drawn through the extremities 
of the inſcribed lines meet ; for if one of them AB meets PQ_in 
any point G: then it may be ſhewn as before that the line DG 
paſſes through the point C, and therefore CD would meet AB in 
G, contrary to the hypothefis ; therefore the Corollary is manifeſt. 
Con. 2. If two right lines parallel to each other be inſcribed in a 
ſection or ſections ; tangents drawn through the extremities of theſe 
parallel lines meet in the diameter biſecting them (Cor. 2. Prop. 
XXVI. Book I.) and it is manifeſt that the right lines Joining | the 
extremities of the parallels meet in the ſame diameter, 


| 
| 


Fic. 17s 


FIG. 18. 
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PROP. IX. 


If a right line cutting a ſection or oppoſite ſections in the 
points P, Q, meets the directrix DX of the ſection in B, 
and three lines be drawn to the points P, Qs B, from the 
focus F nearer to DX, the line FB drawn to the directrix 
will biſect the angle QFP contained by the other two lines, 
when the points P, Q are in the oppoſite ſections; but 

it will biſect the angle KFP adjacent to the angle QFP, 
when the points P,. Q_ are in the ſame ſection. 


OR draw from the points Q, P, the perpendiculars QM, PN 

to the directrix, and QB will be to PB, as QM to PN, that 

is, as QF to PF (by Cor. 3. Prop. XI. Book II.) therefore when 
the points Q, P are in the oppoſite ſections, the line FB biſects the 
angle QFP (g. 6.) but when the points are in the ſame ſection, 
from the point P draw a right line parallel to QF, and meeting FB 
in R, and QF will be to PR, as QB to PB, or QF to PF, as be- 


fore ; therefore PR, PF are equal, and therefore the angle BFP is 


equal to the angle PRF, or to the alternate angle BFK; therefore 
the line FB biſects the angle KFP adjacent to the angle aQ P. 
9, E. D. 


Co. 1. Hence, three points P, Q, V, being given in a conic 
ſection, and its focus F; the axis, paſſing through the focus, may 
be found both in poſition and magnitude; for join the points P, 
and draw FP, FO, and the line FR biſecting the angle adjacent to 
the angle PFQ, and meeting QB produced in B; the point B will 
be in the directrix: and in like manner, two other points Q, V be- 
ing joined, find another point in the directrix, and draw the direc- 
trix DX: then draw from the focus and from the point P in the 
ſection the perpendiculars FD, PN to the directrix; and let FD be 
divided in the point A, ſo that FA be to AD, as PF to PN; the 
point A will be the vertex of the axis (XI. Book II.) and if FA, 
AD be * the ſection will be a parabola; but if they be un- 


equal, 
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equal, take SF to SD, as FA to AD, and S will be the other vertex 
of the axis; and if FA be greatet/than 'AD, the point S muſt be 
taken; on the ſatne fide of the focug where the: 01 ayes ; but if 
F Abo lefs.than AD, on 9 9 ng firſt caſe dle 
ſection will be an hyperbola, and in the other caſe an ellipſe, 

„Con. 2. Hence alſo, the direftrix DX being given im poſition, 
and the focus F nearer to this dire&rix; and the point E in the 
ſection being given; a right line may be draw to touch the ſection 
in the point E: draw through the points E, F, the right line EFO, 
and FB perpendicular to this line, meeting the directrix in B; the 
line joining the points E, B vill hæ a tangent ; for if mot, let EB 
meet the ſection again in T, and produce the right line joining the 


FIG. 18. 


points T, F to Y ; by this Prop. the Ine FB biſects the angle EFF, 


which is adjacent ta the angle ETF; therefore the angle VFB is 
equyl to the angle EFB, that is, tothe angle OFB, which is ab- 
ſurd; in like manner, Fig. 17. it may be demonſtrated, that the 
line EB does not meet the ſection or oppoſite ſection again : there- 
fore EB is a tangent. But if EFO be perpendicular to the direc- 


trix, the right line dtawn through the point E, and parallel to the 


directrix, will be a tangent, as is evident. e 4 9 
_ Cor. 3. Hence, if a right line EB touching the ſection meets its 
directrix DX in B, and EF be drawn from the point of contact E 


to the focus nearer to DX; the right line joining the points F, B 


will be perpendicular to EF; for if not, draw a perpendicular meet- 

ing the directrix in N, the right line joining the points E, N, will 

likewiſe be a tangent (by the preceding Cor.) which is abſurd. 
Con. 4. Hence, if any right line EG, joining the points of con- 


tact of two tangents BE, BG, paſſes through the focus F; the | 


right line FB drawn from the-focus to the point of concourſe of the 
tangents, will be perpendicular, to the line joining the points of con- 
tact, For let DX be the directrix nearer to the focus F, and A 
the-vertex of the tranſverſe axis, between F and the line DX ; then 
becauſe the points F, A, D are placed, and DX drawn as in Prop. V. 
and EG paſſes through the focus F; the point B, the concourſe of 
the tangents, will be in the directrix DX; therefore FB is perpen- 
dicular to EG, by the preceding Co. | 

| ' PROP, 
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PROP. X. 

If two right lines HP, HQ touch a conic ſection or oppoſite 
ſections; the right line HF paſling through the point of 
concourſe of the tangents and focus F, will biſect the 
angle QFP contained by the right lines drawn from the 
points of contact to the ſame focus, when the lines HP, 
HQ touch the ſame ſection; but when they touch the 
oppoſite ſections, the angle KFP, which is adjacent to the 
angle QFP, will be biſected by the line HE. 


ET the right line DX be the directrix of the ſcion nearer to 

the focus F, which the right line QP joining the points of 
contact meets in B, and which the axis meets in D; and let A be 
the vertex of the axis between the points F, D; through H the 
point of concourſe of the tangents, draw a diameter meeting Q 
in L, and let V be its vertex, and let the line HF meet the ſection 


in E; and becauſe in the ellipſe or hyperbola, of which C is the 


center, CF, CA, CD, and likewiſe CH, CV, CL are proportional, 
and becauſe FA, AD in the parabola, and likewiſe LV, VH are 
equal, and the lines DX, LP are parallel to the ordinates applied 


to the diameters DF, HL, and the line HF paſſes through as well 


the point F as the point H ; according as this line may meet the 
ſection again in G, or only in E (when it is parallel to one of the 
aſymptotes) the tangent drawn through E meets either the tangent 
drawn through G, or the aſymptote parallel to HF, as well in the 
tine DX as in the line QP (by Prop. V. and VI. of this Book) 
therefore the tangent drawn through E meets the directrix in B; 

therefore the line FB will be perpendicular to EFG (by Cor. 3. 

preceding) conſequently the angles EFB, GFB are equal ; but (QF 
being produced to K) the angle PFB (Fig. 18.) will be equal to the 
angle KFB (by the preceding Prop.) therefore the angle PFG is 
equal to the angle EFK, and conſequently to the angle QFG : and 
in like manner, in Fig. 19. becauſe the angles PFB, QFB are equal, 
the angle PFG is equal to the angle QFE, and conſequently to the 


PROP. 


angle KFG, and therefore the Propoſition is evident. Q: E. D. 
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PROP. XI. 


If two conic ſections touch each other in one point (that is, 
if they have a common tangent in the ſame point) they 
cannot meet in three other points. 


E two ſections meet each other in the point A, and let the 
right line GA touch both ſections in this point; theſe ſections 
cannot meet in three other points beſides the point A. 

For if poſſible, let them meet each other in three other points B, 
C, D, and join theſe points by three lines, and firſt let none of them 
be parallel to GA; produce one of theſe lines BC that it may meet 
GA in G, and draw from the common point D a right line parallel 
to the common tangent GA, meeting GBC in N, and the ſections 
in the points O, P; then each of the rectangles DNO, DN 
will be to the ſquare of GA, as the rectangle CN to the rectangle 
BGC (by Cor. 3. XVIII. Book I.) therefore the rectangles DNO, 
DNP are . and conſequently the points P and O coincide ; 
therefore the ſections meet each other in five points, contrary to 
Cor. 3. LVI. Book I. Or if the line DN touches one of the ſec- 


tions in D, and meets the other again in O, it may be demonſtrated 


in the ſame manner that the ſquare of DN is equal to the rectangle 
DNO, which is abſurd. Or if the line DN touches both ſections 
in D, becauſe it is parallel to the tangent GA, the right line join- 
ing the points D, A will be a diameter of both ſections, and there- 
fore if from the common point B an ordinate be applied to the com- 
mon diameter DA, the other extremity of this ordinate will be 
common to both ſections, and conſequently the ſections meet each 
other in five points, which is impoſſible, 

But if CD, joining two points common to both ſeQions, be pa- 
rallel to the common tangent GA, then a line drawn through the 
point of contact A, biſecting CD in L, would be a diameter com- 
mon to both ſections; if therefore there be drawn from the other 

Aa 2 com- 


FiG. 19. 
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common point B an ordinate applied to the diameter AL, the other 
extremity of this ordinate wall be in both ſections, and therefore 
theſe ſections meet in five Points, — is GIG, and there- 


fore the e is evident. Ct anni 
2 131244 - 1 T3451 
P Ke O'S. AG 
If two conic ſections meet each other in two points ; 3 ves 
will not meet in any other point. * 8 


ET two conic biens ahr each other in che points A; 'B, 
and firſt let the common tangents drawn through A and B 
meet each other in G, and draw through the ꝓoint of concourſe of 
the tangents, the right line GF biſecting the right line AB joining 
the points of contact, it will be a diameter to both ſections (XXVI. 
Book I.) then if theſe ſections have another common point D, draw 
DL an ordinate applied to the common diameter GF, the other 
extremity L of this ordinate will be in both ſections, and therefore 
theſe ſections touching each other in the point A, would meet in 
three other points B, D, L, contrary to what has been ſhewn in the 
preceding Prop. Or if the point C in the diameter GF be com- 
mon to both ſections, then the right line drawn through C and pa- 
rallel to BA, would touch both ſections in the point C (Cor. 8. 
XXV. Book I.) let this tangent meet the tangent GB in E; then 
the right line EH drawn through the point E, and biſecting the 
line which joins the points B, C, will be a common diameter to 
both ſections, and therefore if there be drawn from the other com- 

mon point A an ordinate apphed to this diameter, the other extre- 

mity of it will be in both ſections, which is contrary to the preced- 
L ing Prop. as before: therefore there is no other point common to 

both ſections, but the two points of contact A, B. 

In the ſecond place, if the common tangents drawn FR A 

| and B be parallel ; the right line joining the points A, B will be a 
; diameter of both ſections; if ay could have any other common 


point 
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point, beſides the two points of contact; then, from this common 
point, an ordinate being drawn to their common, diameter, it may 
be ſhewn as before, that the ſections would have a fourth common 
point, contrary to what has been proved in the preceding ; and 
therefore i in all caſes, two ſections which touch each other in two 
points do not meet each other in any other point. Q. E. D. 


4 


PR OP. XIII. 


if. a circle, touches a conic ſection, or oppolite ſections in 


two points ; the right line joining the points of contact 

will be an ordinate applied to the axis of the ſection. 
And if the ordinate be applied to the tranſverſe axis of an 

ellipſe or hyperbola; the circle falls wholly within the 

ſection; but if the ordinate be applied to the conjugate 

axis of an ellipſe or hyperbola ; the circle falls wholly 
x without the ellipſe, or without both the hyperbolas. 


FF the common tangents be parallel, when the circle. touches the 
” ellipſe or hyperbola in two points, the right line joining their 


points of contact will be a diameter of the ſection, and likewiſe of 


the circle; and becauſe this diameter, by a property of the circle, 


is perpendicular to the tangents, it will be an axis of the ſection, 
as is evident from (Cor.'2. VII. Book IL) and if it be the tranſverſe 


axis, the whole circle falls without the ellipſe or both the hyper- 


bolas ; but if it be the conjugate axis of the ellipſe, the whole cirele 


falls within the ellipſe, by Prop. VIII. Book II. 
Part 1. But if the circle HRET touches the ſection or oppoſite 
ſections in the Points T, R, and the common tangents drawn 


through theſe points meet bach other in S, the right line TR join- 


"s terſe points will be an ordinate applied to the axis of the ' ſec- 


For draw through the point of concourſe S of the rangents 


a 2805 line biſecting TR in O; then becauſe (by the circle) the 
tangents ST, SR are equal, the line SO will be perpendicular to 


TR; but the line SO is a diameter of the ſection (XXVI. Book I.) 


and this diameter is the axis; for the line TR is ordinately applied 
31 18 | to 


FIG. 21, 
22. 
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to it at right angles ; therefore the firſt part of the Propoſition is 


evident, 

Part 2. If the circle HTER touches a conic ſection in the points 
T, R, and the line TR joining theſe points be ordinately applied to 
an axis AB, which is the tranſverſe in the ellipſe and hyperbola ; 
the whole circle will be within the ſection; and the center P of the 
circle will be in the axis AB, as 1s evident ; let B be the vertex of 
the axis nearer to the point P, and let the circle meet the axis AB 
in E on the ſame fide of the center P, where Bi is; PE will be lels 
than PB. 

For draw through the vertex B of the axis as tangent BL, and 
through the point R a right line touching the cirele and ſection, 
and meeting the tangent BL in L; and becauſe, in the ellipſe or 
hyperbola, the conjugate axis, which is parallel to the tangent BL, 
is leſs than the diameter parallel to RL, BL will be leſs than RL 
(Cor. XXXI. and Cor. 1. XL. Book I.) and in the parabola BL. is 
leſs than RL (by Cor. 1. III. Book II. and Cor. 3. III. Book III.) 
then join PL, BR, and becauſe RL touches the circle, PRL. will 
be a right angle; but PBL is a nght angle ; therefore, becauſe of 
the common hypothenuſe, the ſquares of PB, BL together, are 
equal to the ſquares of PR, RL together : but the ſquare of BL 
is leſs than the ſquare of RL, therefore the ſquare of PB is greater 
than the ſquare of PR, and conſequently the line PB is greater 
than the line PR, that is, than PE ; therefore the arch TER of 
the circle meets the axis within the ſection, and conſequently that 
whole arch is within the ſection, otherwiſe the circle would meet 
the ſection in another point beſides the two points of contact (con- 
trary to what has been proved by the preceding) and as it is mani- 
feſt that the circle meets the axis AB again in H within the ſection, 
the whole arch THR, and conſequently. the whole circle will be 
within the ſection: and in the ſame manner it may be demonſtrated, 
that the circle falls wholly without the ellipſe, when the right line 
TR joining the points of contact is an ordinate applied to ho con- 
jugate axis. 

Becauſe the circle touching the oppoſite hyperbolas is within the | 

angle 


Book V. Conic Sections. 


angle contained by the common tangents, it is manifeſt it falls 
wholly without both the hyperbolas. 2, E. D. 


Co. 1. If any right line TS touches a conic ſection, and at the 
point of contact a perpendicular be erected to the tangent, and 
meeting the tranſverſe axis of the ſection in P, PT will be the leaſt 
line that can be drawn from the point P to the ſection: or if it 
meets the conjugate axis of the hyperbola or ellipſe in the point Q, 


the line QT in the hyperbola will be the leaſt, and in the ellipſe the 


greateſt of all the lines which can be- drawn from the ſame point 
Q to the ſection, viz. on the ſame fide of the axis. For draw 
from the point T a right line ordinately applied to the tranſverſe 
axis, meeting the ſection again in R, and let the tangent TS meet 
this axis in 8; SR joining theſe points (Cor. 2. XXVI. Book I.) 
will be a tangent, and equal to ST, and PR being drawn will be 


equal to PT: therefore the triangles PTS, PRS are equiangular, 


and conſequently the angle PRS is a right angle; and therefore a 
circle deſcribed from the center P paſſing through the points T 
and R, touches the lines ST, SR, and conſequently the ſection in 
T and R, and therefore that whole circle falls within the ſection, 
by this Prop. and therefore the radius PT of this circle is the leaſt 
line which can be drawn from the point P to the ſection, viz. to 
the ſame part of the axis. It may be ſhewn in the ſame manner, 
when a perpendicular to the tangent T'S meets the conjugate axis of 
the hyperbola or ellipſe in Q, that the circle deſcribed with the ra- 
dius QT falls wholly without the hyperbolas or ellipſe. Where- 
fore the Corollary is manifeſt. 

Cor. 2. If a right line TR terminated by an ellipſe or hyperbola 
be an ordinate applied to its axis AB, and a circle paſting through 
the points T and R, touches the ſection in one of the points T, it 


will like wiſe touch it in the other point R; for P the center of 4 


circle will be in the axis AB of the ſe&tion; draw through the poin 

T the common tangent TS meeting the axis AB in 8, PTS (from a A 
property of the circle) will be a right angle, and the right line join- 
ing the points. 8, R touches the ſection; PR being Joined, it may 
be ſhewn, as in the preceding Cor. that PRS is a right angle; 


there- 
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therefore the tele wed _ UE Hons, and conſequehtly! the ſec- 
tion in the point RGA Y ed (1100 
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Fs 2% If two circles duch an ellipſe or hyperboll in the ſatne point 


'T, and: touch again the ſame ellipſe or oppoſite hyperbo- 
las in the points R, N; the rectangle under the diameters 
of the circles will be equal to the {quare of that diameter 
of the ſection which, is conjugate to the diameter paſſing 
chrough the point of contact T, and if a circle touches a 
parabola in two points, the ſquare of its diameter will be 
equal to the rectangle under the parameter of the axis, 
and the parameter of the diameter ee through the 
point of contact. 5 VERS r 
Part 1. 1 ET AB, Min be the axes off! an' eli ſe or - boats 
and C the center; the right lines I R, IN joining 
the points of contact will be perpendicular to che axes, by Part 1. 
of the preceding Prop. through the point T, in, which, both the 
circles touch the ſection, draw a common tangent meeting the axes 
in the points G, S, and at the point T to'this tangent erect a per- 
pendicular meeting the axes in P and Q; the points P and Q will 
be the centers of the circles (1. and 19. 3.) 100 becauſe the dia- 
meters of the ſection, which paſs ln the points of contact, 
are equal to each other, their conjugates will be equal to each ather, 
as is evident from (Prop. III. and IV. Book IV.) let FD be the dia- 
meter of the ſection conjugate to that which paſſes through the 
point of contact T. Becauſe the rectangled triangles TG, TSP 
are equiangular, QT will be to GT, as TS to TP; and therefore 
the rectangle QT P is equal to the rectangle GTS, that is, to the 
ſquare of CD, by Prop. LI. Book I. Whence the firſt part of the 
Prop. 1s evident. 
Part 2. Let the circle HE touch the parabola in the points T, R, 
the right line TR joining theſe points will be perpendicular to the 
ax1s, 
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axis, as before; and therefore the parameters of the diameters, 
which paſs through the points of contact, are equal (Cor. 3. XXV. 

Book II. ) draw Ty the point T the common tangent meeting 
gent, "hecting the axis in p, the oint P will be the center of the 
circle HE as before ; let TR meet the axis of the parabola in O, 

and becauſe the rèctangled triangles OPT; Sp are. equiangular, 
OP: will be to PIT, as PT to PS, therefork the ſquare of PT is 
equal to the reftangle OPS, that is, to the rectangle under half the 
parameter of the axis, and half the parameter of the diameter, 
which paſſes through the point of contact T (Prop. XXV. Book II. ) 
therefore the ſecond part of the Prop. is evident. 


Cok. 1. The ſame things being premiſed, as in the firſt- caſe of 
chis Prop. the ſemidiameter PT of the circle touching the ellipfe 
or hyperbola in two points, and falling within the ſection, will be 
to. CD. the ſemidiameter of the, ſection conjugate to that which 
paſſes through the point of contact, as the cotjugate ſcrniaxis CM 
to the tranſyerſe ſemiaxis CB; for draw from the center the line 
CK perpendicular to the tangent. G T: the rectangle under the lines 
PT, CK will be equal to the ſquare of CM (by XXII. Book II.) 
and the rectangle under the lines CD, CK is equal.to the rectangle 
MCB under the ſemiaxis, as is evident from (Prop. I. Book IV. 
therefore PT is to CD, as the ſquare of CM to the N Bange MCB, 
chat is, as CM to CB: therefore, by this Prop. CD will be to or 
(the ſemidiameter of the circle touching the ellipſe or oppoſite hy- 

Tbola j in two points, and falling without the ſeQtions) in the fame 

atio, as CM to CB. id 
Con. 2. Hence it appears chat ** Frs of theſe circles will 
be. equal to each other, if they touch (as in the Propofition) equila- 
yu e 1 ; whoſe axes are equal to n other. 
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that is, to AFK; but the ſquare of GF is equal to the rectangle 
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PROP. XV. 


If from the vertex of the tranſyerſe axis of an ellipſe or 
hyperbola, or from the vertex of the axis of a parabola, 
a line be taken on the axis equal to its parameter, and a 
circle be deſcribed . about it as a diameter; it will fall 
wholly within the ſection: but if from the vertex of the 
conjugate axis of the ellipſe a line be taken equal to its 
parameter; a circle deſcribed about it as a er wilt 
be wholly without the ſection. 


ET AB be the tranſverſe axis of the ellipſe or hyperbola, or 

the axis of the parabola, and take on the axis the line Ac 

equal to its parameter; the circle deſcribed about the diameter AC 

falls wholly within the ſection: or if AB be the conjugate axis of 
the ellipſe, the whole circle falls without the ſection. | 


For draw AD perpendicular to the axis and equal to AC, and 
join CD, and in the ellipſe or hyperbola, let BLD be joined, but 
draw DL in the parabola parallel to the axis; and through any 
point E in the circle draw EF parallel to AD, meeting the ſection 
in G, and the lines AB, CD, LD in the points F, K, H; then be- 
cauſe AC, AD are equal, FC, FK will be equal; and by a pro- 
perty of the circle, the ſquare of EF is qual to the rectangle AFC, 


AFH (by prop. I. IV. V. Book II.) but KF is leſs than FH, 1 
AB be not the conjugate axis of the ellipſe, in which caſe KF 
greater than FH ; therefore in the firſt caſe, the rectangle AFK is 
leſs than AFH, and therefore the ſquare of EF will th leſs than- 
the ſquare of GF, and the line EF leſs than FG, and conſequently 
the whole circle is within the ſection: in like manner it may be 
ſhewn in the other caſe that the whole circle 1s without the * 
tion. Q,; E. D. 


Cox. 
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C 1. Hence, if from the vertex A of the tranſverſe axis of 
the ellipſe or hyperbola, a line AP: be taken on the axis within the 
ſection, and not greater than half the parameter AC of this axis; 
AP will be the leaſt of all the right. lines which can be drawn from 
che point P to the ſection: but if a line AP be taken from the 
vertex of the conjugate axis of the ellipſe, not leſs than half the 
parameter of the conjugate axis, PA will be the greateſt of all the 
lines which can be drawn from the ſame point P to the ſection. 
For, in the firſt caſe, becauſe the circle deſcribed with the radius PA 
does not fall without the circle AEC, it will be wholly within the 
ſection : and becauſe. this circle in the ſecond caſe does not fall 
within the circle AEC, it will be wholly without the ſection, where- 
fore in both caſes the Corollary is manifeſt. , 

Con. 2. Hence, if a point P be given in the axis AB of a _ 
ſection (which in the ellipſe or hyperbola is the tranſverſe) and the 
diſtance of this point from the nearer vertex B of the axis is greater 
than the half of its parameter; a right line may be drawn from the 
point P, which ſhall be the leaſt of all rhe lines which can be drawn 
from the ſame _ to the ſection, viz, on the we lide of the 
axis. | 
- When the ſetion f is a tial ** the line po in the axis to- 
wards the vertex B equal to half the parameter of the axis, and 
when the ſection is an ellipſe or hyperbola, take the line CO from 
the center C in the axis towards the vertex B, ſo that CO be to PO 
as the axis AB to its parameter, and draw through the point O in 
each ſection a line perpendicular to the axis, and meeting the ſec- 
tion in T, the right line joining the points P, T ſhall be the line 
required. For draw through the point F a right line touching the 
ſection; the line PT will be perpendicular to this tangent, as is evi - 
dent from (Part 1. Prop. XXV. and Prop. XXIV. Book II.) there- 
fore PT is the leaſt of all the lines which can be drawn from the 
point P to the ſection, viz. to the ſame fide of the axis (by Cor. 1. 
Prop. XIII. of this Book). 

And if a point Q be given in the conjugate axis of the hyper rbola 


at any diſtance from the center, a line QT may be afhgned in like 
Bb 2 manner, 
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manner, which ſhall be the leaſt of all the lines drawn from the 
fame point to the ſame ſection: or if a point Q be given in the 
conjugate axis of the ellipſe, the diſtance of which point from the 
remoter vertex M of the axis is leſs than half its parameter; in the 
ſame manner, QT may be aſſigned, which ſhall be the greateſt of 


all the lines which can be dran from the t nn the . 5 
VIZ. to the ſame fide of the axis. oline 


DEFINITION W. 


F a circle touches a conic ſection in any polbe; fo char“ no other 

circle can be deſcribed between this circle and the ſection, this 
circle is ſaid to have the ſame curvature with the ſection in the point 
of contact. | 0 53 


PR OP. XVI. „ A If 
From the point C in a conic ſection drive to its axis AH, 
which in an ellipſe or hyperbola is the tranſverſe axis, an 
ordinate meeting the ſection again in B, and from the 
point B, the diameter BK, and from the firſt point C an 
ordinate applied to this diameter meeting the ſection again 
in R: if a circle CRP be deſcribed touching the ſection 
in C, and paſſing through the point R, this circle will 


have the ſame curvature with the ſection in the point © of 
contact C. 


RAW cheek the point C a common tangent, meeting the 

axis of the ſection in A, and through the point B a right line 
touching the ſection; this meets the other tangent in the point A 
of the axis (Cor. 2. XXVI. Book I.) and AC, AB will. be equal, 


2s is evident. 


Firſt, 
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Firſt, I ſay that the circle CRP does not meet the ſection but in 
the points C and R; and that on one ſide of the line CR it is with- 
out, and on the other ſide within the ſection. For it cannot meet 
it in the point B, becauſe it would touch the ſection in that point 
(by Cor. 2. XIII. of this Book) and then could not meet the ſec- 
tion in a third point R (by XII. of this Book) and by the ſame 
way of, reaſoning it eannot meet the ellipſe in the other | vertex of 
the diameter BK, for CK, being drawn, is an ordinate applied to 
the other axis. But if it be poſſible, let it meet the ſection in the 
points C, R and O, and draw a line through O parallel to BA, 
meeting the ſection in N, and AC in L; the rectangle OLN 
(XVIII. Book I.) will be to the ſquare of LC as the ſquare of BA 
to the ſquare of AC, that is, in a ratio of equality, and therefore, 
becauſe the point O is in the circle which LC touches in C, N alſo 
will be in the ſame circle; and therefore the circle CRP meets the 
ſection in the three points R, O, N, beſides the point of contact Go 
contrary to Prop. XI. of this Book, wherefore the circle CRP meets 
the ſection only in the two points C, R; and becauſe it does not 
touch the ſection in R (for then CR would be an ordinate applied 
to the axis (by the firſt part of Prop. XIII. of this Book, contrary 
to the hypotheſis) the arch of that circle on one fide of the line 
CR will be wholly without, and on the other fide, wholly within 
the ſection. | 

Now if any other circle as COS. be deſcribed leſs: than CRP, 
touching the circle CRP and the ſection in C, it falls within ho 
ſection on both ſides of the point of gontact C. For if that circle 
paſſes through B, it will touch the ſection in that point, and conſe- 
quently will be wholly within the ſection (Part 2. Prop. XIII. of 


this Book) then let it meet CB without the ſection in S; and be- 


cauſe the circle COS is wholly. within the circle CRP, it neceflarily 


muſt fall on one fide of the point of contact C within: the ſection: 


let the arch CM be within the ſection, and ſince the point Sis with- 
cout the ſection, the arch MS meets the ſection ſomewhere, ſuppoſe 
in the Point O; draw a line through O parallel to BA, meeting 
the — in N and AC in L; chen it may be ee as be- 

N fore, 
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fore, that the rectangle OLN is equal to the ſquare of the tangent 
LC, and conſequently the point N is in the cirele COS; but that 
circle does not touch the ſection in N (XII. of this Book) becauſe 
it touches it in C, and meets it in the points N, O; therefore ſinee 
the arch SN is on one fide of the point N without the ſection, the 
arch NC will be on the other fide of the point N within the ſection, 
and therefore that whole arch NC will be within the ſection: for 
otherwiſe the circle COS would meet the ſection in another point, 
beſides in the points C, O, N, contrary to Prop. XI. of this Book; 
therefore a circle leſs than CRP falls on both fides of the point 
of contact C within the ſection. 

And if a circle CSOX greater than CRP be deſcribed, touching 


the circle CRP and the ſection in C, it falls on both ſides of the 


point of contact C without the ſection. For becauſe it is wholly 
without the circle CRP, it will neceſſarily be on one fide of the 
point C without the ſection; therefore let the arch CXM be with- 
out the ſection, meeting the line CR produced in M; this circle 
CSOX meets the parabola or hyperbola (whoſe curves are indefinite) 
ſomewhere between the points M and C, ſuppoſe in O: and in the 
ellipſe, becauſe CB is an ordinate applied to the tranſverſe axis, CK 
will be an ordinate applied to the conjugate axis ; therefore if the 
circle CSO does not meet CK within the ſection, it falls wholly 
without the ellipſe (by Part 2. Prop. XIII. of this Book) let it then 
meet CK within the ellipſe in 8; and fince the point M is without 

the ellipſe, the arch MS meets the ellipſe ſomewhere as in O; 
draw therefore through the point O in each ſection a line parallel 
to BA, meeting the ſection in N and AC in L, it may be ſhewn as 
before, that the point N is in the circle CSO, therefore becauſe 
chat circle touches the ſection in C, it will not touch it again in the 
point N or O (by Prop. XII. of this Book) wherefore becauſe the 
point M is without the ſection, the arch MO will be without the 
ſection, and conſequently the arch OSN within the ſame, and theres 
fore the arch NC on the other fide of the point N will be without 
the ſection, and becauſe the circle CSO does not meet the ſection 


but in the points C, N, O (XI. of this Book) the whole arch NC 
will 
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will be without the ſection ; therefore the circle CSOX falls on both 


fides of the point C without the ſection. 

Then becauſe the circle CRP, touching the ſection in the point 
C, falls on one fide: of that point without, and, on the other fide 
within the ſection; and fince every other circle touching the ſection 
in the point C falls on boch fides of the fame poitit either within or 


without the feckion, it is manifeſt that no circle can paſs between 


the ſection and the circle CRP; and therefore that circle has the 


fame curvature with the ſection in che point C, e . 


Definition. 
LEMMA U. 


ET DS touch a circle in D, and through a point C within the 
circle, draw the line CX parallel to the tangent DS; if two 


right lines be drawn from the point D meeting the circle again in 


M, K, and the line CX in C, V; nnn 5 will 


be equal. 
Lix the'line CK ert 'the «circle V., and- join DY, MY; in 


the triangles DYM, DCY,. the angle at D is common to both tri- 
angles, and the angle CVD is equal to the alternate angle VDS, 
that is, to the angle DM in the alternate ſegment (32. 3.) and 
therefore the triangles DYM, DC are equiangular; therefore MD 
is to DV, as D to DC (4. 6.) and therefore the rectangle MDC 


is equal to the ſquare of DV: in the ſame way it may be ſhewn, KY 


being joined, that the rectangle DV is TOE to the 7 of DY ; 


therefore the Propofition 1 is. evident.. 


PROP. 
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If a tangent be drawn FREY any point in a conic ſection, 
and a circle be deſcribed touching this tangent in the ſame 
point, and cutting off from the diameter paſſing through 


this point a ſegment equal to its parameter; that circle 
will have the ſame curvature with the ſection in the Point 
of contact. | 


Caſe 1. ET AB be the axis of the ſectibn, and draw a tangent 
AD through its vertex A, BAD will be a right angle, 
and therefore if a circle ARC be deſcribed, touching the line AD 
and ſection in the point A, its center will be in the axis AB, and if 
that circle cuts off a ſegment AC of the axis equal to its parame- 
ter, it will be wholly within the ſection (or without the ſame, if 
AB be the conjugate axis of the ellipſe) by Prop. XVI. of this 
Book, and therefore (When AB is not the conjugate axis) à circle, 
touching the ſection in A, and cutting off from the axis a en 
leſs than AC, falls wholly within the ſeQtion.. - 
Then if a circle AH E cuts off from the axis of the conic ſection 
a ſegment AE greater than AC; let P be its center, and becauſe the 
ſegment PA is greater chan half the parameter of the axis, a line PT 
or Pt on both fides of the axis AB may be drawn from the point 
P, which ſhall be leſs than PA (Cor. 2. Prop. XV. of this Bock) 
therefore the circle AHE deſcribed about the diameter AE meets 
theſe lines produced without the ſection, ſuppoſe 1 in the points M, L; 
and becauſe the ſame circle meets the axis in E within the ion, 
the arch ME neceſſarily meets the ſection ſomewhere between the 
points M, E, ſuppoſe in H: and in like manner the arch LE meets 
the ſection between the points L, E in b; and becauſe that circle 
does not meet the ſection but in the points A, H, þ (XI. of this 
Book) the arches AMH, AL will be wholly without the ſection, 
that is, the circle AMEL falls on both fides of the point of con- 


10 
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tact A, without the ſection: then becauſe every other circle touch- 
ing the ſection in the point A falls on both ſides of that point either 
within the circle ARC, or without the ſect'on, it appears that no 
other circle can paſs between the ſection and the cirele ARC; there- 
fore that circle, viz. which cuts off from the axis AB a ſegment 
AC equal to its parameter, has the ſame curyature with the ſection 
in the point A, by the preceding Definition, 


The demonſtration is the ſame, when the point A is the vertex of 


the conjugate axis of the ellipſe : for oy dia: greater, and for 
within, without, and vice verſa. 


Caſe 2. Let AB be the tranſverſe axis of an \ ellipfe or hyperbola, 
C the center, and through the point D, not che vertex of the axis, 
draw the line DS touching the ſection, and let the circle DMK be 
deſcribed. touching this line in the ſame point D, and cutting off 
from the diameter CD a ſegment DM equal to its parameter; this 
circle will have the ſame curvature with the ſection in the point D, 


For from the point D let the ordinate DE be applied to the tranſ- 
verſe axis, and meeting the ſection again in F, and draw through 
the point F the diameter FCG of the ſection, to which let DH be 
ordinately applied, meeting the ſection again in L, and the circle 
in K. Parallel to DS draw the diameter CQ meeting DL in V, 
and draw the ſemidiameter CR conjugate to CF, meeting DS in 
the point 8, and let TD be an ordinate applied to this diameter; 
| becauſe the ſemidiameters CD, CF are equal, their conjugates CQ, 
CR will be equal; let PD be half the parameter MD of the dia- 
meter DCM, and the rectangle PDC will be equal to the ſquare of 
the ſemidiameter CQ, or to the ſquare of CR, that is, to the rect- 
angle SCT, by the XLVIII. and XLIX. Book I. or to the rect- 
angle VDH becauſe CS, VD and CH, TD are parallel) then be- 
cauſe the rectangles PDC, VDH are equal, their doubles, viz. the 
rectangles MDC, LDV will be equal; but the rectangle KDV is 
likewiſe equal to the rectangle MDC (by the preceding Lemma) 


and therefore LD and KD are equal, conſequently the points L, K 


coincide ; therefore becauſe the circle DKM touching the ſection in 
* paſſes through the other extremity L of the line drawn from the 


Cc point 
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point D, and ordinately applied to the diameter FG, this circle 


will have the ſame curvature with the ſection in the point D, by 
the preceding Prop. 


Now let the ſection be a pafabola, its axis AB, and draw through 
the point D, not the vertex of the axis, a right line DS touching 
the parabola, and draw the diameter DG; let a circle DMK be 
deſcribed touching the line Ds in D, and cutting off from the dia- 
meter DG the ſegment DM equal to its parameter ; that circle 
will have the ſame curvature with the parabola in the point D. 


For draw from the point D an ordinate DE applied to the axis, 
meeting again the parabola in F, and through the point F draw the 
diameter FH, to which, from the point D, let DH be ordinately 
applied, meeting again the parabola in L, and the circle in K: from 
the vertex of the diameter FH, draw the ordinate FG, applied to 
the diameter DG ; this ordinate will be parallel to the tangent 


DS, tet it meet DH i in C. Then becauſe the parameters of the dia- 


meters DG, FH are equal (Cor. 3. XXV. Book II.) and the ab- 
ſciſſes DG, FH are equal (II. Book III.) the ordinates DH, FG 
will be equal; but becauſe the triangles DCG, FCH are ſimilar, 
and the fides DG, FH equal, DC will be equal to CH, and eonſe- 
quently DC will be a fourth part of the whole line DL ; therefore 
the rectangle LDC will be equal to (the ſquare of DH or FG, 
that is, from a property of the parabola) to the rectangle MDG; 
but by the preceding Lemma, the rectangle KDC is equal to the 
rectangle MDG; and therefore as before, the eircle DMK will paſs 
through the point L, and conſequently will have the ſame curva- 
ture with the parabola in the point D. 2. E. D. 


Cor. Hence, if a circle DBE touches a parabola in two points 
D, F, and a circle DMQ be deſeribed, paſſing through the point of 


contact D, and having the ſame curvature with the parabola in the 


point D; the parameter of the axis of the parabola, the diameter 
of the circle DBF, the parameter of the diameter DG, and the 
diameter of the circle of curvature, will be in continued propor- 
tion: the line joining the points D, F, will be an ordinate applied 
| | to 


: @ * 
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to the axis (XIII. of this Book) which let it meet in E, draw 
through the point D a right line touching the parabola, and meet- 
ing the axis in S; this line likewiſe touches both the circles; erect 
at the point D a perpendicular to DS, meeting the axis in X, XD 
will be the radius of the circle touching the parabola in the points 
D and F, and the ſegment DM of the diameter DG cut off by the 
circle of curvature, will be equal to the parameter of that diameter; F 
therefore if from the center of this circle the perpendicular NP be. 


drawn to DM, PD will be half of, DM, and conſequently equal to- 
SX, and EX will be half the parameter of the axis (Prop. XXV. 


Book II. ) but EX is to XD as XD to XS, and as XD is to XS, 

ſo PD or XS is to ND, becauſe the triangles DXS, PDN. are ſimi- 
lar; therefore the Abele lines, viz. the parameter of the axis of 
the parabola, the diameter of the circle DBF, the parameter of the 
diameter DG, and the diameter DO of the circle of curvature, will 
be 1 in continued proportion. | 


P R O P. XVIII. 


If : a circle DMO touching an ellipſe or hyperbola in the 
point D, has the ſame curvature with the ſection in that 


point; its ſemidiameter ND will be to CQ :the ſemidia- 


meter of the ſection, conjugate to that which paſſes 
through the point D, as the ſquare of Otto the rect- 
angle ACZ under the ſemiaxes. * | 


F the circle touches the ſection in the vertex of the axis, its dia- 
meter will be the parameter of the ſame axis, by Prop. XVI. 

of this Book: therefore the Propoſition is manifeſt in this caſe. 
But if the circle DMO touches the ſection in a point D, not the 
vertex of the axis; draw through the point D a common tangent 


Ds, and from the center of the ſection the perpendicular Ca to 


this tangent: let DM be the ſegment. of the ſemidiameter CD cut 
off by the circle DMO, and draw from the center- of, that circle 
the perpendicular NP to the diameter CD; and PD will be half 


che 9 of Ade diameter CD; therefore the rectangle PDC 
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is equal to the ſquare of the ſemidiameter CQ conjugate to CD; 
but becauſe the triangles NDP, DCa are fimilar, ND will be to 
CD as PD to Ca; and therefore the rectangle under the lines ND, 

Ca is equal to (the rectangle PDC, that is, to) the ſquare of cd. 
but ND is to CQ as (the rectangle under ND, Ca, that is, as) the 
ſquare of CQ to the rectangle under the lines CO, Ca; but the 
rectangle CQ, Ca is equal to the rectangle AC Z under che ſemi- 
axes (I. Book IV.) and therefore the ſemidiameter ND of the wo 


DMO, is to the ſemidiameter CQ as the 2 of rs to the 
e ACZ under the ſemiaxes. 2. E. 


Con. Becauſe it is ſhewn in the demonſtration of this Prop. that 
the rectangle under the lines ND, Ca is equal to the ſquare of CQ,, 


it is evident that the radius ND of the circle of curvature, the ſe- 


midiameter CQ of the ſection parallel to the common tangent 
DS, and the perpendicular Ca drawn from the center of the ſection 
to the tangent, are in copfmped proportion. 


PROP. XIX. 


* a right be cutting a come: ſection in two points D, F, 
meets two tangents AB, AC in the points E, G, and the 
line BC joining their points of conta& in H; the rect- 


angle DEF will be to the rectangle EGD, as the ſquare 
of EH to the ſquare of GH. 


RAW through the point E, where the ſecant meets one of 

the tangents AB, a line parallel to the other tangent AC, and 
meeting the right line joining their points of contact in M, and 
draw a line parallel to DF touching the ſection in L, and meeting 
the tangent AC in K; by Cor. Prop. LIII. Book I. the rectangle 
DEF is to the ſquare of EM as the ſquare of KL to the ſquare of 
KC, that is, as the rectangle FGD to the ſquare of GC (by Prop. 
XVIII. Book I.) therefore, by permutation, the rectangle DEF: 
will be to the rectangle FG as the ſquare of EM to the ſquare of 
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GC, that is, becauſe the triangles HEM, HG C are ſimilar, as the 
ſquare of EH to the ſquare of GH. N. E. D. 


If the tangents, which the ſecant meets, be parallel to each other, 
the . 15 mamifaſ, * Cor. 2. XVIII. Book I. 


PROP. XX. 


"I two „ et) Dr, CA eottiag a conic ſection in the 

Points P, F and C, A, meet each other in G, and meet in 

the points E, H, a right line touching the ſection in B; 

the ſquare of EB is to the ſquare of BH in a ratio com- 
pounded of the ratio of the rectangle DEF to the rect- 
angle CHA, and of the ratio of che rectangle AGC to 
the rectangle FGD. 


Caſe I. RAW ws b 1 E, in which che ſecant DF 
meets the tangent, a line parallel to the other ſecant 
AC, which in the firſt place may meet the fection in the points 
K, L; becauſe theſe ſecants are parallel, the ſquare of EB will be 
to the ſquare of BH as the rectangle KEL to the rectangle CHA ; 
but the ratio of the rectangle KEL tor the rectangle CHA is com- 
pounded of the ratio of the rectangle KE to the rectangle AGC, 
that is, of the ratio of the rectangle DEF to FGD, and of the ra- 
tio of the fame AG C to CHA; therefore the ratio of the ſquare of 
EB'to the ſquare of BH is compounded of the ratio of the rect- 
angle DEF to the rectangle FG, and of the ratio of the rect- 
angle AGC to CHA, that is, of the ratio of DEF to CHA, and 
of the ratio of AGC to FGD. $34 
_"Cafe.2. Now if any line be drawn parallel to DF, meeting the 
ſection in the points d, f, the line AC in g, and the tangent in e, 
through which point a line drawn parallel to AC would not meet 
the ſeHion.; then from what has been demonſtrated, the ratio of the 
ſquare of eB to the ſquare of BH is compounded of the ratio of 
the ſquare of eg; to the ſquare of EB, and of the ratio of the ſquare 
of EB to the r therefore it is compounded of the 


ratio 


Fic. 33. 
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ratio of, the rectangle def to DEF (Cor. 4. XVIII. Book 1.) and of 
the ratio of the ſame rectangle DEF to CH A, and of the ratio of 
AG C to FGD, by the firſt caſe, that is, of the ratio of the rect- 
angle def to CHA, and of the ratio of : AgC to fgd, (becauſe the 
rectangle DEF is both an antecedent and a conſequent of the terms 
which compound the ratio, and therefore may be omitted, and the 
rectangles AgC, fgd may be ſubſtituted for the rectangles AGC, 
FGD, which have the ſame ratio to each other (by Prop. Xun 


Book I.) therefore in this caſe. the Prop. is demonſtrated. 


The two preceding Propoſitions are in part demonſtrated 15 Sir 
Iſaac Newton, in Prop. XXIII. and XXIV. Book I. Math. rin. 


Philoſ. Nat. | 3 
PROP. xxl PROBL [. 
Five points being given in a conic ſection, to deſcribe the 


ſection. 1A 
7 0 1 

ET the five points F, G, K, M, N be given in a conic ſection, 
and join four of theſe points by two right lines FG, MN, 
meeting each other in the point R, and draw through the fifth point 
K two lines KD, KH parallel to FG, MN, and meeting the lines 
MN, FG in E and Q; and take the points D, | Hi in the lines KD, 
KH (if neceſſary produced) ſuch that the rectangle KED be to 
MEN as GRF to MRN, and KQH to GQF as MRN to GRF; 
(but the points K, D, or K, H muſt be on the ſame or different 
ſides of the points E or Q, according as the points M, N, or G, F 
are on the ſame or different ſides of the points E or Q) it appears 
from Prop. XVIII. Book JI. that the points D and H are in the 
conic ſection paſſing through the five points F, G, K, M, N; then 
draw the right line IL biſecting the parallels KD, FG terminated 
by the e it will be a diameter of the e and draw an- 

other diameter AB biſecting the parallels KH, MN in O and P; 


if theſe diameters are parallel to each other the ſection will be a 


parabola; and ſince four points are given in it, viz. K, M, N, G, 


the ſection may be deſcribed by the ſecond caſe of Prop. IX. Book 
| "MM 
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III. But if the diameters meet each other, as in the point C, the 
ſection will be an ellipſe or hyperbola, which may be deſeribed by 
Cor. 3. Prop. X. Book IV. for its center C is given, and the dia- 
meter AB is given in poſition, to which the parallels KH, MN are 
ordinately applied. 

In this and the following problems, when the ſection to be de- 


ſcribed is an ellipſe, it may ſometimes be a circle, which is to be 
confidered as a ſpecies of the ellipſe. 


PROP. XXII. PROBL. IL 


To deſcribe a conic ſection which ſhall pals through three 
given points, and touch two right lines given in poſition. 


ET AV, AB be the lines given in poſition : and firſt let the 
ſection to be deſcribed touch theſe lines in the given points 
B, V, and paſs through the third given point within the angle BAV. 

If the lines AB, AV be parallel, the ſection to be deſcribed will 
be an ellipſe, and the line BV joining the points of contact will be 
a diameter, to which the line drawn through the third point given, 
parallel ro AB, AV, will be an ordinate, and therefore in this caſe 
the ſection will be cafily deſcribed, by Cor. Prop. XXXV, Book II. 


Caſe 1. Now let the lines AB, AV meet in the point A, and let 
BV be biſected in P, and draw PA, it will be a diameter of the 
ſection to be deſcribed (XX VI. Book I.) then let the third given 
point O be in the line PA; if PO, OA are equal, deſcribe a para- 
bola (by XXXIII. Book II.) of which PA ſhall be a diameter, 
whoſe. vertex is O, and to which BV ſhall be ordinately applied; 
the lines AB, AV touch. this parabola in B and V, as 1s evident 
from Prop. XLVII. Book I. But if the point O be between P and 
A, and the lines PO, OA unequal, let the leſſer line be produced 
to C, ſo that CP, CO, CA be proportional, and take CQ_equal to 
CO; then (by Cor. XXXV. Book II.) deſcribe an ellipſe or hy- 
perbola, of which let OQ be a diameter, and the line VB be ordi- 
nate ly applied to this diameter, the ſection touches the lines AB, 


Book 


A* in the points B and V, as appears from Prop. XLVIII. XLIX. 
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Book I. if PO be leſs than OA, the ſection will be in an ellipſe, 
but if greater, an hyperbola. If the given point be Qin the line 
PA, and not between P and A, take the point C between P and 
Q, to that CP, CQ, CA be proportional, and let CO be equal to 
CO then deſcribe an ellipſe, as before, to the diameter OQ, it 
touches the lines AB, AV in the points B and V, as is manifeſt. 

If, the points B, V remaining the ſame, the third given point K 
be not in the diameter AP of the ſection: draw KE parallel to 
BV, meeting the tangent AB in L, and AP in F, and let FE be 
equal to KF, and take from the point L towards K the line LG, 
ſo that the ſquare of LG be equal to the rectangle KLE, join BG 
meeting AP in O; then, as before, deſcribe the ſection touching 
the lines AB, AV in B and V, and paſſing through O, it will paſs 


through the given point K; for if not, let the ſection meet the 


line KE in R, and take FT equal to RF, becauſe RF is parallel to 
BV, it will be ordinately applied to the diameter AP, and therefore 
the point T will be in the ſection, and KR, TE equal; draw through 
the point O a right line touching the ſection, and meeting the tan- 
gent AB in N, it will be parallel to LRT; therefore the rectangle 
RLT is equal to the ſquare of LG (by Prop. LIII. Book I.) that 
is, to the rectangle KLE, which is abſurd ; therefore the ſection 
paſſes through the given point K. 


Caſe 2. Let the lines AB, AV be given in poſition, and the three 
given points K, E, F between theſe lines; a ſection is to be de- 
ſcribed, which ſhall touch theſe lines, and paſs through the three 
given points. | | 
Let the lines which join the points K, F and K, E, meet AB, 
AV in the points D, G and L, N, and take in the line KF the 
point H ſuch that the ſquare of HD be to the ſquare of HG as 
the rectangle KDF to the rectangle FGK, and take in the line 
KE the point P, fo that the ſquare of PL be to the ſquare of PN 
as the rectangle KLE to the rectangle ENK, and let the right line 
joining the points H, P be drawn; if this line meets in the points 
B and V, the fides containing the angle BAV, within which the 
three given points are taken, deſcribe a conic ſection, by the preced- 

Ah ing 
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ing caſe, touching the lines AB, AV in B and V, and paſſing through 
the point K, it will likewiſe paſs through the points F and E; for 
if this ſection does not paſs through F, let it meet the line KF in 
X; then (by Prop. XIX. of this Book) the rectangle KDX will be 
to the rectangle XGK as the ſquare of HD to the ſquarg, of HG, 
that is, by conſtruction, as the rectangle KDF to the rectangle 
FGK, which is abſurd ; therefore the ſection paſſes through the 
point F: and in like manner it may be ſhewn that it will paſs through 
the point E. 

If the line KF, joining two of the three given points, be parallel 
to AV, one of the lines given in pofition ; then the point H may 
be taken in this line on either fide of the point D, ſo that the ſquare 
of DH be equal to the rectangle KDF, as is evident from Prop. 
LIIL. Book I. 

When the ſegment DK, FG, and conſequently the rectangles 


KDF, FGK be unequal, it is manifeſt that the point H may be 
taken either between the points K and F, or on the other fide of 


the leſſer ſegment DK, and in like manner the point P may be 
taken on either fide of the ſegment LK ; and likewiſe if the line 
drawn through the points E and F, meets the lines AB, AV, there 
may be found in it two points in the ſame way as the points H, P 
were found, and ſometimes twelve ſuch lines as HP may be drawn, 
and as many of theſe lines as meet the fides of the angle BAV, fo many 
ſections may be deſcribed, which ſhall anſwer the problem in this caſe. 

Caſe 3. If two lines AB, AV be given in poſition, and a ſection 
be required to be deſcribed, which ſhall touch the line AV in the 
given point V, and the line AB in another point, and paſs through 
the given points K, F; join KF, and take in this line a point H as in 
the preceding caſe, and draw VH meeting AB in B; then, as before, 
let a ſection be deſcribed touching AB, AV in the points B and V, 
and paſſing through K, this ſection will paſs through the point F, as 
in the preceding caſe. If the point H can be taken between, or not 
between the points K, F, two ſections may be deſcribed, which ſhall 
anſwer the problem. 

In this Propoſition all the caſes are ſolved of Prop. XXIII. Book I. 


| of Newton's Math. Prin. 
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PROP. XXIII. PRO BL. II. 


Four points being given in a conic ſection, and a right line 
given in poſition touching the ſection; to deſcribe the 
ſection. . 


ET A, F, D, C be the four points given in the ſection, 
and EH the line given in poſition touching the ſection: 
draw the lines AC, FD meeting the tangent in the points E and 
H; if theſe lines be parallel to each other, take a point B in the 
tangent between E and H, ſo that the ſquare of EB be to the 
ſquare of BH as the rectangle DEF to the rectangle CHA, B will 
be the point of contact, by Cor. 4. XVIII. Book I. and if ho ſeg- 
ment EB be greater than the ſegment BH, the point B may be 
taken on the other ſide of the point H; but if the lines AC, "FD 


Caſe 1. 


meet each other in G, then the point of contact B may be Bad, 


by Prop. XX. of this Book, which point, as before, may be taken 
either between the points E and H, or not between; therefore ſince 
five points A, F, D, B, C are given in a conic ſection, it may be 
deſcribed by (Prop. XXI. of this Book). 

Caſe 2. Let A, B, C, D be the given points in the ſeQtion, and 
let GB touch it in B; join the four given points by right lines, 
forming a trapezium; firſt, let none of the ſides of this trapezium 
be parallel, and let the diagonals meet in E, and produce the ſides 
AD, BC to meet each other in F, ſo that EF joining theſe two 
points may meet GB in G, (which may be always done) then be- 
cauſe two lines AB, DC, not paralle] to each other, are inſcribed in 
a conic ſection, and their extremities are joined by four lines meet- 
ing each other in the points E and F, and becauſe the tangent drawn 
through B meets EF in G, the tangent drawn through A meets EF 
in the ſame point G (by Prop. VIII. of this Book) therefore the 
line joining the points A, G touches the ſection required. Deſcribe 
then, by the firſt caſe of the preceding Prop. a ſection which ſhall 
touch the lines GA, GB in the points A, B, and ſhall paſs through 


the point C, it will alſo paſs through the point D; for if not, let it 
mect 


— —— — —— — 
— — P — 
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meet BD in X, then the line joining the points A, X, would meet 


BC in F (by VIII. of this Book) which is abſurd ; therefore the 
ſection will paſs through the point D. 

Then, if the two ſides AB, DC of the trapezium be parallel, the 
right line EF biſecting theſe parallels will be a diameter, and if the 
tangent GB meets EF, as in G, then the tangent drawn through A 
will meet EF in the ſame point G, in which caſe the ſection muſt be 
deſcribed as before: but if the tangent GB be parallel to the diame- 
ter EF, the tangent drawn through A will be parallel to the ſame 


diameter EF, and the ſection, to be deſeribed, an ellipfe, in which 


the line AB wil be the diameter conjugate to EF, and therefore if 
a line be drawn from the point D or C to AB, parallel to EF, it 
will be an ordinate applied to the diameter AB, and from hence (by 
Cor. 1. XXXI. Book I.) the vertices of the diameter EF may be 
found, and the ellipſe deſcribed by Prop. XXXIV. Book II. 


But if the right lines joining the four given points form a paral- 


lelogram the ſection will be an ellipſe, and the lines which biſect 
the oppoſite ſides of this parallelogram will be conjugate diameters, 


and their magnitudes are found, by Prop. XLVIIE Book I. 
2, E. F. | 


PROP. XXIV. PROBL. Iv. 


Five right lines, which touch a conic ſection, being given in 
poſition 3 to find their points of contact, the ſection not 
being given in poſition. 


ET the lines AB, BC, CD, DE, EA touch a conic ſection; 
their points of contact are to be found. 

Let ABCDE be the figure contained by the five tangents, and 

call AB the ſirſt ide, BC the ſecond fide, and in like manner the 


other fides : and let FBCD be a quadrilateral contained” by the firſt. 


four ſides, and draw the diagonals BD, FC meeting each other in 
M : now omitting the firft fide AB, let ICDE be a quadrilateral 
contained by the other four fides, and draw the diagonals ID, CE 
* each other in N; and draw MN; this line will paſs 

Dd 2 through 
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through the points in which the ſecond ſide BC and the n ſide 
DE touch the ſection. 

For let G, H, K, L, O be the points of contact of the lines 
AB, BC, CD, DE, EA, and join GH, LK and GL, HK : then 
becauſe the lines GH, LK are inſcribed: in a ſection, and B is the 
point of concourſe of the lines which touch the ſection at the ex- 


tremities of the line GH, and D the point of concourſe of the lines 


which touch the ſection at the extremities of LK; the points B, D, 
and the point of interſection of GK, LH will be in a right line (by 


Prop. VIII. of this Book). Again, becauſe GL, HK are inſcribed 


in a ſection, and the lines which touch the ſection in G, L meet 
each other in F, and the lines touching the ſection in H, K meet in 
the point C; the points F, C, and the point of interſection of GK, 
LH are in a right line; but the ſame point of interſection has been 
ſhewn to be in the line BD ; therefore it muſt be in the point of in- 
terſection of BD, FC, chat is, in M; which point therefore will 
be in the line LH. Join LO, and becauſe the lines OH, LK are 
inſcribed in a ſection, and the tangents which touch the ſection in 
O, H meet in the point I, and the tangents which touch the ſec- 
tion in L, K meet in the point D, the points I, D, and the point 
of interſection of OK, LH will be in a right line; and becauſe 
OL, HK are inſcribed in a ſection, it may be ewn in the ſame 
manner that the points E, C, and the point of interſection of OK, 
LH are in a right line ; wherefore it will be in the point of interſec- 


tion of the lines ID, EC, that is, in the point N: therefore N is in 


the line LH, and it has been ſhewn that M is in the ſame line ; 
therefore MN paſſes through the points L, H, viz. of contact of 
BC, DE : and in like manner the points of contact of the other 


tangents may be found, 


Cor. And likewiſe, if in a conic ſection five points A, B, C, D, E 


be given; the lines which touch the ſection in thoſe points are eaſily 


found, the ſection not being given in poſition. 

Let A be called the firſt point, B the ſecond, and ſo on; join the 
four firſt points A, B, C, D by the right lines A B, B C, CD, DA, 
mee each other in the points F, G: likewiſe join AC, BD; then 
becauſe 


Book V. Conic Sections. 32 11 


becauſe the lines AC, BD are inſcribed in a ſection, (by Prop. VIII. 
of this Book) the points F, G, and the point of concourſe of the 
lines which touch the ſection in B, D will be a right line, that is, 
FG will paſs through the point of concourſe of theſe tangents. 
Omitting the point A, let BCDE be a quadrilateral contained by 
the other four ſides; and let the points , K be the interſections of 
the fides, and join CE; then becauſe EC, BD are inſcribed in a 
conic ſection, the points H, K of interſection of the fides, and the 
point of concourſe of the tangents, which touch the ſection in B, D, 
will be in a right line, that is, HK will paſs through this point of 
concourſe of the tangents; but this ſame point has been ſhewn to 
be in the line FG ; therefore it muſt be in L the point of interſec- 
tion of the lines FG, HK; and therefore LB, LD touch the ſec- 
tion in the points B, D : and in the ſame manner, the tangents may 
be found, which ſhall touch the ſection in the other points, 

This Propofition and Corollary are taken from the Conic Sections 


of Dr. Robert Simſon. See Cor. 2. and 3 Prop. XLVII. Book V. 
of the firſt edition. 


. 


JH. 4 
THE EN D. 


5 


- # 4 . * 
. * 


- - 
- — 


— - 
Ree en Mee W eons 


. 


＋—— — — + a + 


CoA gg. uo os 7, : ö 
. ks 4 oo 4 94 AD QC 


© FIS #7 


o 
+ 


* 


- * 
— — . ²˙¹ . I 163 ——— — — — 
— CC ECT EIITIEEEITT——— 
* 8 == | 
. y * 
ol - 
. 
LI 8 
5 wu 
1. : 
1 — 
8 e 
* 6 E „ 


— TT”. VT —v—u— 


- * - 


TAB-T7 Lage 212 


* 


AY 
Mn So. oh 
* 


2 8 _— 


. 
" 
_w— 
4 % 4 
L 
1 


4 1 
Lately publiſhed by the ſame Author, 


f I. IE 
PHILOSOPHICAL ESSAYS 
On the Following Subjects. 


I. On the Aſcent of Vapours, the Formation of Clouds, Rain, and 
Dew, and on ſeveral other Phenomena of the Air and Water, 


II. Obſervatiens and Conjectures on the Nature of the Aurora Bo- 


realis, and the Tails of Comets. 
IH On the Principles of Mechanics. 


The Second Edition Improved and Enlarged. 
IT. 


The Wi of OBzDIExCE to the Laws, and of Su B- 


MISSION to MAGISTRATES. 


A S E R M O N 


Occaſioned by the late Diſturbances in the North of Ireland, 
preached before the Judges of Aſſize in the Cathedral Church 
of Armagh, on Sunday April 12, 1772. | 


Printed for J. Nourse, oppoſite Catharine Street in the Strand. 


Where may be bad, lately publiſhed, 
L CYCLOMATHESIS: Or an Eaſy Introduction to the abe 


ral Branches of the Mathematics; being principally defigned for 
the Inſtruction of Voung Students, before they enter upon the 


more abſtruſe and difficult Parts thereof. In Ten Volumes. 


By W. EMERSON. 

VOL. I. Containing, 1. A General Introduction to the Cy- 
clomatheſis. 2. A Treatiſe of Arithmetic. 

VOL. II. 1. The Doctrine of Proportion, Arithmetical and 
Seometrical. 2. The Elements of Geometry. 

Note, the above To Volumes may be bound in One. 


VOL. III. 1. The Elements of Trigonometry, Plain 1 


Spherical. 2. A Table of Natural Sines and Tangents. 3. A 


Table of Logarithmic Sines and Tangents. 4. A Table of Lo- 


arithms from 1 to 10,000. 
VOL. IV. A Treatiſe of Algebra, in Two Books. 
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BOOKS Printed for J. NOURSE. 
VOL, V. 1. The Arithmetic of Infinites, and the Differential 
Mathod. 2. Elements of the Conic Sections. 3. The Nature 


and Properties of Curve Lines. 
VOL. VI. The Elements of Optics and Perſpective. 


Projection of the Sphere, Orthographic, Stereographic, and 
SGnomonical. 3. The Laws of N — Centrifugal 
Force. 

VOL. VIII. AS yſtem of Aſtronomy. | 

VOL. B. 1» 3 he Mathematical Principles of Geography, 
2. The Theory of Navigation, Spherical and Spheroidical. 3. 
Dialling : Or the Art of Drawing Dials on all Sorts of Planes. 

VOL. X. 1. The Doctrine of Combinations, Permutations, 
and Compoſitions of Quantities. 2. Chronology : Or the Art 
of Reckoning Time. With a Chronological Table, 3. Calcu- 
lation, Libration, and Menſuration: Or the Art of Reckoning, 
Weighing, . and Meaſuring. 4. T he Art of Surveying, or Mea- 
ſuring of Land. 

N. B. Any of the above Volumes may be had ſeparate, to accommodate 

ſuch Gentlemen that do not chuſe to purchaſe the whole. 


II. The METHOD of INCREMENTS, wherein the Principles 


are demonſtrated, and the Practice thereof ſhewn in the Solution 
of Problems. By W. Emerſon, Quarto. 


III. NAVIGATION: Or the Art of Sailing upon the Sea, con- 


taining a Demonſtration of the Fundamental Principles of this 
Art, together with all the Practical Rules of computing a Ship's 
Way, both by Plain Sailing, Mercator, and Middle Latitude, 
founded upon the foregoing Principles, with many other uſeful 
Things , hereto belonging. To which are added, ſeveral neceſ- 
ſary Tables. The Sccond Edition, corrected and enlarged, 12mo. 
By W. Emerſon. 

IV. The ELEMENTS of EUCLID, viz. the firſt fix Books, to- 
gether with the eleventh and twelfth. The Errors by which 
Theon and others have long ago vitiated theſe Books are cor- 
rected, and ſome of Euclid's Demonſtrations are reſtored. Alſo 
the Book of Euclid's Data, in like Manner corrected. By Robert 
Simſon, M. D. Emeritus Profeſſor of Mathematics in the Uni- 


verſity of Glaſgow. To this fourth Edition are alſo annexed, 


Elements of Plain and Spherical Trigonometry. 8 vo. 


N. B. The Elements of Trigonometry may be had ſeperate to complete 


the former Edition. 


VOL. VII. 1. Mechanics, or the Doctrine of Motion. 2. The 


